On Critical Points of Eigenvalues of the
Montgomery Family of Quartic Oscillators
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ABSTRACT. We discuss spectral properties of the family of quartic
oscillators hay(x) = —d2/de? + (%t2 — ®)? on the real line, where
« € R is a parameter. This operator appears in a variety of applica-
tions coming from quantum mechanics to harmonic analysis on Lie
groups, Riemannian geometry, and superconductivity. We study the
variations of the eigenvalues Aj () of ha () as functions of the pa-
rameter ®. We prove that for j sufficiently large, o« — Aj(«x) has a
unique critical point, which is a nondegenerate minimum. We also
prove that the first eigenvalue A; () enjoys the same property, and
give a numerically assisted proof that the same holds for the second
eigenvalue A, (). The proof for excited states relies on a semiclassical
reformulation of the problem. In particular, we develop a method that
allows us to differentiate with respect to the semiclassical parameter,
which may be of independent interest.
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1. INTRODUCTION AND MAIN RESULTS

We consider the spectral properties of the family (indexed by & € R) of self-adjoint
realizations of the second-order differential operator

b () := —;—; - (%tz — tx>2,

on the real line. This operator appears in many different settings, namely, the
following:
e in quantum mechanics (see Simon [42]; see also [41]);
e in the study of irreducible representations of certain nilpotent Lie groups
of rank 3 (see [16,17,27,40] and the references therein for considerations
on analytic hypoellipticity’ of hypoelliptic operators; see also [6] and [3]
for a recent harmonic analysis on the so-called Engel group, and [8] for
the analysis of a related sublaplacian);
e in Riemannian Geometry and the study of Schrédinger operators with
magnetic fields on compact manifolds and in superconductivity (see [36]—
hence the name of Montgomery attributed to this family—and [1, 14,
21-23,25,26,38,39]).

Our results concern the eigenvalues of the operator ha (), acting on

1 2
D(hm(x)) := {u e L*(R) | —u" + (Etz - (X) ue LZ([R)} c L*(R).

We first recall a list of elementary spectral properties of the operator ha () (see
e.g., [3] for a detailed proof of all items but Item (1); the latter is proved in [42,
Lemma II.1]).

Proposition 1.1. For any x € R, the operator (hm (), D(hm(ex))) is self
adjoint on L*(R), with compact resolvent. Its spectrum consists of countably many real
eigenvalues with finite multiplicities, accumulating only at +oo. Moreover, we have

the following properties:
(1) The domain

D(ha()) = D(hm(0)) = {u € H*X(R) | t*u € L*(R)}

does not depend on .
(2) All eigenvalues are simple and positive, and we may thus write

Sphm(e)) = {Aj(e0) | j € N}
with
0<Ai(x) <---<Aj(x) <Ajpi(x) = 400,

IThe existence of & € C such that ha(x) is not injective [40] leads to the proof of the non
hypoanalyticity of the sublaplacian on the Engel group [16, 17].
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dimker(ham(x) — Aj(x)) = 1.

(3) All eigenfunctions are real analytic and decay exponentially fast at infinity (as

well as all their derivatives).

(4) Forall j € N*, functions in ker(hm () — Aj(x)) have the parity of j + 1.

For all j € N*, we shall denote by u () any L?(R) normalized real-valued
function in ker(ham () — Aj(x)). Any such family (u;(x))jen forms a Hilbert
basis of LZ(R), according to Item (2).

Some properties of the first eigenvalue of ha () have been studied in [19].

The present paper investigates the dependence in « of the eigenvalues A (),
and in particular the nature of its critical points. This study is motivated by a
question of the second author with H. Bahouri, I. Gallagher, and D. Barilari (see
[3]) related to the Schrédinger evolution equation on the Engel group. In that
context, the study of dispersive properties involves that of oscillatory integrals
whose phases contain Aj(«). It is thus likely that dispersive estimates depend on
the critical points of the maps & — Aj(«x) for j € N*.

As far as the variations of A are concerned, classical arguments show that
Aj(x) = +00 as x — +oo and A" () < 0 for & < 0 (see Section 2). Henceforth,
A;j has at least one critical point, namely, a global minimum. The graph of the first
six eigenvalues A () is plotted on Figure 1.1 (see also Section 5.6 for comments
on this figure and additional numerical results).

FIGURE 1.1. Graphof & — Aj(x) for j =1,...,6.

Our first main result concerns the first eigenvalue A;.

Theorem 1.2. The first eigenvalue & — A1 (&) of hm(X) has a unique critical
point &c. Moreover, e € (0,1), Ay reaches its minimum at &, that is, A1 (Xc) =
minger A1 (&), and this minimum is nondegenerate, that is, A} () > 0.
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Theorem 1.2 was conjectured by Montgomery when replacing “critical point”
by “minimum” [36], partially analyzed in [25], stated in Pan-Kwek [39], and ver-
ified with a computer assisted” but not completely mathematically rigorous proof
in [22,23]. One can also find in [14] a presentation of some of these results. In the
case of the minimum, a complete proof was finally given in [19]. Improvements
in the proof and a generalization to a larger class of operators appeared in [28].

Our second main result is a numerically assisted proof of the same property
for A,.

Statement 1.3 (Numerically assisted). X, has a unique critical point ;.
Moreover, this critical point is positive, corresponds to a minimum, and is nondegener-
ate.

Next, we investigate the case of “large eigenvalues,” that is, of A j () for sufhi-
ciently large values of j. We first provide with a rough asymptotic localization of
critical points of Aj for large j. We set

Aje={aeR|Aj() =0}, forje N

Theorem 1.4. Setting

5 2
(1.1) V(x) := <X7 - 1) and x.(F):=+2+2VE,

the function

x4 (E) 2_X2
——dXx
0 VE - V(x)

is of class CY and admits a unique zero E¢ in the interval (1, +c0). For any choice of
Kjc in Aje, we havelimj_. ;o Xj o = +00 and

(1.2) (1,+0) 5 E~ F(E) =

A (o
lim M _E,.
Jote &G

A numerical investigation shows that E. ~ 2.35, with a relatively fast conver-
gence with respect to j (see Section 5.6 for more on numerics).

Finally, our last main result proves the analogue of Theorem 1.2 for large
eigenvalues.

Theorem 1.5. There exists jo such that for j = jo, Aj admits a unique critical
point & ¢ corresponding to a nondegenerate minimum. Moreover, we have

(1.3) N/ (&jc) — ~3F (Ec)G(Ec) > 0, as j — +oo,

2This was done by numerical computations of V. Bonnaillie-Nogl.
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where F' (E.) < 0 and, (using the notation (1.1)),

(1.4) G(E) = (J:+(E) (E - V(x)'2 dx)

X (JOM(E) (E-V(x))~1/? dx>_2.

Theorems 1.2 and 1.5 together with Statement 1.3 and Figure 1.1 naturally
lead us to the following conjecture.

Conjecture 1.6. Forany j > 1, Aj has a unique critical point &j,c. Moreover,
this critical point is positive, corresponds to a minimum, and is nondegenerate.

Note that Aj . + @ because we will prove in (2.4) that for any j, A () has at
least one minimum. Conjecture 1.6 says in particular that Aj . has precisely one
element for all j € N*. Note also that, on account of Theorem 1.5, there is only
a finite number of eigenvalues which remain uncovered.

As in [3, Section 2], there are different regions of the space of (j, ®) € N* xR
to be considered separately. Here, it is rather straightforward to see that A; has no
critical pointin {o < 0} (see Corollary 2.2), so there are only two relevant regimes
to consider.

The first regime is Aj () > 2, in which the operator ha () may be rescaled
to (a small perturbation of) the operator P¢ = —£2d?/ds? + s%/4. In this regime,
we prove in Section 2.6 that there is no critical point asymptotically. The proof
relies on a description of semiclassical measures associated with eigenfunctions of
the operator P¢ following [33].

The second regime is Aj() < o2, in which the operator ha () may be
rescaled to the double-well semiclassical Schrédinger operator P, = —h2d?/dx? +
(x2/2—1)2. It appears that all critical points belong asymptotically to this regime,
and a thorough semiclassical analysis is needed to first localize critical points, and
then prove their non-degeneracy. This is the heart of the proofs of Theorems 1.4
and 1.5 achieved, respectively, in Sections 3 and 4. The proof of Theorem 1.4
relies on the description of semiclassical measures associated with eigenfunctions
of the operator Py at all possible energy levels E € Ry (and the semiclassical
reformulation of the first variation formula for eigenvalues). In particular, this
analysis yields A;((X) ~ ®(E)x when P\j(()()/()(2 — E for an explicit function ®
(see Corollary 3.7 and Proposition 3.13). We then prove that the quantity ®(E)
vanishes if and only if E = E.

The description of semiclassical measures is unfortunately not sufficient for
the analysis of the second derivative /\;" (), and thus for the proof of Theorem 1.5.
Luckily enough, the energy E. is a regular energy for the potential (x?/2 — 1)2
since Ec > 1, and we can push the semiclassical analysis beyond semiclassical mea-
sures at the energy Ec. To this end, we use an approximation of eigenfunctions
by semiclassical Lagrangian distributions and prove that derivatives of the approx-
imate and the true eigenfunctions are close to each other in the semiclassical limit.
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We refer to the beginning of Section 4 for a detailed description of the proof of
Theorem 1.5.

Finally, the proof of Theorem 1.2 is completed in Section 5. It relies on several
refinements of the proofin [19]. In particular, we first obtain a refined estimate for
the localization of possible critical points of A;. Then, we prove an upper bound
for A1 () and a lower bound for Az () which yield a positive lower bound for
A7 in this interval. The estimates on A; and A3 follow by comparing the operator
ham () with various harmonic oscillators. Numerical experiments performed by
M. Persson-Sundqyvist are presented in Subsection 5.6, and allow us to both check
the accuracy of the results we obtain and prove Statement 1.3.

2. PRELIMINARIES

2.1. Previous results. We first collect various known basic results (see [3,
22,25,36,39]). First, we have the following:

For all j € N*, the map & — A;j(«x) is continuous

2.1) and satisfies [im ||+ A (&) = +00.

When o — —co, this is a consequence of the direct bound A; () = o ifx <O.
When « — +o00, it results from standard semiclassical analysis (see Section 3 be-
low) of the spectrum of the operator Py, yielding, for all k € N,

(2.2) Aokr1(00) ~N2(2k + 1)V, as & — +o,

(2.3) Aok+2 () = Agps1 (@) = O(x™™), as x — +oo.

The O(ax™*) decay (actually, this is an exponential decay, but this will not be used

here) of Azk12 () —Azk+1(X) is explained by a double well analysis of the problem
(see [30], [18] or [11]). As a consequence, for any j € N*,

(2.4) & — Aj(x) admits at least one minimum.

We recall the first variation formula for the eigenvalues A ;.
Proposition 2.1 (Feynman-Hellmann formula). The map o« — Aj(x) is C®,
the map & — u;(+, &), R — D(h(0)) is of class C*, and

(Oouj (-, ), uj(-, )2y = 0,

(2.5) Ai(x) = —2JR <%t2 - o<> uj(t, ) dt
_ _4J0+°° (%tz - (x> wi(t, 002 dt.

Note that the second equality in (2.5) simply follows from the fact, stated in
Proposition 1.1, that eigenfunctions are either odd or even, which implies that
t— (%t2 - o)u;(t, ®)? is even.

In particular, this implies the following result.
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Corollary 2.2. For all j € N*, the function & — A () is strictly decreasing for
& < 0 and all critical points of Aj are in 10, +co[. In addition, A admits a strictly
positive minimum which can only be attained for positive .

Proof. Recalling that u (-, ®) is normalized in L?(R), equation (2.5) can be
rewritten as

i) = —ltw; (-, o0)l[72 ) + 2ex.
As a consequence, /\;-(0() < 0 forall @ < 0 and /\;-(0) = —||tuj(-,0)||%2(R) <0
since U (-, &) is normalized in L?(R). O

We also record here the following classical lemma, essentially following from
Proposition 1.1 Item (4) (see, e.g., [39] for a proof).

Lemma 2.3. Forallk € N*, x € R, we have
Adk—1() = AY (), Az(ex) = AP (),

where A],:’ (&) (respectively, Alkj () denotes the k—th eigenvalue of the Neumann (re-
spectively, Dirichlet) realization of the differential operator —d2/dt? + (%t2 - )% in
R*.

In particular, we shall use
Ar(e) = AV (00,  Az(x) = AN (o).

2.2. Dilation operators. In the present article, we shall make an intensive
use of dilation operators. We define for n > 0 the following unitary (dilation)
operator

T, : L*(R) — L*(R),

(2.6) s

u(x) = n*unx),
having adjoint/inverse T;f = T;! = T;-1.

2.3. Additional properties at a critical point. Of course, multiplying the
eigenvalue equation

2.7) hbm(cOu(-, @) = Alcdu(-, ), lul-, ) l2mr =1,

by u(-, &) and integrating by parts, we obtain
2
(% - tX) u(-, x)

2

2
(2.8) M) = |3, 00|y +

L2(R)

In particular, we always have

(2.9) H(%tz—(x> u(-, x)

< A).
L2(R)
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Lemma 2.4. Assume that (A(x), u(-, ) satisfy the eigenvalue equation (2.7).
Then, we have

(2.10) o (&) + A(x) =3H(%t2—tx> u(-, o) ’

L2(R)

As a consequence of this lemma, one can improve a little the estimate (2.9)
when o = &, is a critical point of A (this is already stated in [39], Proposition 3.5
and (3.14)), namely,

2

(2.11) 3”(%#—%)1{(-,%) = A(x).

The proof uses invariance by dilation T, defined in (2.6), of the spectrum.

Proof- Since T, defined in (2.6) is unitary, we deduce from (2.7) that, for all
n>0and x € R,

Tpho ()T ' Tyu (e, &) = M) Tyu (-, ), [ Tyul-, )l =1,

where the conjugated operator is given by

1 1 d? 1 5., 2
TnhM(O()Tr] 2—?@4-(5171' —O(> .

That is to say, the spectrum is invariant and the eigenfunctions are only dilated.
Setting u(t, n, &) := Tyu(t, ), the above equation can be rewritten as

1 1 2
2 ofu(t,n, o) + (Enztz - ¢x> u(t,n, o) = Aeult,n, ),
lu(-,n, 002w = 1.

Differentiating this expression with respect to n, we obtain
1
2n730%u + 2nt? (Enztz - (x) U+ by () Opu = Adyu,
together with

(2.12) (u(,n,00),0hul-,n,o)r2mw = 0.

Taking now the scalar product of the previous identity with u (-, n, ) and using
(2.12), we deduce

—2n730rull* + 217J t2 (%nztz - o<> u?(t,n, o) dt
R

+ (b (o) Opu, u) 2wy = 0.
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Selfadjointness of ha () together with (2.12) imply
(hm () Opu, w2y = (Opu, hm () U)2(r) = A(x) (Oqu, U)r2r) = 0,

and we finally deduce
—-n73oull* + nJ t? <%n2t2 - (X) u?(t,n, «)dt = 0.
R
Fixing now 1 = 1, this can be rewritten as

—llosull® + 2JR (%t2 - X+ a) (%tz - a) u’(t,n,x)dt =0,

and, recalling the first variation formula (2.5), this implies

2

0:—|Iatu||2+2H(%t2—o<> u(-, x) — oA (o).

L2(R)

Combined with the energy identity (2.8), this implies (2.10) and concludes the
proof of the lemma. O

2.4. An integration by parts formula. The following lemma will be useful
in the proof of Theorem 1.2 and (as a technical device) Theorem 1.5. Although
initially due to Pan-Kwek in [39] for A; (see also [10] and [19]), the most elegant
proof is given in [28]. We recall it quickly.

Lemma 2.5. Assume that

(Ale),u(-, x))

satisfy the eigenvalue equation (2.7). Then, we have

+ 00 2
2.13) 2J0 (t — vV200) (%—a) uz(t,a)dt—%A’(a)

= (A(x) — c®)u(0, ) + u' (0, x)2.

Proof- Using integration by parts together with u (-, ®) € S(R), according to
Proposition 1.1, we have

[RET(Cnp

+ 00 2
= o®u?(0, x) — 2J (%t2 - o<> u(t, c)u’ (t, ) dt.
0
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The eigenvalue equation (2.7) then implies

(2.14) JOM %((%tz — o<>2>u2(t, ) dt

+ 00
= —o2u?(0, ) — 2[ Alo)u(t, c)u’ (t, ) dt
0

- 2J ) u'’ (t,c)u’ (t, x)dt
0
= (A(x) — c®)u(0, ) + u' (0, x)2.

We now compute the lefthand side as

[ET(Cnp

+ 00 1
=[ 2t<—t2—o<> u?(t, o) dt
0 2

= rw 2(t —2x) (1t2 - (x) u(t, ) dt
- | : ,
+ ZMJOM (%tz - (X) u?(t, ®) dt.

Using the Feynman-Hellmann formula (2.5), this is rewritten as

[RET(Cnp

+00
_ _ l 2 _ 2 _ﬂ ’
_2[0 (t @)(zt a)u (t, ) dt ﬁA(a).

Combined with (2.14), this proves (2.13) and concludes the proof of the lemma.
0O

As an immediate first application we have the following proposition.

Proposition 2.6. Assume that j is odd and that & ¢ is a critical point of A j ().
Then,

(2.15) aic <A ().

Proof- When j is odd, we recall from Proposition 1.1 that u; (-, &) is even, so
that

u’;(0, 00) = 0.
We deduce from the universal formula (2.13) that if in addition

Ni(aj.e) =0,
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then
(Aj(ege) — O(ic)uj((), ®jc)?
+ o0
- 2{0 (£420.¢) (%tz - (xj,c> u?(t,(xj,c)dt, j odd

+ 00
_ JO (8 + 20,0 (t = \205,0)2u (¢, oj,0) dt.

Observing that the righthand side is positive (1 does not vanish identically on an
open set; otherwise it would vanish identically on R) concludes the proof of the
proposition. O

2.5. The second derivative. For the analysis of the second derivative, we
also need the following formula established in [22] and probably long before. As
in the proof of the Feynman-Hellmann formula, we start from

a (- 2 ,
(2.16) (bm(a) - Aj(O()) % = [2 <% - o<> + Aj(«x)] uj(-, 0.

Differentiating once more and taking the scalar product with u; we obtain
(2.17) AV (o) =2~ 4J (%t2 - o<> u;(t, &) douj(t, &) dt,

where we have used that ©; is normalized. This implies

(2.18) /\;’((x) = 2—2Jt2uj(t,(x) Oouj(t, ) dt
o, d 2, 2
=2 da([t u;(t, «) dt).

Note finally that we can rewrite the last equality in a form where the normalization
condition is not necessarily assumed:

AV () =2~ thzuj(t, o) putj(t, &) dt

=2- %((Jtzuj(t,a)zdt> <Juj(t,o<)2dt>_l>.

2.6. No critical point in the regime Aj(x;) > (X?. We prove in this pre-
liminary section that there is no critical point in the regime o/A;(«;) — 0. The
latter are thus necessarily located in the regime Aj(«;) < O(?, which we investigate
in the next sections.
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Proposition 2.7. Let (&j) jen a real sequence, and assume Aj(Xj) — +oo and
(xf//\j((xj) — 0, as j — +00. Then, we have

A (o) V2 2
(219) Jijl/z—’— 1J Sids,
oA (o) —VZ 1 - s4/4
V2 ds -1
where K = (J 7) ,
V21 - s4/4
as j — +oo,

Note that in this regime, & does not necessarily converge to +co. Note also
that minger Aj () — 400 as j — 400, so that the assumption Aj(xj) — +oo is
implied by j — +o0.

For the next result, recall that A . is the set of critical points of & — A;j(x).

Corollary 2.8. For any choice of & in Aj c we have

) Aj(&je)
limsup ——5~— < +o0
Jo oo X

Proof of Corollary 2.8. Suppose that there exists a subsequence jx such that
Aji (@i c) /o . tends to +o0 and &j,c € Ajc. Then, by applying Proposi-
tion 2.7, the lefthand side of (2.19) equals 0 since «j, ¢ is critical, whereas the
righthand side is negative. This yields a contradiction. O

The proof of Proposition 2.7 relies on a semiclassical rescaling and the explicit
description of associated semiclassical measures. The latter point is rather classical
in the present 1D setting (see, e.g., [15, pp. 139-143; 24, Theorem 4.1; 33,
Theorem 1.6] or [35, Proposition 5.1; 37, Section 6 pp. 190-198] or [31]).

Proof of Proposition 2.7. We drop the index j for readability. We start from
the eigenvalue equation (3.3) with A = A(«), in which we set w = Tyisu, where
the dilation operator Ty, is defined in (2.6). We obtain

2 2 2
(-t (25— -

Dividing by A, we obtain a semiclassical problem with semiclassical parameter
€ := A73/4 - 0 (by assumption), namely,

2 2 2
(_ Ezd_ n (S_ _ 5) )w =w, withd = /\%2 — 0 (by assumtion).
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Let p be a semiclassical measure at scale &, associated with a sequence (wy, €k, Ok)
of solutions to this equation (see, e.g., [33] for a definition). The energy estimate

2
— 2 —
2(R) = ||wk||L2(R) =1

7112 Sz
lewawgliscay + || (3 - 66w
shows on the one hand that || &xwy,[|12) is bounded, whence

limsup || F (wk) () 22 1g1=r) = 0 as R — +oo

k—+00

(that is to say; the sequence wy is &x-oscillating), and on the other hand that for
k sufficiently large so that oy < 1,

+ lwellew) < 2,
L2(R)

1., 52
EIIS w2 r) < ) — Ok Jwg

whence limsup,,_ , , lwkllr2(xj=r) = 0as R — +oo (that is to say, wi is compact
at infinity). As a consequence (see, e.g., [33]), the semiclassical measure p is a
probability measure on R?, and its projection on the x-space, Tt is a probability
measure on R. Then, the semiclassical pseudodifferential calculus shows (see, e.g.,
[33,43]) that supp(p) C {(s,&) € R* | p(s,&) = 1} with p(s,§) = & + s4/4,
and that p is Hp-invariant, namely, H,u = 0. As a consequence, i is the unique
invariant probability measure supported by {(s,&) € R?2 | p(x,&) = 1}, given
explicitly as follows (see [33, Theorem 1.6]): for all a € C(R?),

Ky —s4/4
(u,a) = ZJ a(s,+ 1s/>m

NGl -1
K= (], =—=)
V2,1 - s4/4

Combined with Lemma 3.4 below (stating in a similar context that eigenfunctions
decay at infinity faster than any polynomial), this implies that for all a € C*(R)
having at most polynomial growth at infinity,

V2
J[Ra(s)lwk(s)lzds - Klj ais) ds.

V2.1 - s4/4

Since this convergence holds for any sequence (wk, €, 0k) of solutions, it always
holds for the full sequence (w, ¢, 9).

Recalling that u = Ty-14w, we now deduce from the first variation formula
(2.5) (and using that eigenfunctions are assumed normalized) that

AN(x) =20 — Jng t2ugl?(t) dt = (x(2 —Al/2 J[Rszlwklz(s)ds>.
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Recalling that A = A(x) — +oo by assumption, we finally deduce that

5 V2 2
= (T4 U, s7) = —K; ——ds.
-vZ .1 —s4/4

T A (x)
XA () 172

As this holds for any subsequence (ux, Ak, k), it holds for any triple (u, A, ). DO
3. SEMICLASSICAL MEASURES IN Aj(xj) < (x? AND PROOF OF
THEOREM 1.4

3.1. Semiclassical rescaling. Recalling the definition of the dilation opera-
tor Ty in (2.6), and choosing n = ./« for the scaling parameter, we obtain

1 d2 52 2
-1 _ _ = 212
(3.1) T ahm(e)T 5 = sz T (2 1)
2 2 2
e (5 ) e
with
d2 52 g
- e 12 >
(3.2) h=« , Pn: h 152 + (2 1) .

Hence, the analysis as &« — +co becomes an analysis as h — 0. Recall that we
consider the real, L? normalized eigenfunction u (respectively, 1) associated with
the eigenvalue A (respectively, Ax), that is to say, the solution to

3.3) Hm(u =Au, ueDOm(x)), llullrzgr) = 1.

After the semiclassical rescaling (3.1), we set

(3.4) v(,h):=Tgu(-, ), resp. vk(-,h):=T zur(-, o),

and (recalling that &« = h=2/3),

(3.5)  E(h):= = h*3A(0), resp. Ex(h) := = 4B A (),

A(x) Ak ()
o2 o2
which according to (3.3) now solve the semiclassical eigenvalue equation

(3.6) Ppv =E(h)v, v € D(Py), lvlrg) =1,

where we recall that the operator Py, is defined in (3.2).
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The first variation formula (2.5) for the eigenvalue equation becomes
(3.7) N(e) = 20— |lxu(-, ollf: = K22 (2~ |lxv (-, W[1).
Localizing critical points of A is thus equivalent to solving 2 — [|xv (-, h) II%Z =0,

where v (-, h) solves (3.6). We finally reformulate the second variation formula
(2.18) in the semiclassical setting,.

Lemma 3.1. With x = h™23 and v (-, h) as in (3.4), we have

(3.8) A () = (1 - %hah> (J[R(Z - 52)|v(s,h)|2ds>.
Proof: We recall from (3.4) with h = o=3/2 that
(3.9) u(t,®) = (To12v) (t,h) = « Viv (12, a7312).
From (2.18), we deduce
A () =2 —0n ( Juza x2a 2 v (o V2x, 7312 |2dx>
=2- a(x((XJRSth(S, (x‘m)lzds)
=2- (J{Rszlv(s, (x*3/2)|2ds> - (xa(x(JRszlv(s, (x*3/2)|2ds>
=2- J{R s2u(s, 322 ds + %(x‘”z 8h(JRSZIv(s, (x‘3/2)|2d3>

=2—J s2lv(s,h)|*ds + éhah(J szlv(s,h)lzds>,
R 2 R

where we have used that 04 (f(x™3/2)) = —%O(’S/zf’(a’3/2) in the penultimate

equality with f(h) = J s?|v(s,h)|>ds. Finally, (3.8) follows from using the
R

normalization of v (-, h). O

Remark 3.2. Since we have A(x) = o«>E(x™%/?), we also have the following
direct relations between the variations of the eigenvalues of ha () and those of
the semiclassical operator Py, (in the present regime):

MO _pn), h=aP?
X

N _opm) - 2RE (), h= a2,
104 2

A (x) =2E(h) — %hE’(h) + %hZE”(h), h=«32
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3.2. Double well analysis. The operator Py defined in (3.2) has the form
Py := —h%d?/ds? + V(s) with

s2 2
V(s) = <? — 1)

and the standard multidimensional semiclassical analysis (see, e.g., Helffer-Robert
[29], Helffer-Sjostrand [30], and references therein) can be used. The potential is
a symmetric double well potential and the two minima occur at ++/2 with energy
0. The quadratic approximation at the bottom leads to the following result [30].

Lemma 3.3 (Bottom of the spectrum). For all B € R, \ V22N + 1), there
are Ng € N, ho > 0 such that

Sp(Pn) N (=0, Bh) = {En(h) | n € {1,...,Ng}},

uniformly for h € (0,ho), with 0 < En(h) < Enq1(h) < Bh for all n €
{1,...,Ng — 1} and h € (0, hg). Moreover, as h — 0%, we have

(3.10) Eyji1(h) ~N2(2j + Dh,
(3.11) Eyjia(h) — Ezjii(h) = O(h™™),

uniformly for all j € N such that 2j + 2 < Ng.

Note that (3.11) is a weak form of the tunneling analysis. The asymptotics
(2.2) and (2.3) are straightforward consequences of (3.10)—(3.11) together with
(3.5).

In addition to the two minima, the potential V admits a critical pointat s = 0
corresponding to a local maximum with V(0) = 1. For energy levels E away from
E =1, one can describe the whole spectrum by using Bohr-Sommerfeld formulas
which are specific to dimension one.

We now recall the localization properties of the eigenfunctions in the so-called
classical region determined by their corresponding eigenvalue. For a given energy
E, we define the classically allowed region by

Kg:= V' ((—,E]).

Proposition 3.4. Let E € R. For any sequence (Ejn)(h), Vjn)(h)) of eigen-
pairs of Py, such that
limsupEjn)(h) < E
h-0

and ||1Vjn)y (M) l12ry = 1, and any closed interval I such that I N Kg = @, we have

for any k
lvjm (W) lgey = O(h™),
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where

BX(I) = {u € L2(I) | stu™ (s) e L2(I), ¥V (£, m) s.t. £ +m <k},

lullgey = sup IsPu™ 2.
L+m<k

This is a consequence of classical Agmon estimates (see [30] or [18]). The lat-
ter actually yield an exponential decay of eigenfunctions away from the classically
allowed region K, but this is not needed in our analysis.

3.3. Semiclassical measures. e now only consider the semiclassical regime
h — 0% and consider the limit measures for the densities v (x, h)? dx. Taking
advantage of the parity of the potential V = (x2/2 — 1)2, we define for any given
energy E > 0

(3.12a) X (E) =\2+2VE ifE € [0,+o),
(3.12b) x_(E) = V2-2VE ifE€[0,1],
0 ifE>1.

Notice that x. is defined so that for all E > 0,
[x_(E),x+(E)]={x>=0|V(x) <E}=KpnR;
is the classically allowed region intersected with R*. That is,

Kg = [-x4(E), x4 (E)] ifE=>1,
Ke=[-x4+(E),—x_(E)]U [x_(E),x+(E)] ifE < 1.

The densities v (x, h)? dx satisfy the following asymptotic repartition.

Proposition 3.5. Assume v solves (3.6) with E(h) — E and h — 0%; then,
v(x,h)?dx — mg in the sense of measures in R where wg is the nonnegative Radon
measure given by

(3.13) mrg = %(5_\/2 + 5\/}) if E = 0,
C(E) 1[_x,(E),-x_(B)](x)dx
.14 =
(3.14) mg > Vo0
C(E) Iix_B)x. )1 (X)) dx .
5 JE- Vi) ifEe€(0,1),
(315) mrg = 50 ifE = 1,

_ CE) Tx. e ()1 () dX

(3.16) mg > v

ifE>1,
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where

x.(E) -1
(3.17) C(E)=(J E)(E—V(x))‘l/zdx) , Ee(0,1)u(1,o).

x-(

Note that the expression for E € (0, 1) is also valid for E > 1. The continuity
of the map E — mg at E = 1 for the weak-* topology of measures is investigated
in Proposition 3.9 below.

Proof of Proposition 3.5. Note first that all since eigenfunctions are either odd
or even, the measures v (x, h)%dx are all even and so are their limits. The case
E > 1is proved in, for example, [24, Theorem 4.1] (before the introduction of the
theory of semiclassical measures) or more recently in [33, Theorem 1.6] (see also
pages 139-143 in [15] or [37, Section 6 pp. 190-198] for different approaches
on a similar problem and [35, Proposition 5.1] and [31] for related statements).
Next, the case E < 1 follows the same once restricted to the half real line (thus, a
solution to a Dirichlet or a Neumann problem on R*), and by using parity of the
limit measures.

Finally, the case E = 1 follows from [9, Section 5]. For the sake of com-
pleteness, we give a short proof inspired from the proof of Theorem 16 in Section
2.2 of [33] in the case E = 1. In case E(h) — 1, any semiclassical measure u
(see, e.g., [33] for a definition and a proof of these properties) is a probability
measure on R2, supported by p~1(1) := {(x,&) € R? | p(x,&) = 1} where
p(x,&) = & + (x?/2 — 1)?, and moreover invariant by the Hamilton flow of p
inside p~1(1), thatis, 0 = Hpp = (2E3x — 2x(x?/2 — 1) 0g)u. Now, the set
p~1(1) is partitioned into three Hp-invariant disjoint sets:

p (1) ={(0,0}uCruC-,
with
Ci:={(x,8) eR?| x>0, p(x,&) = 1}.

As a consequence, 4 = U + X (o,0) + - where & € [0,1] and = is an invariant
finite measure supported by C-. But since C- is not compact, the only invariant
finite measure it carries is g+ = 0. Since i is a probability measure, we deduce p =
00,00 and my = Ty = ¢ (see [33] for a proof of the first equality). Uniqueness
of the limit measure shows that the full sequence converges. O

Remark 3.6. Note that in the single well problem [33], it is enough that
v(x, h) solves (3.6) approximately, that is to say, with a 0(h) remainder, in or-
der to characterize the limit measure p and mg. In the double well regime, we
actually use here in an essential way that v (x, h) is a genuine eigenfunction; that
is, it solves (3.6) exactly (it would actually work if v (x, h) would solve (3.6) ap-
proximately with a O (e=51/ ") remainder, with $; sufficiently large) because of the
tunnelling effect between the two wells (see [30]).



Critical Points of Eigenvalues of Montgomery Operators 2091

Corollary 3.7. Let E > 0, and assume that & — +o00 and A() | &? — E; then,

(3.18) oA (@) = ®(F),

with
0, ifE =0,

(3.19) ®(E) :={ C(E)F(E), ifE € (0,1)U (1,),
2, ifE=1,

where, for E € (0,1) U (1, 00), C(E) is defined in (3.17) and

2 x4+ (E) 2 _ xz
(3 0) F(E) = Jx_(];") \/E—jv(x) dx

\/2+2VE )
B J 2-2VE), VE — (x2/2 - 1)2

where (), = max{z,0]}.

Note that the function F in (1.2) in Theorem 1.4 is the restriction to (1, +o)
of the function defined in (3.20). The properties of the limit object in (3.18),
and in particular of the function F(E), are studied in the next section. Note that

this corollary is not sufhicient for proving there is no critical point near the energy
E=0.

Proof: Recalling (3.7), as h — 0 and E(h) = h*3A(«x) — E, we have, using
Proposition 3.5,

dx, Ee€(0,1)uU(1,o00).

BN (&) =2 = ||xv (-, b5 — 2 — J[szde(X) = J{R(2—x2)dmg(x).

That is, according to (3.13)—(3.106), respectively,

h33A () —= 0 ifE =0,

RN () 2 [ 22X
() =2 - )Lc_(]:") VE —=V(x)
cof [ 22Xy ifE € (0,1
= C( )(Lc_(]:") VE = V(x) X)’ itE e 0,1,
h?BAN (x) -2 ifE =1,
x4 (E) 2
23N () _Xxdx
h"”A(x) - 2 - C(E) L m

x4+ (E) 2 _ x2

:C(E)( . FE_V(X)dx

), if E > 1. |
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3.4. Study of mg and F(E) near E = 1. Our goal in this section is to prove
continuity of the family mg and the function C(E)F(E) through E = 1. As a
preliminary, we study properties as E — 1* of the integral

x.(E) 2+2VE
[ @(x) B @ (x)
Fo(E) := L_m VE =V (x) dx = ﬁﬁzﬁn VE = (x2/2=1)2

defined for ¢ € C°(R) and E € (0,1) U (1, + ).
Lemma 3.8. There is C > 0 such that for all 5 € (0,1), there is Cs > 0 such
that for all € C'(R),

dx,

[Fp (E) — CP(O)FES’+(E)| < Coll@ lIL=0,1) + Csll@ll~3), VEEe€(1,9/4),

where

*(E) = J —— s dx <194
satisfies, for VE =1+ ¢, € € (0,1/2),

§/2¢ d §//2¢

, Yy 2 dy
(3.21) OSF6+(E)—J = <C§ J ,

: 0 yE+l 0 NLZE|
and

IF (E) = @(O)F) (E)| < CSI @ lI1=0.1) + Cs @03, VE € (1/4,1),

where s
1
E) = dx, E 1/4,1
: Jm Foon oo Felal
satisfies, for VE =1 — ¢, € € (0,1/2),
5/\2¢ dy §/2¢ dy
322) 0 <F(E) - < Cézj .
: v2 V-1 1 y2-1
Note that Lemma 3.8 implies that if @ (0) # 0, then
(3.23) For(E) ~ @(0)~ 1 (¥>
' o Py B\ VE -1
1 1 .
~ (p(O)Elog(”:__ 1|> asE — 17,

As a consequence, we get the following proposition. We denote by M, (R)
the set of compactly supported Radon measures on R.
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Proposition 3.9. With wg defined by (3.13)—(3.16), the map
[0, +00) = Mc(R), E~—mg
is weakly-* continuous: that is, for all @ € C°(R) and all Ey € [0, + ), we have
(mg, @) — (mg, @), asE — Ey (resp. E — 07 if Eg = 0).

Note that this property is not strictly needed for our analysis but completes
the picture nicely. Its slightly weaker Corollary 3.10 below is, however, needed.

Proof of Proposition 3.9 from Lemma 3.8. First, for E € (0,1) U (1, +), we
notice that C(E) = 1/F;(E). The measure mg in (3.13)—(3.16) is even and abso-
lutely continuous, so that for any ¢ € C°(R),

(mE, @) = jw @ dmg + jw @ ding = =—— (Fo(E) + Fy (E)),

2F; (E)

where @(x) = @(—x). This therefore implies the continuity statement for
Eec(0,1) U (1,+0).

Second, we prove the continuity statement at E = 1. Given this expression,
it suffices to show that F, (E) /Fi (E) — @(0) as E — 1*. To this end, we assume
first that @ € C!'(R). According to Lemma 3.8 (taken for any fixed § € (0, 1)),
we have

Fo(E) _ @(OF(E) + O lI@licio3)
Fi(E) Fi(E)

- @(0) asE— 17,

where we have used that F;(E) — + as a consequence of (3.21)—(3.22). This
implies that (mg, @) — @(0) for all @ € C!(R). Finally, if p € C°(R), there is
®n € C'(R) such that |y — @llr~(-33) — 0, and we write

Kmg, @) — @(0)] < {mg, @ — @u)| + Kmg, @) — @n(0)]| + [@n(0) — @(0)]
<2[l@n — @llr=(-33 + {mg, @) — Pr(0)],

where we have used that mg is a probability measure.

Given € > 0, we fix n € N such that the first term is < &, and then take
E close enough to 1 so that the second term is < €, and for such E we have
{mg, @) — @(0)] < 2&. We have thus proved the continuity statement at E = 1
for any @ € C°(R).

Third, we prove the continuity statement at E = 0*. To this end, it suffices
to comment that, given any sequence E;, — 0, we may extract from the sequence
Vp := 21g+mg, € Mc(R*) of probability measure a converging subsequence in
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Mc(RY). Since supp v = [X—(En), x4+ (En)], the limit measure is a probability
measure supported in

m [x-(En),x+(En)] = {\/z}

neN

Therefore, the unique possible limit is § 3, and the whole sequence vy, converges
to 0 /5. This implies that

21R+m5*6\/§ asE—>0+,
and, since mg is even, that mg — %(5,@ +06.3).

This concludes the proof of the proposition. O

Corollary 3.10. With the functions C defined in (3.17) and F in (3.20), the
Sfunction ® defined in (3.19) is continuous on [0, + o).

Proof. This follows directly from the fact that C(E) = 1/F,(E) and F(E) =
Fy_x2(E), so that

Fa_x2(E)
Fi(E)

®(E) = C(E)F(E) = = (mg, 2 — x2),

to which Proposition 3.9 applies. O
We finally prove Lemma 3.8.
Proof of Lemma 3.8. First, for E > 1, we set VE = 1 + € > 0 and have

24+2E
B @ (x)
F"’(E)_Jo CENTp Y
V4+2¢e
_ @(x)
_Jo T -

For & € (0, 1) independent of €, we write Fy, (E) = Go;* (E) + Fo " (E) with

Vi+2e
S,y @ (x)
o (E):= L; Ja+6)2=(x2/2-1)2 dx
Va+2e
:J @ (x) A
6 \/25+52—x4/4+x2

In particular,
IG5 (E)| < @Iz~ (03)G2 ()
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where

G (E) -

) Jzédx—r 2 dx < +o0
s x2—xirs  Jo xd/2+x)2-x) ’

as € — 07. As a consequence, for any d € (0, 1), there is Cs > 0 such that for all
g€ (0,1), withall @ € C°(R),

o,
|Gy (E)| < Csll@llL=(0,3)-
It thus remains to consider

0 P (x)

o VA T+e2-(x2/2-1)2

:J @(x)
V2 +&e—-x2/2)(x2/2 + ¢€)

8/V2¢ P (/2ey)
_\/—J \/2+5—5y2\/y2+1

where we have set x = /2¢ey. We also notice that

Fo ' (E) :=

dx

dy,

1 1 !
5 - < :
y €10,5/\2¢] = 2+e<\/2+e—8y2<«/2+5—52/2

As a consequence, we have

IF%" (E) — @(0)F)" ()|
_ JWE @ (V2ey) - @(0)
0 \/2+5—sy2\/y2+1

8/V2e d
< ﬁ@llm’llmw[ =4
1 \/2+s—ey2\/y2+1

|

< CoIlP llL=01),

uniformly for € € (0, %). Finally, we have

§/\2e dy 5*(5) \/— Jﬁ/\/_ d_)/
\/2+ y2+ \/2+€_52/ /y2+1’

from which (3.21) follows.
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We now consider the case E < 1. Setting VE = 1 — € with € > 0, we have

2+2VE

_ @(x)
Fo(E) = Vo—2VE) VE — (x2/2 - 1)2 dx
_ J\//}—ZE (p(X) .
vz N -e)?-(x2/2-1)2 7

For 6 € (0, 1) independent of €, we have Fy, (E) = Ggg’f(E) + Fgg’f(E) with

Vi
8=y @(x)
Gy (E): J JT—o-n2- ™
Vi
:J P (x) dx.
g \/—25+ €2 —x4/4 + x2

In particular,
IG5 (E)| < | @llz=03) G2 ()

where

dx < +o0,

Gy (E) — r S r =
! 5 \[x2 — x4/4 s x 2+ x)2 - x)

as € — 0". As a consequence, for any § € (0, 1), there is Cs > 0 such that for all
€€ (0,3), with all p € CO(R),

IGS™(E)| < Csll@ll1=(03)-

It thus remains to consider

s
Fo (E :=J @)
o B T e
_ J‘S @ (x)
VIEN(2 — £ - x%[2)(x%/2 - &)
_ ﬁr’m 02
1 \/2—5—53/2\/3/2—1 ’
where we have set x = /2ey. We also notice that
1 1

ye[l,8/2¢] =

< < .
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As a consequence, we have

IF5™ (E) — (0)F ™ (E)|
:@HWE @ (/2ey) = @(0)
\/Z—e—eyz\/yz—l

8/+2¢ d
< VIVEI @' li=o | =
1 \/2—5—5312\/3/2—1

1|

< CSll@ llL=0,1),

uniformly for € € (0, %). Finally, we have

5/2¢ \/— 5/2¢
dy < F1 ~(E) < [ _dy ,
V2 N VZI-e-572 NEE
from which (3.22) follows. O

3.5. Analysis of F(E). To prove Theorem 1.4, we now study properties
of the function F defined in (3.20). We first rewrite this quantity in a more
customary form.

Lemma 3.11. We have

F(E) = =2'2EV40, (E112)

=-22n7120,(n), forn=E"*€(0,1),
F(E) = =2'2EV40_(E™112)

=-22n7120_(n), forn=E'? e (1,+w),

with
1

(3.24) 0.(n) := j T(1 =12 (1t +n)Y2dr, forn=E1Y2e(0,1),
-n
1

(3.25) 0-(n) := J T(1 =) (1t +n)2dr, forn=E1"?e(1,+»).
-1

This reduces the study of F to that of 6, and 0_.

Proof- After a change of variable o = x2/2 -1 (le, x =2(0c +1),dx =
(2(o + 1))"Y2d0o), we obtain from (3.20) that

E1/2
F(E) = —2J a(E—a2)*1/2(2(a+ 1) 1240
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The change of variable 0 = E1/27 then leads to

1
F(E) = —2E1/2J T(1 -7 V22(EV?T + 1)) 2dr,
(E—1/2,1)+,E—1/2

that is,
1
F(E) = —21/2E1/2J LT =T E T 1) 2 T,
7E—1
for E € (1, + ),

1
F(E) = —21/2E1/2J T(1 - T2 V(YT 1 1) 2ar,
-1
for E € (0,1).

Setting n = E~'/2, this can be rewritten as

F(E) = =2'2p~1/2 Jl T(1 -3 2 (1 + )~ 2dT,
' forn=E"'2€(0,1),

F(E) = —21/2171/2J11 T(1 =12 V2(1 + n)~V2dT,
forn =E"1? € (1, +),

which is the sought result.

We may now analyze properties of the function F in (3.20). The goal of this
section is to prove the existence and uniqueness of E. where F vanishes, which is

part of the statement of Theorem 1.4.
Proposition 3.12. The following statements hold:
(1) The function F is of class CY and we have F' < 0 on (1, +00).
(2) limE_.+oo F(E) = —00,
(3) limg_i+ F(E) = + 00 andlimg_.1- F(E) = + 0.

(4) F admits on (1, ) a unique zero Ec € (1, 0) and F'(E;) < 0. Numerically

E;. = 2.35.
(5) F(E) >0 forallE € (0,1).

Note that in Item (3), the divergence is logarithmic according to (3.23) (taken

for F(E) = Fy_,2(E)).

Proof: We use Lemma 3.11 to reduce the analysis of the variation of F on
(1,00) to that of 0, defined in (3.24), on (0,1). We decompose 0. as 0,

91 + 92 with

1

0:(n) := JO T(1 =712t +n)~ Y241, ne(,1),
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25¢F

FIGURE 3.1. Graph of E — F(E) computed with Matematica
for E € (1.01,5). The change of sign occurs for E¢ ~ 2.35.

and

0
92(17):=J (1=t 2t + ) 2dr, ne(0,1).
-n

It is clear that 0 is of class C! and decreasing. For the analysis of 6, we start by
an integration by part, which yields

0
0:(m) = =2 (r(1-7)72) (r+ ) P ar
-n
0
= —2J (17137t +n)'2drT.
-n
In this form we see that 6, is of class C! and that its derivative is given by
0
03m =~ | (1= (r e ar.
-n

This yields 05(n) < 0 for n € (0,1) so that 0, is decreasing, and thus so is
0; = 01 + 0,. Recalling from Lemma 3.11 that F(E) = —21/2EV/40, (E~1/?) for
E € (1,+), we deduce that F’ < 0 on (1, +o0), which is Item (1).

Concerning Item (2), we notice that 0. is continuous at 0* with

1
0.(0) = J 121 =13~ 1V247 > 0.
0
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As a consequence, we deduce that
F(E) ~ =2'2EY40,(0) — —c0 asE — +oo.

Item (3) is a direct consequence of Lemma 3.8 since F(E) = F,_x2(E) (see,
e.g., (3.23) with @ (x) = 2 — x?).

Finally, Item (4) is a direct consequence of Items (1), (2), and (3) (numerically
EC ~ 2-35).

To examine the function F on the interval (0, 1), we rather study according
to Lemma 3.11 the function

1
0-(n) = J T(1 =73V (1 +n)7"2dr, forn € (1,+00).
-1
Splitting the integral and changing variables, we rewrite it as
1
0-(m) = | (=T 2+ 1) — (-1 P ar.
0

Noticing that (n + T)712 < (n - 1)"Y2, we see this implies that 6_(n) < 0 for
n € (1,»), and from Lemma 3.11 we deduce that F > 0 on (0, 1), whence we
get Item (5). O

Note that so far, we have proved in Corollary 3.7 that

X — +o00, L‘;() - E [0, +00)
X
— N((x"‘) —~ ®(E) = C(E)F(E) = (mg, 2 — x2).

This is a useful piece of information as long as ®(E) # 0. We have already seen
that ®(E;) = 0. We have seen that #(0) = 0 so that the description of the
measure mg is not enough to prove that A’ does not vanish in this regime. To
prove Theorem 1.4, an additional analysis is hence required near E = 0, which is
performed in the next section.

3.6. Analysis in the case E < 1. The main goal of this subsection is to prove
that A" (o) does not vanish in the regime A(«x)/ o — 0. We prove a slightly more
precise result.

Proposition 3.13. Assume that X — +o0 and AM) /o> — E €[0,1). Then,
forall 6 > 0, there is g > 0 such that for all x = xo, we have

4
N () = —5) a2,
((X)><3 2+ 2VE + 2 )(X
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In particular, there is no critical point in this regime. Note that the case
A(x) /o> — 0 was not covered yet, and Proposition 3.13 yields

Alx)

o — +o0, — —»0=>2\'(o<)z(1
«

7

The vanishing rate of the derivative as (2x)~Y2 is consistent (and optimal) since
it corresponds to that of the formal derivation of the low-lying eigenvalue (2.2)—
(3.10). This asymptotic behavior is worse than in the case AMx)/ax?> - E e (0,1)
(in which case A" (E) ~ ®(E)x as &« — + o0 according to Corollary 3.7).

— 5) 12,

Proof- We start from equation (2.13), which we reformulate in the semiclassi-
cal setting. Recalling that v (-, h) is defined in (3.9), we have
u(0,0) = o 40,0 3?%) and 0u(0,x) = x 349, v (0, x32).

Equation (2.13) thus can be rewritten as
e t? 125, (=112 n—2/3)2 Ve,
2[0 (t—\/2(x)<2—(x>(x v(x t, x ) dt—\/zA((x)
= (A(x) — ?) o 2v (0, a7 3%)? + a2 0,0 (0, x3/2)2,

Changing variable x = «~!/2t in the integral and recalling that h = x™3/2, we
have obtained

0 2 -1/3
2h‘1L (x —2) (% _ 1)v(x,h)2 hﬁ ‘

= (M) = K33 v(0,h)? + hoyv (0, h)2.

We now recall v (-, h) solves the semiclassical eigenvalue equation (3.6), associated
with a family of eigenvalues E(h) := Alx) /o2 = h43A () — E < 1. Hence, the
point x = 0 stands in the classically forbidden region R\KF at energy E. According
to Proposition 3.4 combined with rough Sobolev embeddings, we thus have

hov(0,h)? =0(Hh®), A(x)—h ) r'B3v0,h)?=0h").

Hence, we have obtained, as h = «~3/2 - 0™,
A(x) = \/Eh—mj (x —v2)(x2 = 2)v(x,h)*dx + O(h®™)

_ \/Eh*wJ (o + ?; (x —vV2)(x% = 2)v(x, W) dx + O(h®)

1
_ ~2/3 2 o\2 2 w0
\V2h Jo o (x2=2)%2v(x,h)?dx + O(h®™).
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Using again twice the localization in K¢ given by Proposition 3.4, we obtain, for
any € > 0,

(3.26) A(w)

420213 xe(E)re x2 ? 2 %
NG JO m(T_l) v(x,h)“dx + O (h®)

5 1 x.(E)+e x2 2
= 4V2n /3(X (E) +e++2) Jo (7_1) v(x,h)? dx + O (h™)
+
4.2 s (O X2 2 ) )
= (X+(E)+$+\/§)h L 7 1] vix,h)7dx + O (h™),

where we have written @ = O¢(h®) if, forall N € N, € > 0, there is Cye > 0
such that Q| < Cy,¢hN. We now rewrite (2.10) in the semiclassical setting using
(3.9) and x = &~ /2t to obtain

2
28BN () + A(x) = 3J{R (%t2 - o<> u(-, x)?dt.

Using the parity of v (-, h)? for any eigenfunction, we deduce

(oY) 2 2
A (o) + h2BA(x) = 6h‘2/3J (% _ 1) v(x, h)?dx.
0

Combining this together with (3.20) yields
272
3(xy(E)+&+/2)

We then notice that 2v/2/(3(x4 (E) + € + v/2)) < 1 since x4 (E) = /2 > 0. We
deduce that

AN(x) > (A (&) + h?BPA(x)) + O (h™).

2.2
3(x (E)+¢&)+-/2
B 2V2
T 3(xy(E)+ &) +2
after having recalled (3.5). Finally, we always have E(h) > E; (h) where, according

to the bottom of the well asymptotics (3.10), E;(h) ~ v2h as h — 0. As a
consequence, for all § > 0, there exists hy > 0 such that

4
3x,(E) + /2

A(x) = h2BA(x) + 0 (h™)

h=?PE(h) + O¢(h>),

A () z( —5) h'3 forall h € (0, hy).

This concludes the proof of the lemma by using that h!/3 = x~1/2

and by recalling
the explicit value of x (E) in (3.12). O
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3.7. End of the proof of Theorem 1.4 Existence and uniqueness of E.
were proven in Proposition 3.12. Next, according to Corollary 2.8, there exists
Em > 0 such that o — +c0 and Aj(&jc) < Ema’, forany o0 € Ajc. Up
to extracting a subsequence, we may assume that Aj(o‘j,c)/‘x?,c - E € [0,Enn]
as j — +o. We have E ¢ [0,1) since Proposition 3.13 would then imply
A;(O(j‘c) > 0. Now for E € [1, Ej 1, Corollary 3.7 implies O(;iA;(O(j‘C) — ®(E).
If E + E., then ®(E) > 0 and thus A;(O(j‘c) ~ ®(E)xj,c which contradicts
/\;.((xj,c) = 0. As a consequence, we necessarily have AJ‘((XJ"C)/O(;C — E. (since
this holds for any subsequence, this holds for the full sequence), which concludes
the proof of Theorem 1.4.

4. ANALYSIS BEYOND SEMICLASSICAL MEASURES AND PROOF OF
THEOREM 1.5

4.1. Introduction According to the results of Section 3, we have now iden-
tified the location of critical points of Aj. In the semiclassical rescaling of the
problem, the latter only arise (in the semiclassical limit) near the energy E. > 1.
The goal of the present section is to analyze the second derivative of A; around
these critical points, that is to say, the semiclassical rescaling of the problem, near
the energy E.. To this end, we need to analyze precisely the righthand side in (the
semiclassical version of) the second variation formula (3.8). The latter, however,
involves the derivative with respect to the semiclassical parameter h of quantities

like (avi, v,{) 2 (or of the eigenfunctions themselves), where a is a fixed poly-

nomial and vj, is an eigenfunction associated with the eigenvalue E;(h) — E.
This piece of information is not encoded in the semiclassical measures studied in
Section 3.

The main goal of this section is thus essentially to give an explicit approxima-

J»app

tion vj,""" of the eigenfunction viL (associated with the eigenvalue Ej(h) — E.),

that is differentiable with respect to h, and such that 8hvfl’app is close to 8hvfl in
the semiclassical limit. Luckily, the energy E. is a regular level set of the potential
(x2/2 = 1)?, and we use this fact all throughout the proof.

In Subsection 4.2, we therefore introduce a slightly more general setting of a
1D Schrédinger operator at a regular energy level. This allows us to focus on the
sole relevant properties of the potential (x2/2 — 1)? at the energy E.. We also
introduce additional classical quantities which arise in the semiclassical limit.

Our analysis of eigenvalues near E. will rely on the Bohr-Sommerfeld quan-
tization rules at this energy level, which we review in Subsection 4.3, with an
emphasis on the labelling of the eigenvalues.

In Subsection 4.4, we develop a rather systematic approach to compare ap-
proximate and exact eigenvalues/eigenfunctions. We assume there that approxi-
mate eigenvalues/eigenfunctions are constructed, and give sufficient conditions on

the approximate eigenfunctions vj " so that 3, v is close to dpvj,.
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In Subsection 4.5, we shall recall a classical way for constructing approxi-
mate eigenvalues/eigenfunctions (which eventually leads in particular to the Bohr-
Sommerfeld quantization conditions discussed in Section 4.3) relying on WKB
expansions or semiclassical Lagrangian distributions. This approach was initiated
by V.P. Maslov in a rather formal way but a complete mathematical proof can be
found in the article by J. Duistermaat [12] and in a more formalized way in the
article by B. Candelpergher and J.C. Nosmas [5]. For the analysis modulo O (h*),
we also refer to the arguments given in the appendix of Helffer-Robert [24] (itself
relying on [12] and [5]). Here, we need to revisit this construction and control
that we can differentiate with respect to the parameters.’

4.2, Setting and classical quantities. Our approach in this section involves
refined semiclassical analysis at a noncritical energy (namely E;) for the semiclas-
sical Schrodinger operator

2

(4.1) Py, = —hZ% + V(x).

Throughout this section, we consider this operator and let Ey € R be an energy
level satisfying the following assumption.

Assumption 4.1 (Non-degeneracy at energy level E)). The potential V is
C*, real valued and even. The classically allowed region at energy Eo, Kg, =
V~1((—o0,Eg]) is compact and connected. The energy is noncritical for V in the
sense that for x € R, V(x) = Eg = V'(x) = 0.

The last part of Assumption 4.1 ensures that, if we define the Hamiltonian
p(x,&) = & + V(x), we have dp # 0 on the energy layer p~!'({Eo}) C R
Hence, Assumption 4.1 implies that p ' ({Ep}) is a smooth compact connected
1D submanifold of R?.

Note that the evenness of the potential is actually not needed for the results
presented in this section, but it simplifies notation and proofs slightly. Our goal is
to apply the results of the present section to V(x) = (x?/2 - 1)? and Ey = E, =
2.35 > 1 which satisfy Assumption 4.1. Note that if (V, Ey) satisfy Assumption
4.1, then there exists £y > 0 small such that (V, E) also satisfy Assumption 4.1 for
all E € Ig, (&), where we have denoted by

(4.2) I, (&0) := (Eo — €0, Eo + &)
such an interval of non-degenerate energies. Moreover, we have

Kg =V ' ((=,E]) = [-x4(E),x(E)] forall E € Ig, (&),

3As mentioned to us by Didier Robert, we could also construct approximate eigenfunctions using
coherent states instead of Lagrangian distributions.
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where x (E) is the unique x € R* such that V(x,(E)) = E. Note also that
under Assumption 4.1, Py, is essentially self-adjoint and from now on P} denotes
this realization.

To conclude these preliminaries, let us now introduce some classical quantities
(in the sense that they arise from classical mechanics). For pu > infV, we first
introduce the energy

1
E = — dx dé&.
(IJ) 21 &2+V<u E

Under Assumption 4.1 and with the notation (4.2), for all u € Ig, (&9), the energy
T (u) is finite and can be rewritten as

X+(H)
(4.3) E(u) = %J ( )\/[J - V(x)dx.
=X+ (u

Still using Assumption 4.1, u — E(u) is smooth on I, (&9) and satisfies

x4 ([) dx

o = L __dx
B = 21 LX+(u) VU =V(x)

In particular, Z is a strictly increasing function on I, (&9). Note that, in the case
where V(x) = (x2/2 — 1)2, we have

(4.4) wE (u) = C(u)~ 1,

x4+ (1)
where C(p) = ([ (U =V (x))"Y2dx)~! was introduced in (3.17).
0

4.3. Bohr-Sommerfeld condition and labelling of eigenvalues.

4.3.1. Spectrum and Bohr-Sommerfeld condition. We start by discussing
eigenvalues of Py, and their approximations (see, e.g., [29]). Eigenfunctions and
their approximations are discussed later on (although these approximations are of
course intimately related).

Under Assumption 4.1 and with the notation (4.2), the spectrum of Py, de-
noted Sp(Pp), satisfies

(4.5) Sp(Pn) N (=00, Eg + &) = {Ex(h) | 1 <k < J(h)},
where J(h) € N. Moreover, a Sturm-Liouville argument (as in Proposition 1.1)
shows that Ex (h) has multiplicity one forall k € {1,...,J(h)}, and we thus order

eigenvalues increasingly as

Ex(h) < Ex+1(h), forall1 <k < J(h).
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Under Assumption 4.1 and with the notation (4.2), for all p € Ig, (&), we
consider the pairs (h, j) € (0, ho] x N satisfying the Bohr-Sommerfeld quantiza-
tion condition

o1
(4.6) FE(u) = (] + 5) h.
As proven in, for example, [29] or the appendix of [24] (see also Theorem 6.3 and
the following corollaries in [5]), there is a family of functions fp € C* (Ig,(&))
for £ € N, such that the following holds. There is a unique E(j, h, u) € Sp(Ppn)
such that

E(,hp) = p+ > fo(wh’ + O(h®)  uniformly,
£>1
for (u, j, h) satisfying (4.6) with p € Ig,(&).

Conversely, any eigenvalue of Py in I, (&) can be obtained for h small enough in
this way. In other words, if we define

4.7) E/(h) := E(j,h,pj(0) = pj(h) + > folu;(h)h! + O(h),

with -
(4.8) pny =27 ((7+3)n),
and

J(h):={j € N|E/(h) € I, (£0)},
there is hg > 0 such that for all h € (0, hg] we have
(4.9) Sp(Pp) NIk, (g0) = {E/(h) | j € J(h)}.

Note that pj(h) < pj+1(h) so that EJ(h) < E/*1(h) forall h € (0, hg).

Note also that, as a direct consequence of (4.7)—(4.8) and a Taylor expansion
of 71, the spectrum of Py, in the energy window I, (&) satisfies a gap condition:
there exist C, hy > 0 such that forall h € (0,hg] and j € J(h),

(4.10) A(EF (), Sp(Py) \ (E/()}) = %h.

4.3.2. Labelling of eigenvalues. So far, the set Sp(Py,) N IE, (&) is described
in two different ways according to (4.5)—(4.9), by using, respectively, Ex(h) and
EJ(h). Since eigenvalues are simple, there is for all (j, h) € J(h) % (0,1) aunique
j=J(j, h) such that

E/(h) = E;(h),
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where j refers to the “global labelling” of the eigenvalue; that is, E;(h) is the
J’s eigenvalue of Pp. Note that in the case when V has a unique nondegenerate
minimum without any other critical points below Ey (which is not the case in
which we are interested in our application to V(x) = (x2/2 — 1)?), then we have
J = J (see [29]). Without this assumption, by using the asymptotic Weyl formula
with remainder (see again [29]) there are Co, hg > 0 such that

17, h) = jl = Co, forall j € J(h), h € (0, ho),

that is, for all those j such that E/(h) € Ig,(&). More recently, Y. Colin de
Verdiere showed in [7, Theorem 3] the following more precise result.

Proposition 4.2. Under Assumption 4.1 and with the notation (4.2), there exist
ho > 0 and &, € (0, &) such that j = j for any eigenvalue Ei(h) Ig, (&1) for all
h € (0, hy).

In other words, the proposition says that Ei(h) = E;(h) when EJ(h) is close
to Ej.

Proof: We just sketch the main lines of the proof since no detail is given in
[7]. The idea is to construct a deformation of the potential V onto a harmonic
potential for which the spectrum is explicit. We introduce, for t € [0, 11,

Wi(x) = (1 —t)V(x) + tRox?, with Ry = Eox(Ep) 2.
With this choice, we have
Wo =V, Wi = Rox?, and W; (x4 (Ep)) = Eo

forall t € [0,1]. Moreover, W; satisfies the same Assumption 4.1, in which the
nondegeneracy is uniform with respect to t € [0, 1]. We finally define

1 1 x+(Ep)
a(t) = o dxd& = FJ \Eo — We(x) dx,

&2+ Wi (x)<Ep —x4(Eg)

where x (Ep) is for all t € [0, 1] the unique x = 0 such that W; (x4 (Ey)) = Eo,
and

Vi(x) := Wy <w ) .

a0~

With this choice, we have that
Vo(x) = V(x), Vi(x) = Ro(a(1)?/a(0)?)x?,
and

1
Fi(Ep) := — dxd
t(Ep) 27 v, o< x d§
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satisfy

(4.11) E: (Eo)

0)/a(t))x+ (Eo)
J \Eo — Vi(x)dx

a(O)/a ) x4+ (Eo)

0)/a(t))xy (Ep)
I e () ax
T J(a(0)/a(t))xs (Ey) (0)

0) 1 ()
_ Z((t; ! VEo - We(y) dy = a(0) = E(E).

—x+(Ep)

We now consider the spectra of the family of operators

d2
L 2
Ph,t-_ -h @_th(x)i te [0,1],
where ,
d? a(l)
Pno=Pn, Ppi=-h>— 2,
h,0 hy h,1 dX2 Oa(O)ZX

In view of (4.5)—(4.9), we may write

Sp(Pnt) N (=0, Eg + &) = {Ex(h,t) | 1 <k < J(h,1)},
Sp(Pnt) NIk, (g0) = {EY(h,t) | j € J(h, 1)},

and since eigenvalues are simple, we may denote by j(j, h,t) the unique integer
such that
EJ(h,t) = Ej(jnp (h,t).

The simplicity of the spectrum therefore also implies that the maps t — E/(h, t)
and t — Ex(h,t) are all continuous [0, 1] — R for any fixed j, k, h. We can then
apply the above Bohr-Sommerfeld theory (4.7)—(4.8), uniformly with respect to t
for the eigenvalues close to Eo, namely,

EV(h,t) = pj(h,t) + hg (uj(h,t),t) + O(h?),

with pj(h,t) = NG+ %)h), for all j, h,t such that uj(h,t) € Ig,(&). By
using (4.11), there are then & < & and ho > 0 so that, defining 7% (h) C J(h, 1)

by
Sp(Pn1) NIk, (1) = {E/(h,1) | j € I8 (h)},

we have

E/(h,t) € Ig,(g9) forall h € (0,hy), t €[0,1], j € 75 (h).
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As a consequence, for h € (0, ho) and j € 7% (h), the map

is continuous. Hence, we have j(j, h,t) — j constant for t € [0,1]. But for
= 1 we are considering the harmonic oscillator Py, for which we know that
J(j, h,1) = j. This implies that j(j, h,0) = j for the operator Py = Ph. O

4.4. Functional analysis: a comparison between approximate eigenfunc-
tions and eigenfunctions. In this subsection, we compare approximate eigen-
values and eigenfunctions with exact ones, and investigate their derivatives with
respect to the semiclassical parameter h (having in mind the formula (3.8) for the
second variation). The approach here is “abstract” in the sense that we do not
construct the approximate eigenvalues/eigenfunctions but rather assume their ex-
istence. A way of constructing the latter approximate eigenvalues/eigenfunctions
is reviewed in Subsection 4.5 below.

Proposition 4.3. We consider the operator Py, in (4.1) under Assumption 4.1 and
with the notation (4.2). Assume further that, for Co > 0, k > 1, and €, € (0, &), we
have E¥P(h) € Ig, (&), v;pp € D(Py) (respectively, real valued) and vy, e L2(R)
satisfying

4.12)  Pput? = PP (v v, 10 2w = 1, Ivllzew) < Cohk.
Then, there exist C, hg > 0 and E(h) € Sp(Pn) N Ig, (1) such that

(4.13) |E(h) — E*®P(h)| < Coh,

and Vi € D(Py) (respectively real valued) such that for all h € (0, hy),

(4.14)  Pyvp =E(W)vn, lvallew =1, llve— v, Pllew < ChA L

Notice that, since Py, has real coeficients, we may always assume that v,’" is
real valued (taking otherwise its real part or imaginary part and renormalizing).
The proof is rather classical but we recall it for the sake of completeness. Note also
that, according to the gap condition (4.10) and the assumption k > 1, there is at
most one eigenvalue of Py satisfying (4.13) for h small enough.

Proof- According to (4.12), we have || (Pp — EaPP(h))vapplle(R) = mpllzw) <
Coh* v, l2r) and thus [[(P, — E*P(h))~'l2®)~12R) = (Coh*)™! (where
| (Pp, — E*¥P(h)) "l 12R)—~12(R) € (0,+]). Since the operator Py is selfadjoint,
the spectral theorem yields that if z € C\ Sp(Py), we have

1

1Py —2) Hew-rw) = d(Tp(Ph))
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As a consequence, we have obtained that

: a 1 k 1
Either E**?(h) € Sp(Py) or AEWP(h), Sp(P)) = > (Ch*)~

In any case, we deduce d(E*P(h),Sp(Py)) < Coh*. Given E*P(h) € Ig, (&),
that Coh* — 0, and that Sp(Pr) NIg, (&) consists only in eigenvalues (see (4.5) as
consequence of Assumption 4.1), there exist E(h) € Sp(Pp) N IE, (&) with (4.13)
and Uy € D(Py) satistying || Unlr2(r) = 1 such that

Pyvy = E(h)Dy.

We may assume that Uy, is real valued since Py, has real coeflicients. We denote by
I (n) the orthogonal projection in L2(R) onto ker(Py, —E(h)), which, on account
to the simplicity of the spectrum, may be written [ggyw = (w, Up) 2Ry On. We
have HE(mv P real valued if U, and vh are, and

(Pp — E(h)gmv,’ = 0.

Moreover, we denote by P, = J AdP(A) the spectral resolution of the operator

Pp, and comment that the projector-valued measure dP is a linear combination of
Dirac masses on I, (o) (the spectrum is discrete on Ig, (£9)). We thus have

2 app _ app
(1 - Mg 0™ :J APV, ) 2 s
[ W)V ) RG] 5 (R)

_ J (A - E(h))>
R\{E

B AP v e

Recalling the gap property (4.10) (consequence of Assumption 4.1), we deduce
(4.15) |1 = Hean) vyl 2w

1
= d(E(h) Sp(Pn) \ E(h))?

J{R\{E( (A — E(W)2 AP, vi) 12 )

J(A E(h)?d (P, vy

= h2 )LZ([R)

< h2 ||(Ph ~ E()Vi |12 m)

= h22||(Ph_Eapp(h))vapPHLl r) + h22|E(h) E*P (R) 12||v;| 22 )
< Cth—Z

according to (4.12)—(4.13). As a consequence, we have
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(4.16) 2 = [[Mem i1 g

a] 2 a| 2
= vl — 11 = e vy (1 w)
(4.17) > 1 — Chk-2.

We now set vp, := ¢, 1HE(h)vap , which is a normalized eigenfunction satisfying,
according to (4.15)—(4.106),

llvn - U;PpHiZ(u&) = ¢ e vy — Chvzppniz(ua)
- 2
< 20, |IMemy vy, = v Il w)
+ 26521 = c) [P Fa )
Ch2k-2
=" cher
This concludes the proof of the lemma. O

We have now to prove that, under some additional assumptions, derivatives
with respect to h of the approximate eigenvalues/eigenfunctions are close to deriva-
tives with respect to h of the associated real eigenvalues/eigenfunctions.

Proposition 4.4. We consider the operator Py in (4.1) under Assumption 4.1
and with the notation (4.2). Assume further that there are m € N, C > 0 such that
[V(x)| < C( + |x])™. Let &1 € (0, &9) and

Ij:= {he 0,1) | ffl((j+ %)h) eIEO(sl)}, j € N¥,

Then, for all j € N*, the map I; > h — EJ(h) e Sp(Pn) belongs to C'(1}), and for
any solution to

(4.18) Py = El(h)vj, hel,

the map h — vi belongs to C' (I; S(R)).

Suppose also we are given EJ=pp(h) e C! (I;) and v,{'app € C'(Ij; S(R)) satisfy-
ing the following assumptions:

(4.19) E/*P(h) — E/(h) = O(h™) forh €1;,
(4.20) v = vl 2@ = Oh®)  forh el
(4.21) Puul P = Bl () v + 7 forh e I,
(4.22) il =1, o™l = 1,

(4.23) 171l = O(h™) for h €I,

(4.24) 1077 I = O(h™) forh €1j,
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there exists k € N such that

(4.25) 100V ™ ll2m) = O(h™%)  forh € I,

and there exists a compact set K C R such that

(4.26) supp v PP € K forh €1;, j € N*,

Then, we have

(4.27)  (E7*P)'(h) — (E/)'(h) = O(h*®) uniformly for h € I}, j € N*,
(428)  onvi, — onviy Pl = O(h®)  uniformly for b € I;.

In the statement of the proposition, we keep the subscript j to help us re-
member that, for eigenvalues EJ(h) in the energy window If, (1), the product
Jh belongs to a fixed interval and thus j — +oo simultaneously as h — 0%. We
will, however, drop the dependence with respect to j in the proof, since this state-
ment only concerns a fixed couple of eigenvalue/eigenfunction and approximate
eigenvalue/eigenfunction.

Note that the existence of E/(h), v,’l such that (4.19) and (4.20) are satisfied
is actually a consequence of Lemma 4.3 once (4.21)—(4.22)—(4.23) are satisfied.

Note that in our application we can choose K in (4.26) to be any compact
neighborhood of K¢, = V™1 ((—00, Eg + &1).

Note, finally, that this proposition is written with the assumption of remainder
estimates in O (h*). In applications such O (h*) are issued from Borel summation
providing differentiable remainders, and in which one can always impose differ-
entiability with respect to parameters. One could also write an analogue of this
proposition with @ (hY) remainders, keeping track of the size N—but we choose
not to do this for the sake of the presentation.

Proof- First, notice that eigenvalues E (h) are simple from Sturm-Liouville the-
ory and are thus C* with respect to h € I. That h — vy, belongs to C!(I; S(R))
follows from the following computations. In the interval I;, we differentiate (4.18)
and (4.21) with respect to h, and obtain

(4.29) (—h? a,% +V —E(h))opvn = E'(h)vy +2h8,2(vh,
and
(4.30) (=h?3% +V — E¥P(h)) opv)* =

= (E*P) (h)v,® + Oprp + 20 020, .

We first compare E’(h) and (E*P)’(h) and then compare 0, vj, and ahv;‘f"’. Dif-
ferentiating (4.22), we obtain

(4.31) (Vn, 00V =0, (VP 00 ) 2 (k) = 0.
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Taking the scalar product with vy in (4.29) and using (4.31), selfadjointness of
Py, and (4.18), we obtain

(4.32) E'(h) = =2h(vp, 32V 12 (R),

and taking the scalar product with v;p P in (4.30) and using (4.31) selfadjointness
of Py and (4.21), we obtain

(4.33) (E*P)'(h) = =2h(v)*, 03 v) ") 2wy

= OnTh, Vi 12w + (T, 00V ) 12 (w)-
Subtracting (4.32) from (4.33), we deduce
(4.34) [(E*P)"(h) — E'(h)]

< 2hl(vp, 2vn) 2w — (W, 020, ) 2w |

+ 1@, Vi) 2wy | + 17, 000 D) 12wy |-

The last two terms in the righthand side are O(h®) according to Assumptions
(4.22), (4.23), (4.24), and (4.25), respectively, on v*, ¥1,, On7h, and dpv,"". For
the first term on the righthand side of (4.34), we write
(4.35) (Vn, 2vn)2ry — (W7, 020,70) 12 )

= (vn — v,7, 02vn) 2wy + (07, 02vn — 020, 2wy

= (Vn — vy Y, 0k U + 02U, D) 2 (R).-
Then, we will obtain again that this term is @ (h®) by using (4.20), once we have

proved the following semiclassically temperate control of d2vy, and 82v,". The
first control can be deduced from (4.18) that we rewrite in the form

2vp = h2V(x)vy — h 2E(h)vy,.

Letting K be a compact neighborhood of Kg,+s, = V™! (]—00, Eg + &]) and re-
calling that E(h) € Ig, (&), we thus have

oz vallz@w) < A2 IVVRli2@w) + h 2 E(M) | vn 2w
= Ch_ZthHLZ(IZ) + h_ZHVUh”LZ(R\K) + Ch_ZHUhHLZ([R)-

Using semiclassical control of vy, in the classically forbidden region (see Proposi-
tion 3.4) together with L? normalization (4.22), we obtain

(4.36) l02vnll2 ) < Ch™2.
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The estimate
(437) ||8,2(U;Lpp ”Lz(lR) < Chiz,

follows the exact same arguments from the assumptions (4.21), (4.22), (4.23), and
(4.26). The last two inequalities, combined with (4.35) and (4.34), imply (4.27).
We now turn to the proof of (4.28). We first prove that

(4.38) V(x)(vp = v,?) = Oy (h®) and  32(vp — ) = Oy (h™).
Indeed, we first have (with K a compact neighborhood of K, +,)

(4.39) IV(vn = v 2w
= ||V(Uh - vZPP)HLZ(KUK) + ||V(Uh - vZPP)HLZ(R\(KUK))
< Cllvp - UZPPHLZ(KU]Z) + ||Vvh||LZ(R\(KUK))
< Cllvn = v lew) + O(h®) = O(h™),
where we have used (4.26) in the second line, Proposition 3.4 together with (4.22)
and the assumption |V(x)| < C(1 + |x|)™ in the last inequality, and (4.20) in
the last equality. Then, subtracting (4.21) from (4.18), we obtain
—h?32(vp — ™)
= —V(vn = v,*) + E(W) vy — E¥PP(W)v),* — 7y
= —V(vp —v") + (E(h) — E¥P(h))vp + E¥P(h) (v — 1)) — 1
= Opr) (h*),
after having used (4.20), (4.19), and E(h) € I, (&), together with the last esti-
mate. This concludes the proof of (4.38). Note also that we deduce from (4.33)

together with (4.22), (4.23), (4.24), (4.25), and (4.37) the existence of k € N
such that

(4.40) (ES%P)"(h) = O(h™%)  uniformly for h € I;.
‘We now rewrite the difference of (4.30) and (4.29) under the form

(Pn — E(h)) (@pvn — 0n vy, ™)
= (E(h) — E*?P(h)) 0pv,"* + 2h 02 (v, — v)*)
+ (E"(h) = (E*P)" (h)vp — (E*P) () (v, = vp) = OnTh.

Using (4.19), (4.22), (4.20), (4.24), (4.38), and (4.40), this implies

(4.41) (Pn — E(h)) (0nvn — 0nvy") = Opa(r) (R™).
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Now recalling (4.31), we deduce from (4.20) and (4.25) that

((Onvn — 0nv®), v ) = (Onv)", vn)i2(r)
= @yt vn - v ) = O(h®).
We now denote by Ik i) the orthogonal projection in L2(R) onto ker(P, —E(h)),

which we may write IIgnyw = (W, Vn)12(r) Vh according to the simplicity of the
spectrum. On the one hand, the last identity implies

Mg (Onvn — 0nvy ") l2Rr) = O(R™).

On the other hand, proceeding exactly as in (4.15) in the proof of Lemma 4.3,
using the approximate equation (4.41) together with the gap condition (4.10), we
obtain

(1 = Hgm) (Onvn — OV ) 12wy = O(R™).

Combining the last two identities concludes the proof of (4.28), and thus that of
the proposition. O

Recalling the expression of A/ (&) in the semiclassical scaling in Lemma 3.1,
given a C* real-valued function a with polynomial growth, we are now interested

in the asymptotic expansion of the quantity

(4.42) My (h) = Ja(x)w;;(x) 2 dx, forh €I,

and its derivative with respect to h:

(ML) (h) = 2Reja(x)(ahv;;)(x)v;;(x) dx, forh el
We also define its approximate analogue
(4.43) ML PP (h) = Ja(x)w;;"“f’l’(x)ﬁ dx, for h € I,
and obtain the following corollary of Proposition 4.3 (applied for all k € N) and

Proposition 4.4.
Corollary 4.5. Under the assumptions of Proposition 4.4, we have

(4.44) My (h) — MY*PP(h) = O(h™)
and
(4.45) (M)’ (h) — (MG*PY (k) = O(h™®),  uniformly for h € I,

for any a € C*(R) with polynomial growth.
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Proof. The validity of (4.44) for a € C*(R) with polynomial growth follows
from the same decomposition as in (4.39). Concerning (4.45), we decompose

(ML) (h) — (MLPP) () = 2Reja(x)(ahv,{><x>v;;<x> dx

~ 2Re J a(x) (3pv) ™) (x)v] P (x) dx

= 2Re(avy, o vj, — onvy, )12

+ 2Re(ahv;;app, a(v,{ - v,{’app))Lz
whence
[(M%) (h) — (G™PY (h)| < 2llavillz 10nv;, — dn vy Pl

+ 20000, ™ 12 la(v), = v ™) 2
According to (4.25) and the same decomposition as in (4.39), we have
10w v ™ 2 la(vy, — vl = O(h™),
and according to Proposition 3.4 together with (4.28), we also have
lavi 2 18nv), - 3p vy ™2 = O(R).

The last three statements conclude the proof of (4.45) and of the corollary. O

4.5. Semiclassical Lagrangian distributions revisited. Here, we recall a
classical way of constructing approximate eigenfunctions for 1D-Schrédinger op-
erators at a regular energy level Eg, through WKB expansions or so-called semiclas-
sical Lagrangian distributions. We briefly review such a construction and check
that one can differentiate with respect to parameters (in particular h). We then
consider the product of two such objects.

4.5.1. Semiclassical Lagrangian distributions. We only need part of the
local theory of Lagrangian distributions. We refer to the first section of [12] (pages
209 to 232), to [5] or [13] (see also [32, Section 25.1] in the non-semiclassical ho-
mogeneous setting). Given a smooth family of compact Lagrangian submanifolds
o~ Ay C T*R™ = R?", with p a parameter in a small interval u € Ig, (&) =
(Eo — €0, Eo + €0), a semiclassical Lagrangian distribution (or Lagrangian function,
or Lagrangian state) associated with Ay is a linear combination of integrals in the
form (cf. [12, (1.2.1)] or [5])

(4.46) I(x,u,h) = (2nh)—’</zj elPOMIh g (x 0, 1, h) dO,
U

where the following hold:
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o k€ N, U C RKisan open set.
e @ € C*°(R™ x U X R) is a real-valued phase-function associated with the
Lagrangian A, in the following sense: on the critical set (depending on p)

C@,u = {(xye) | de(p(xyeyﬂ) :0}1
the differentials dx (09, @), ..., dx (00, @) are linearly independent, and
{(X;dx(p(x,g,u)) | (X,Q) GCCP,[J} CA[J

e aisin C*®(R" X U X Ig, (&) % (0,ho)), uniformly compactly supported
in (x,0) € R™ x U and admitting (as well as its derivatives) an expansion

in the form
+ o0
(4.47) e 00X, 0,0, 0) ~ > arp(x,0,u)h".
r=0

Here, p € R is an energy parameter and the dependence on p is C*. Note
that the asymptotic expansion for derivatives of a is not always explicit in most
references (e.g., [12]). Note also that, from the Borel summation process, the
expansion (4.47) is also differentiable with respect to h and p. The case k = 0
in (4.46) simply corresponds to I(x,h,pu) = e ?XH/hq(x, u, h), whereas, in
general, (4.46) has to be understood in the sense of oscillatory integrals (see [12]
or [15, Chapter 1]). Note finally that, since Ay is assumed to be compact here,
any semiclassical Lagrangian distribution I(x, u, h) as defined above is actually a
smooth function of (x, u, h) € R" xI¢ (Eg) X (0, hy). Another important feature
is that, if I(x, u, h) is a semiclassical Lagrangian distribution associated with A
and a € C®(R") (or more generally a € S™(T*R")), then a(x)I(x, u, h) (or
more generally Op,, (a)I(-, i, h) for any semiclassical quantization Opy,; see [43])
is as well a semiclassical Lagrangian distribution associated with A.

4.5.2. Semiclassical Lagrangian distributions approximating eigenfunc-
tions in dimension 1. In the present 1D context (n = 1), under Assumption 4.1
and with the notation (4.2), the Lagrangian manifold is the energy level

Ap={(x,8) eR* | E +V(x) =}, p€Elg/(e).

We denote Ty : Ry X Rg — Ry and 11¢ : Ry X Rg — Rg the canonical projections,
and notice that

T (Ay) =[x+ (1), x4+ ()]

(recall that Assumption 4.1 includes that V is even). Notice that away from the
two points (x4 (u),0) € Ay, Ay project nicely on the x variable and near these
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two points, Ay projects nicely on the & variable. Therefore (see, e.g., [15, Exer-
cise 12.3]), one can show that all semiclassical Lagrangian distributions/functions
associated with Ay can be written as

(4.48) I(x,p,h) = > ae(x, p, h)e= MW

+ (2-,Th)71/2j b.(x,& u, h)e(i/h)(XEill/(E)) dE,
R

x 13
(4.49) @(x, ) = L Ju=V(s)ds, @& np = L x4 (p—C*dg,

with p € Ig, (o), supp, a= C [—x4 (Eo — &), x4+ (Eg — &)] and suppg b. being
a fixed small set containing 0. Note that, in these two sets, respectively,

Ap N (=x1(Eo — &), X+ (Eog — &) N {£& > 0} = {(x + " (x))},
or

Ap={(x¢'(&),8)}

(where the last equality holds only locally).
The next important feature we use is that, under the quantization relation

(4.8), that is, u = p(h) = pj(h), there exist E"(h) = pj(h) + O(h) — E;
and amplitudes a- (x, u;(h), h), b (x, &, uj(h), h) satisfying (4.47) such that,
setting

u (e, h) = e 0, (), b, cne= I, pi(R), W) @) — ¢o > 0,

where I(x, 1, h) is the Lagrangian function (4.48) associated with these particular
a., b, we have

(4.50)  PpuiP(x,h) = EP(WuT(x,h) +v(x,h),
with
4.51)  IuPC Ml =1, (4, h) = Ocs(h®), o (-, h) = Oc=(h™).

Note that this function is not real valued, which is not an issue in the above results.

4.5.3. Product of semiclassical Lagrangian distributions. In this para-
graph, we are interested in the L? inner product of two general Lagrangian dis-
tributions associated with the same Lagrangian submanifold. We recall that from
Assumption 4.1, and equation (4.4), we have E'(Ey) = (mC(Ey))~"' > 0.

Proposition 4.6. Assume that I, (-, 4, h), L(-,u, h) are two semiclassical La-
grangian distributions associated with the same Lagrangian submanifold Ay, and de-
fine the quantity

Ky ) = (I (o 1, B, T Gy oy 1)) 12 ) = jRII(x,u,hﬂz(x,u,h) dx.
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Then, under Assumption 4.1, assuming u(h) — Eo and that it satisfies the quantiza-
tion condition (4.8), we have

(4.52) hon(K(h,u(h))) — ko(Eg)E(EQ)E’ (Eo)~!, ash — 0F,
where ko(E) := limp_oK(h, u(h)) when u(h) — E under (4.8) is a smooth func-
tion of E near E = E.

Proof. Tt is proven in [12, p. 224] that for u = u(h), K(h,u(h)) has a com-
plete expansion in the form (for any L > 0)

L
K(h,u(h) = 3 ke(u(h)h' +1i.(h),
£=0

where ky € C* (Ig,(&1)) and
(4.53) r.(h) = O(ht*Y) and  onri(h) = O(KY).

This follows from the inspection of the proof which is simply a stationary phase
theorem with p as a parameter, the oscillatory term disappearing when the quan-
tization relation is satisfied. The possibility to differentiate with respect to the
parameter h or to the parameter y when applying the stationary phase theorem is
proved, for example, in [34] (see Part I, Section 1 and particularly, lines 5-11 on
page 31).

With this property, we get by a term by term differentiation

L L
dn(K(h,u(h)) = > Lkp(uh)h + > Ky ()’ (W + a1 (h).
£=1 £=0

Then, notice that the quantization relation (4.8) implies

E(uCh))
PR
Recalling that E" (1) > 0 for u € Ig, (&), we deduce that

E' (uh)u'(h) =

L
on(K(h,u(h))) = > Lke(u(h))h!
£=1
L
+ > k(M) E () E (u(h) " 'h'=" + apri(h).
£=0

According to (4.53) and the fact that u(h) € Ig, (&), ordering the terms in the
two sums, this rewrites

o (K(h,u(h))) = K ki(u(h)E(u(h)E (u(h) '+ 0(1), ash —0".
In our application p(h) — Eo, and we deduce (4.52). O
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From the above results, we now deduce the following corollary.

Corollary 4.7. Under Assumption 4.1, we assume u(h) — Eo and that it satis-
[fies the quantization condition (4.8). For all a € C* (R) with polynomial growth,

My (h) — (mg,,a), ash— 0,

. d , B N
honh(h) ~ o (mya)) |, FE)E (Eo) ™, ash =07,

where MY, (W) is defined in (4.42) and my in (3.16).

Proof- First, according to (4.50)—(4.51) above, under the quantization condi-
tion (4.8) p(h) = pj(h), there is an approximate eigenfunction u;p (., h) associ-
ated with the eigenvalue E;P P(h), such that u:{;p (., h) is a semiclassical Lagrangian
distribution associated with Ay n).

Second, as a consequence of Proposition 4.3, the gap property (4.10), and
the simplicity of the spectrum (following from the Sturm-Liouville theory), there
is a unique eigenvalue E;(h) in an O(h) neighborhood of E;pp(h), and we have
E;j(h) - E;Pp(h) = O(h®). Moreover, still according to Proposition 4.3, there is
a normalized eigenfunction u (-, h) of Py associated with the eigenvalue E;(h)
and such that |u;(-,h) = u" (-, W) 2w = Oh®).

Third, notice that all assumptions of Proposition 4.4 are satisfied by u (-, h),
E;(h), ujpp (-, h), E;Pp (h) (in particular as a consequence of the fact that semi-
classical Lagrangian distributions are differentiable with respect to h and yield a
semiclassically temperate function). Proposition 4.4 together with equation (4.45)
in Corollary 4.5 then yields

(ML) (h) — (ML) (h) = Oh™),

where these two quantities are defined in (4.42)—(4.43) respectively, with vi =
u;(-,h) and vy = U (-, ).

Fourth and last, it thus suffices to compute (Dﬁé’ap P)"(h). To this end, recall-

Jrapp J»app

ing that u3"" and auy " are two semiclassical Lagrangian distributions, we use

Proposition 4.6 with I} = au},”™" and I, = u},"*". Noticing that in this case,

ko(p) = (my, a), equation (4.52) thus can be rewritten as

REL™®Y (h) = hdp (K (h, u;(h)))

- %((mu,a»(u BT (E)E (Eo)', ash — 0",

which is the sought result. O
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4.6. The second derivative: end of proof of Theorem 1.5. We now want
to compute the asymptotics of A7 (aj,c). Using (3.8), A’/ can be rewritten as

Ve = (13020 ([ 2= 1565, as),

3 .
- (1 - Ehah) ml, . (h),

where h = o3/2 and M (h) is defined in (4.42). We now apply Corollary 4.7
with a(x) = 2—x? and Ey = E. (which satisfies Assumption 4.1). We notice that,
with this choice of a, we have (my,a) = ®(u) where ® is defined in (3.19), and
satisfies ®(E) = C(E)F(E) for E near Ec > 1. As a consequence of the fact that
®(E.) = (mg,,2 — x?) = 0 (by definition of E.), combined with Corollary 4.7,
we obrtain at a critical point &

(4.54) A (egie) — —%‘I”<Ec>f<Ec)f’(Ec)*1, as j — +oo.

Next, we notice that, by definition of E., we have
':D,(Ec) = C,(EC)F(EC) + C(EC)F,(EC) = C(EC)F,(EC)-

According to Item (1) in Proposition 3.12, we have F'(E;) < 0. Using Assump-
tion 4.1, and equation (4.4), we have £’ (Ey) = (1C(Ep))~! > 0, so that (4.54)
can be rewritten as

AT (o) — —%TF’(EC)C(EC)ZT(EC) >0, asj— +oo.

The expression in (1.3)—(1.4) then follows from the definitions of C and F in
(3.17) and (4.3), respectively.

Note finally that this property also implies the uniqueness of the critical point
of Aj for j large enough (otherwise A; would have a local maximum), and con-

cludes the proof of Theorem 1.5.

5. ANALYSIS OF THE FIRST TwO EIGENVALUES

In this section, we give a complete mathematical proof that A; has a unique crit-
ical point (improving [19], which was always considering the minimum), and a
numerically assisted proof that the same property holds for A;. Unfortunately, we
do not see how to adapt the strategy to more excited eigenvalues.

5.1. Strategy of the proof. In the case j = 1, the proof is a combination of
Lemma 5.1 and Proposition 2.6. In the case j = 2, we cannot use Proposition 2.6
and we need some numerical help. Of course, it is less efficient than in the analysis
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of the De Gennes model® where we have equality in Proposition 2.6, but this will
be enough. In the case j = 1, we will start by using Proposition 2.6 to deduce
an upper bound for &, and then use Lemma 5.1 to conclude. The proof will
be a consequence of a good upper bound for A; () and a good lower bound for
Ag ( O() .

5.2. Apreliminary estimate. The following lemma has been proved in [22].
Lemma 5.1. If & is a critical point of Ay (respectively, Ny) and if

3A3(xe) > 7A1(exe)  (respectively, 3A4(cxc) > 7A2(xc)),
then
A () >0 (respectively A (xc) > 0).

Let us recall the proof for the sake of completeness, which relies on the follow-
ing general Lemma 5.2. Note that Lemma 5.1 also holds for A, instead of A1, as a
direct consequence of Lemma 5.2. We will verify numerically that this condition
is indeed satisfied for A,.

Lemma 5.2. For all j € N and & a critical point of Aj, we have

23A502(0t) — 7A; ()
3 Ajia(ae) = Aj(exe)
8 1 1
A’-’ _2__A ) )
jloe) 223 J(“C)m“{Aj(ac)—Ajz(aa Aﬁz(fxc)—Aj(ac)}
if j = 3.

Remark 5.3. Unfortunately, the inequalities obtained for Aj with j > 3 are
less readable/useful. Also, they become inaccurate for large eigenvalues since the
gap is asymptotically negligible with respect to the eigenvalue.

Proof. We start from the expression of A’/ () in (2.17), in which the Cauchy-
Schwarz inequality yields

rr 1
(5.1) AT (o) =2~ 4H<§t2 - ¢x> uj(',(X)HLZ(R) 10t (+, ) I 12(R),

and the remaining part of the proof consists in estimating the righthand side.
To estimate [|0xu (-, &) |l12(r), We recall the equation satisfied by 0 (-, ) in

4The De Gennes model corresponds to the family of Harmonic oscillators D? + (t + ®)? on the
half line with Neumann condition with groundstate energy p (). It has been shown in [10] that A;
has a unique minimum and that this minimum is non degenerate.



Critical Points of Eigenvalues of Montgomery Operators 2123

(2.16). We set

{vel?R)|veven v L u;(-, )} if jisodd,

Hjeo = {{v €L*(R) |vodd, v L uj(-,00} ifjiseven,

and notice that 3,1 (-, ) € H;(0) for all x € R, j € N*. Moreover, if
I« denotes the orthogonal projector onto Hj(x), we have ha(0)Tly, () =
g, (00 hm (), and the operator

Pj(o) := (hm(o) = Aj(e))Tg, (0

is an isomorphism of H;(«), as ker(ham () — Aj(x)) = spanu (-, &) (see Propo-
sition 1.1). Now if & is a critical point of A}, then (2.16) can be rewritten as

2

(5.2) (hm(exe) = Aj(xe)) O+, xe) =2 (% - (xc> ui(-, ).

Note also that, according to the first variation formula (2.5),

t2
<3 - (xc> uj(-, o) € Hi(ax)

as well. Hence, (5.2) is an equation in H; (), namely,

2

Pi(e) a(xuj(',‘xc) =2 <% - o‘c) u;(-, &),

or equivalently

2
doclj (-, xc) = 2Pj(xc) ™! <(% - ac) uj(-,«xc)> :

Asa consequence,

10acttj (-, &) 2y < 211Pj(e) ™Ml 2o e

2
(% - txc) uj(-, o)

But Pj(«x) is a selfadjoint operator on Hjj(.) with spectrum

L2(R)

{...,Ajfz(O() — Aj(O(),AjJrz((X) — Aj(O(),Aj+4(O() — /\j((x),...} lfj = 3,
and
{Aji2(00) = Aj(00, Ajug(0) = Aj(0),...} ifje{1,2}.
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Asa consequence,

(5.3)  IIPj ()™l oo (o))
1
Ajia(ex) = Aj(x)’
B max{ 1 1
Aj(e) = Aj2 ()" Ao () — Aj(x)

ifj e {1,2},

}, if j = 3.

Coming back to (5.1), we have obtained that for any j € N and any critical point
¢ of Aj, we have

2
A;',(‘Xc) >2 - 8|IPj(exe) ! (VT HES)

’

L2(R)

(A

which, after having used (2.11), can be rewritten as
14 8 -1
AT () 22—§||Pj(0<c) l£er;oenAj(exe).

Recalling the expression of ||Pj () ™! ;) in (5.3) then concludes the proof
of the lemma. O

5.3. Upper bounds for A; (o). In order to apply Lemma 5.1, we need to
prove, at a critical point & of Ay, that Az (&) /A1 (&) > % To this end, we need
to have a rough localization of &, and to provide with an upper bound for A;
lower bound for A3 near the place where & has been localized. We start with the
following lemma.

Lemma 5.4. Assume & is a critical point for 1. Then, we have

(5.4) o € (0, (%)1/3> c (0,1).

Moreover, we have

4 9 1/3 24 1/3
(5.5) A(x) < 5 (g) ~ 0.97315, forall x € (0, (g> )
Proof. We denote, for v € D(h(0)), the energy

2

’

Ew, o) := (hm(X)v,v)2R) = ||'U,||iz(|R) + H(ltz - a)v

2 L2(R)

and recall that

(5.6) A(e) =F(u;(+, ), ®) = min{E(v,x),v € D(hn(0)), [vi2®) = 1}.
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We compute5 the energy F (u,, &) of the L?-normalized Gaussian

upchexp<—%t2>, cp = /27”,;)>0.

Using that
gl oy = 50 1Puplamy = s
2p (2p)?
we obtain 3
_P_ 3 5 & 2
f(up,fx)—2+16p 2p+o<.
From (5.6), we deduce that, for any @ € R and p > 0,
_Pp_ 3 5 & 2
(5.7) A(x) < E(up, ) = 5 T 1eP 2p+o<.

We now write this inequality for particular values of p.

First upper bound. We first choose p = pg := (3/4)'/3 in (5.7) (corresponding to
the minimizing p for & = 0). The corresponding energy is

13\'? 33\ , 1 (3\7'°
f(”pw“)—z(z> +E(Z> +“‘§“(z> -

Hence, we obtain, for this specific po, for all x € R,

3 4/3
A1(0) < E(upy,0) = o> =6 1B+ (Z) .

As in [19], we shall use this upper bound for &« > 0 small enough, namely, for
« € (0,0.7). The minimum of the function & — E(up,, &) is attained at & =

671372 =~ 0.28 € (0,0.7). Thus, on the interval & € (0, %), we have

(5.8) A () < max <f(up0;0)if(u00’110>>

=F (“pm 110> ~ 0.79 forall x € (0,0.7).

Second upper bound. We next choose p = 1/(2cx) > 0 in (5.7) (corresponding to
the cancellation of the last two terms in that inequality). This leads to

1 3
(5-9) Ar(e) < F(ui/o, &) = 7=+ thz,

5This idea was rather efficient for giving an upper bound of the analog problem for the De Gennes
model.
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for all o« > 0. Implementing this in (2.15) we deduce in particular that if &, is a
critical point of Ay, then

ol <

P
4o 4

According to Corollary 2.2, we have & > 0, so that this inequality is equivalent
to ¢ < 1.
We then note that

1 3
o= (U1 a), &) = 7=+ 40<2

reaches its minimum on R¥ at « = 671/3 = 0.55. In particular, this function is
increasing on (0.7, 1), and thus

(510) f(ul/(z(x),()() < f(ul/z, 1) < 1, forall x € (07, 1).

Using (5.8), (5.9) and (5.10), we also deduce that A; (x) < 1 forall @ € (0, 1).

Third upper bound. We refine slightly the second upper bound by taking p =
3/(5«) in (5.7). We obtain

_i 3X25(X2 20(2
" 10 16 x 9 6
355 el 3 1,

2

+ X

, 3 11,

which, since & > 0 (according to Corollary 2.2), is equivalent to the small im-
provement

24\ 13
K < (E) ~ 0.98645,

which proves (5.4).
Moreover, & — E(U3/(5x), ®) reaches its minimum on R* at ¢ = (55
0.60. In particular, this function is increasing on (0.7, 1), and thus

12
)1/3

Ar(0) < E(Usz 500, X)
< f(u3/(5(24/25)1/3), (24/25)1/3)

1/3
= § (%) ~ 0.97315,

for all & € (0.7, (24/25)1/3). Together with (5.8) we finally deduce (5.5), Wthh

concludes the proof of the lemma.
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5.4. Lower bounds for A3 ().
Lemma 5.5. For all « € (0, (24/25)1/3],

6 (24)”3 9
25

(5.11) A3(0) = V15— 2 ~ = ~ 2.3292.
5 25

Proof. We push the idea of comparing our operator with an harmonic oscilla-
tor. We first notice that, forany y = 0, « € R, t € R, we have

2
(5.12) yt?+o? — (x+y)? < (%tz—a> )

Indeed, the polynomial X?/4 — (& + y)X + (& + y)? is nonnegative on R for all
&,y € R, and thus yX — (x+y)? < X2/4— oX, which implies (5.12) for X = t2.
From this we can compare the operator ha () to the Harmonic Oscillator

d
Ny = =7 T VD), Vy(t) = yt? + o2 — (x+y)%

According to the minimax principle (see, e.g., [3, Lemma B.6] or Chapter 11 and
discussion on top of p. 148 in [20]), denoting

Sp(Hay) := 1Aj(x,y) | j € N*},

(5.12) implies
Aj(0) = Aj(a,y), forall j e N*,

Recalling that the eigenvalues of the harmonic oscillator —d?/dt? + yt? are given
by {(2k + 1)./¥ | k € N}, we deduce that, for any y > 0,

As(00) = As(a,y) = 512 — 2y — y2.

We finally choose a particular value of y. Choosing y = %, we deduce that

- 3 6 9
A5(0) = As (a,§> —Jﬁ—ga—g,

and in particular that for all @ € (0, 1],
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More precisely, for all & € (0, (24/25)/3],

< (3 24\ 3
wie =5 (w5) = 5((55)3)

24\3 9
_ V15— ( ) - s = 23292,

which concludes the proof of the lemma. O

5.5. End of the proof of Theorem 1.2. From Lemmas 5.1, 5.4, and 5.5, we
may now conclude the proof of Theorem 1.2.

End of the proof of Theorem 1.2. Let . be a critical point of & — A; (). Asa
consequence of Lemmas 5.4 and 5.5, namely, equations (5.4), (5.5), and (5.11),
we have necessarily

1/3
Ao < 2 (%) ~ 0.97315,

6 (24\'° 9
)\3(o<c)2x/1_—§<g> - 55~ 23292,

N

As a consequence, we have

As(xe) ( ) ”3( _§(%>1/s_2>N ;-
Aiae) = 4 VI5-2( 35 55 ) = 23935 > 5 ~ 2.3333.

Using Lemma 5.1, we deduce that A} («¢) > 0 for any critical point .. Accord-
ing to (2.1), A;(&) — +00 as & —~ +oo. These two properties imply uniqueness
(and nondegeneracy) of the critical point ¢, which is necessarily a minimum, and
concludes the proof of the lemma. O

5.6. Numerics. In the present subsection, we collect numerical data and
figures communicated to us by Mikael Persson-Sundqvist. The latter are obtained
(by using the function NDEigenvalues of Matematica) by computing numerically
the first eigenvalues for the Dirichlet problem on the bounded interval [-20,20].

On Figure 5.1 is represented the graph of the quotient & — Az (&) /A1 () for
« € (0,1). This illustrates the proof of Theorem 1.2 relying on Lemmas 5.1, 5.4,
and 5.5, in which we prove that

QTE“; >239 forae (0, (%)IB).

Here, Figure 5.1 suggests that A3() /A1 () = 4 for all « € (0,1). Matematica
actually gives A3 () /A1 () = 4.07529 (with the accuracy of the calculator) with a
great stability when exchanging from Dirichlet to Neumann boundary conditions
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at the endpoints of the bounded interval [-20, 201°. Note here that in the limit
& — 400, we have Az(x)/A;(x) — 3 (as a consequence of (2.2)). In particular,
the condition Az(x) /A1 () > % holds for o large. This gives another way to see
that there are no critical points for large «, although this does not furnish any
explicitly computable bound.

I L L L I L L L I L L L I L L L
0.2 0.4 0.6 0.8 1.0

FIGURE 5.1. Graph of the quotient A3/A; over (0, 1)

On Figure 1.1, the graph of the first six eigenvalues &« — A () is represented
on the interval [-2.5,6.5], which contains the change of variation of these six
functions. This figure shows a unique critical point, which looks nondegenerate,
and therefore contributes to motivate Conjecture 1.6. Note that the asymptotic
behavior as &« — +co is also seen on the figure: we have Ajgs1 (&) ~ Aggsa () ~
V2(2k + 1)x!/? as ¢ — +o0 (see (2.2)—(2.3)), and a single-well analysis [18, 30]
would yield a precise asymptotic expansion as « — —oo as well. Note that, as
& — +oo, Figure 1.1 exhibits pairs of asymptotically exponentially close curves,
which is predicted by the double well analysis (2.3). On Table 5.1, we can see the
numerical value of the critical point &c,j of Aj. In particular, we see that & =
0.35, which is consistent with Lemma 5.4 which proves that a1 < (24/25)'/3.
Also on Table 5.1, we see the value of the quotient A (et j) /& ; which converges
very rapidly towards E. ~ 2.35, as predicted by Theorem 1.4.

5.7. “Proof” of Statement 1.3. We here provide a completely numerical
proof. Hence, our statement cannot be considered as a mathematical theorem.
We could have proved rigorously some reduction to an explicitly finite interval
of values for &, hence excluding the presence of more than one minimum outside
this interval. But at the moment, the remaining interval is still very large ([0, 45]),
and this does not seem sufficiently decisive. Note (see (2.2) and (2.3)) that

Ag(0)
A2 ()

-3 as o — +oo,

OBecause of Agmon estimates, it is rather clear that the error is very small.
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Value of j j=1|j=21j=3|j=4|j=5|j=6
Value of the critical point

e of A, 035 | 1.13 | 1.14 | 1.55 | 1.78 | 2.06
Value of the quotient

/\j(O(c,j)/(XgJ 478 | 1.27 | 2.69 | 2.25 | 2.41 | 2.34

TABLE 5.1. Values of the critical point ,,j and the quotient
Aj(aej)/ o forj=1,...,6.

FIGURE 5.3. Graph of A4/A; for & > 1

The values of the quotient & — A4(x)/A(x) are plotted on Figures 5.2-5.3.
Figures 5.2—5.3 numerically show that min{A4(c) /A2 () | @ € R} = 2.82 and

thus A4/A; > % on R. According to Lemma 5.1, this (numerically) proves that

A (ae) > 0, and consequently shows uniqueness of a critical point for A, hence
proving Statement 1.3.
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