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LOGARITHMIC DECAY FOR LINEAR DAMPED HYPOELLIPTIC
WAVE AND SCHRODINGER EQUATIONS*

CAMILLE LAURENT!T AND MATTHIEU LEAUTAUD#

Abstract. We consider linear damped wave (resp., Schrodinger and plate) equations driven
by a hypoelliptic “sum of squares” operator £ on a compact manifold M and a damping function
b(z). We assume the Chow—Rashevski-Hormander condition at rank k (at most k Lie brackets
are needed to span the tangent space) together with analyticity of M and the coefficients of £.

We prove that the energy decays at rate log(t)fi (resp., log(t)fg) for data in the domain of the
generator of the associated group. We show that this decay is optimal on a family of Baouendi—
Grushin-type operators. This result follows from a perturbative argument (of independent interest)
showing, in a general abstract setting, that quantitative approximate observability/controllability
results for wave-type equations imply a priori decay rates for associated damped wave, Schrodinger,
and plate equations. The adapted quantitative approximate observability /controllability theorem for
hypoelliptic waves is obtained by the authors in [J. Eur. Math. Soc. (JEMS), 21 (2019), pp. 957-1069]
and [Mem. Amer. Math. Soc., to appear].
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1. Introduction and statements.

1.1. Damped hypoelliptic evolution equations. We consider a smooth com-
pact connected d-dimensional manifold M, endowed with a smooth positive density
measure ds. We denote by L? = L?(M) = L?(M, ds; C) the space of complex-valued
square integrable functions with respect to this measure. Given a smooth vector field
X, we define by X* its formal adjoint in L?(M), that is,

/ X*(u)(z)v(x)ds(z) = / u(z) X (v)(x)ds(z) for any u,v € C*°(M).
M M

Given m € N and m smooth real vector fields X7, ..., X,,, we consider the (Hérmander
type I) hypoelliptic operator (also called sub-Riemannian Laplacian; see, e.g., [25, Re-
mark 1.30])

(1.1) L= XX
=1
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Note that £ is symmetric and nonnegative since

m

(Lu,v)r2(pm) = Z(Xiu, Xiv)r2pmy  for all u,v € (M),

=1

Given a nonnegative (so-called damping) function b € L (M; R ), we are interested
in asymptotic properties of the linear damped wave equation associated to (£,b),
namely,

12) {(8?+L+b8t)u:0 on (0, 400) x M,

(u, Opu)|t=0 = (ug,u1) on M.

Solutions of (1.2) enjoy formally the following dissipation identity (obtained by taking
the inner product of (1.2) with d;u and integrating on (0,7")):

E(u(T)) - E / / 2)|0vu(t, 2)[2ds(x) dt

with  E(u) (Z X5l 22 an) + 1050l 72 0g ) :

i=1

We are also interested in the linear damped Schrodinger equation associated to (£,0),

(1.3) {(z@t—i—ﬁ—i—zb)uzo on (0,400) x M,

u|t=0 = Ug on M,

for which the L? norm is a dissipated quantity (obtained by taking the imaginary part
of the inner product of (1.3) with u and integrating on (0,T)):

1 1 T
3 D = 5 lol == [ [ dalutt.o)Pas(e) a
0 M

Hence, in both situations, an “energy” decays, and an interesting question is,
Does it converge to zero, and if so, at which rate?
We shall always assume throughout the paper that the family (X;) satisfies the
Chow-Rashevski-Hormander condition (or is “bracket generating”).
For a family F of smooth vector fields on M and £ € N*, we define Lie‘(F), the
Lie algebra at rank /¢ of the vector fields as
e Lic'(F) = span(F);
o Lie‘™! (F) = span (Liee(}') U {[X7 Y; XeFYe Liee(]-')}).

ASSUMPTION 1.1. There exists £ > 1 so that
Lie®(Xy,..., Xp)(x) = TyM  for all z € M.

Denote by k € N* the minimal £ for which this holds.

The integer k is sometimes referred to as the hypoellipticity index of £. In our
notation, Lie' (X1, ..., X,,)(z) = span(X1, ..., X, )(z). Hence, elliptic operators cor-
respond to (1.1) with ¥ = 1, and Baouendi-Grushin and Heisenberg operators cor-
respond to (1.1) with k = 2. We refer the reader to, e.g., [25, section 1.1] for other
detailed examples.
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Under Assumption 1.1, the celebrated Hérmander [22] and Rothschild—-Stein [41]
theorems (see [7] for a simpler proof of the latter theorem) state that £ is subelliptic
of order %; that is, there is C' > 0 such that for any u € C*°(M), we have

2 2 2
(14) T PLel I el 1
As a consequence, the operator £ is self-adjoint on L?(M) with domain £ : D(L) C
L2(M) — L2(M). Since H2(M) C D(L) € H* (M), £ has a compact resolvent
and thus admits a Hilbert basis of eigenfunctions (¢;);en, associated with the real
eigenvalues (\;),en, sorted increasingly, that is,

(1.5)
Loi = Xigi, (Pisps) L2 (M) = dij, 0=X <A1 <A<+ <A — Fo0.

In particular, this allows us to define adapted Sobolev spaces

Hy ={ueD'(M), (1+L)2ue LZM)}, ||u||7{2 = ||(1+L)%u||L2(M), s e R,

where f(L)u ="y f(A)(u, 05) L2 (M) @5
In addition to Assumption 1.1, we also make the following analyticity assumption.
ASSUMPTION 1.2. The manifold M, the density ds, and the vector fields X; are
real-analytic.

A nonexhaustive list of classical examples of operators £ encompassed by this
framework is provided in [25, section 1.1]. Note that the damping function b does not
need to be analytic but only L°°; in particular, our results work for b = 1, if w is a
nonempty open subset of M.

Motivations for studying propagation and unique continuation properties for hy-
poelliptic operators arise in different physical situations. For instance, wave-type or
Helmholtz-type equations involving a hypoelliptic operator of the form (1.1) appear
in the modeling of metamaterials, which are characterized by the fact that some ei-
genvalues of the material parameter tensor may vanish at places. The modeling of
such materials is described, for instance, in [20] in connection with sub-Riemannian
optics (and with applications to antenna design and energy harvesting). We refer
the reader to this article for other related interesting applications to ideal and ap-
proximate sub-Riemannian optics designs. Subelliptic operators of the form (1.1) also
naturally appear in several other physical contexts; we refer the reader to [10, Chapter
2] for a presentation of some of them.

On the space ’Hi x L?, the operator

A= (—2 —ijaw)

with D(A) = H% x H} generates a bounded semigroup (from the Hille-Yosida the-
orem), and (1.2) admits a unique solution v € CO(R*; HL) N C1(R*; L?). Our main
results for damped hypoelliptic waves are summarized in the following two theorems.

THEOREM 1.3 (decay rates for damped hypoelliptic waves). Assume, together
with Assumptions 1.1 and 1.2, that b € L*(M) is such that b > 6 > 0 a.e. on
a nonempty open set, . Then, for all (ug,uy) € 7—[2 x L2, the associated solution
to (1.2) satisfies E(u(t)) — 0. Moreover, for all j € N*, there exists C; > 0 such that
for all (ug,u1) € D(AY), the associated solution to (1.2) satisfies

1 Cj .
(16) E(U(t))2 S W HA](UO’Ul)H’HlLXLQ fO’f' all t 2 0.
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Theorem 1.3 is actually a consequence of the following result together with the
result of [5].

THEOREM 1.4 (spectral properties for damped hypoelliptic waves).  Assume,
together with Assumptions 1.1 and 1.2, that b > § > 0 a.e. on a nonempty open set.
Then, the spectrum of A contains only isolated eigenvalues with finite multiplicity and
satisfies the following:

1. Sp(A) = Sp(A) and ker(A) = span{(1,0)} (where 1 denotes the constant
function);

2. Sp(A) C ((— 1Bl e (A1), 0) +R) U ([=1b]| o (an), 0] + 06) ;

3. there exist C,v > 0 such that ||(is — A)A”L(HLxL?) < Ce’ls" for all Is| > 1;

4. there exist €,v > 0 such that Sp(A) N T (e,v) = {0}, where T'y(e,v) = {z €
C,Re(z) > —ge~Im@)I"},

The first two points are rather standard; see [32]. Point 3 is the key information
in the theorem and is a consequence of the main theorem in [25, Theorem 1.15]. The
last point states an exponentially small spectral gap and is a consequence of point 3.

Combined together, Theorems 1.3 and 1.4 make up the counterpart to
[32, Théoreme 1] in the case of the usual wave equation (k = 1, in which case no
analyticity is required, and boundary conditions can be dealt with).

Note that the fact that Sp(A) NiR = {0} in point 2 (which, in turn, implies that
E(u(t)) — 0 in Theorem 1.3 for all solutions to (1.2)) is actually a consequence of the
qualitative uniqueness,

(L.7) (@GH%, ze€C, Ly=zponM, cp:Oonw):>gszonM,

which was proved by Bony [8] to be a consequence of the Holmgren—John theorem.
Even this weaker property is not well understood for general hypoelliptic operators
if we drop Assumption 1.2; see [3]. Here the key point is the quantification of the
Holmgren—John theorem proved in [26, 25] (see also [27] for a survey).
We present analogous results in the case of the damped hypoelliptic Schrodinger
equation. We set Ag := L — b with D(Ag) = D(L), so that (1.3) reformulates
s (0 — As)u = 0. Note that Ag generates a contraction semigroup (from the
Hille-Yosida theorem), and (1.3) admits a unique solution u € C°(R*; L?(M)). Our
main results for the damped hypoelliptic Schrodinger equation are summarized in the
following two theorems.

THEOREM 1.5 (decay rates for the damped hypoelliptic Schrédinger equation).
Assume, together with Assumptions 1.1 and 1.2, that b € L (M) is such that b >
§ > 0 a.e. on a nonempty open set. Then, for all ug € L?(M), the associated solution
to (1.3) satisfies u(t) — 0 in L2(M). Moreover, for all j € N*, there exists C; > 0
such that for all ug € D(.Ag), the associated solution to (1.3) satisfies

C; ,
. sy < e || A
(L8) 622 a0y < o gyea7e [l

L) for allt > 0.

Note that when comparing (1.8) to (1.6), we see that the decay rate looks better

(log(t + 2)~21/% instead of log(t 4 2)~7/*) but actually consumes more derivatives:

J ~

Asuo’ L2 (M) HL2(M) =

lUolly5 «45-1- Hence both decay rates essentially coincide for data having the same
£ £

for a smooth damping function b, ~ |lug|| 27, whereas ||.A7Uy
£

regularity. Theorem 1.5 is a consequence of the following result together with the
result [5].

© 2021 the authors
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THEOREM 1.6 (spectral properties for the damped hypoelliptic Schrédinger equa-
tion). Assume, together with Assumptions 1.1 and 1.2, that b > § > 0 a.e. on a
nonempty open set. Then, the spectrum of Ag contains only isolated eigenvalues with
finite multiplicity and satisfies the following:

1. Sp(As) C [— ||b||Loo(M),O) + 1[0, +00);

2. there exist C,v > 0 such that H(zs — AS)_IHc(m) < Cevlsl"”? for all s € R;

3. there exist e,v > 0 such that Sp(Ag)NTy s(e,v) =0, where Ty s(e,v) = {z €
C,Re(z) > —ge~VIm)I**}

Note that in the elliptic case k = 1, the results of Theorems 1.5 and 1.6 are more or
less classical, even though they do not seem to be written explicitly in the literature. In
this situation, analyticity is not necessary, and boundary value problems can be dealt
with. As a consequence of [26] (with Dirichlet boundary conditions), our abstract
perturbative proof below works as well. One can, however, start from the seminal
Lebeau—Robbiano estimates in this situation; see [33, 32] for Dirichlet conditions (see
also [30] for a survey) and [34] for Neumann boundary conditions.

A similar result holds for the damped plate equation associated to (£,b),

(1.9) (0?2 + L2+ b0)u=0 on (0,4+00) x M,
’ (u, ) |i=0 = (up,u1) on M.

Solutions of (1.9) also enjoy formally a similar dissipation identity,

T
Ep(u(T)) — Ep(u(0)) = - / /M b()|yu(t, ) Pds(x) dt
with  Bp(u) = 3 (10ul2aa0) + 100022 00))

The framework is quite similar to that of the wave equation. We work on the space
H2 x L? with the operator
0 Id
A =
" (—52 - b<x>>

with D(Ap) = H} x H%. It generates a bounded semigroup, and (1.9) admits a
unique solution v € CO(RT; H%) N C'(RT; L?).

THEOREM 1.7 (decay rates for damped hypoelliptic plates). Assume, together
with Assumptions 1.1 and 1.2, that b € L*(M) is such that b > § > 0 a.e. on a
nonempty open set. Then, for all (ug,u1) € H% x L?, the associated solution to (1.9)
satisfies Ep(u(t)) — 0. Moreover, for all j € N*, there exists Cj > 0 such that for all
(uo,u1) € D(A%), the associated solution to (1.9) satisfies

Cj

(1.10) Ep(u(t))? < Tog(t + 2)%/F

HA{D(UO, ul)HH2 e for allt > 0.
L

Spectral statements similar to Theorems 1.4 and 1.6 hold for the plate equation.
We leave the details to the reader. Again, using the result of [26], we could also obtain
a logarithmic decay in the elliptic case k = 1 for a compact manifold with boundary
and with Dirichlet boundary conditions. We do not know if this result is new in this
context. There is an important literature on the subject, and we refer the reader to

© 2021 the authors
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[31, 24] for exact control results (implying exponential decay of the damped equation)
and, e.g., to [1] for a spectral analysis of the decay rate.

Finally, we show that the results of Theorems 1.3, 1.4, 1.5, and 1.6 are optimal
in general (in the case when k > 1; this is already known in the elliptic case k = 1;
see [32, 34]). This is also the case for Theorem 1.7 (and the associated spectral
statement); we do not state the result for the sake of brevity.

PROPOSITION 1.8. Consider the manifold with boundary M = [-1,1] x (R/Z),
endowed with the Lebesque measure dx, and for k € (1,400), define the operator

L=—(02 + x?<k71)6§2), with Dirichlet conditions on OM. Assume that supp(b) N
{z1 =0} = 0. Then, there exist C,v > 0 and a sequence (s;);jen with s; — 400 such
that

(1.11) IGs; = Al sgs gy = G for all j €N,

(1.12) (is; — As (> e forall jEN.

-1

)7 e

Moreover, if for all (ug,u1) € D(A), the associated solution to (1.2) satisfies
E((t)} < F0) Ao, w)llpy wpe for all > 2,

then there is C > 0 such that f(t) >
associated solution to (1.3) satisfies

W. Similarly, if for all ug € HL, the

[l zmy < FO) [ Asullpzpgy  for allt =2,

then there is C > 0 such that f(t) > W.

Recall that for k € N*, the operator £ = —(831 + xf(k_l)agz) satisfies precisely
Assumption 1.1. The first statement of the proposition is a consequence of [6, sec-
tion 2.3] as reformulated in [25, Proposition 1.14]. It proves the optimality in general
of point 3 in Theorem 1.4. The second part of the statement is a corollary of the first
one, together with the result of [5], and proves optimality of (1.6) and (1.8).

Let us finally mention related known decay results for damped evolution equations
driven by a hypoelliptic operator.

First, a reformulation of the result of [35] (e.g., combined with [21]) in the present
context states that if

span(Xy(x),..., Xpm(x)) # ToM

for z in a dense subset of M, and M\ supp(b) # 0, then uniform decay does not hold:
there is no function f : Rt — R* with f(¢) — 0 such that E(u(t)) < f(t)E(u(0)).
This contrasts with the Riemannian case [39, 4], and in this context gives a stronger
interest to the result of Theorem 1.3 as compared to the Riemannian counterpart. In
a genuine sub-Riemannian/hypoelliptic setting, uniform decay never holds, and the
best we can hope for is semiuniform decay in the sense of [32, 5], which is precisely
what we prove.

Second, one may, however, notice that logarithmic decay as in Theorem 1.3 is
not always optimal. Combining, for instance, [12, Theorem 1] with [2, Theorem 2.3]
log(tiw in (1.6) can be replaced by % (and this is probably not
optimal) in the geometric setting of Proposition 1.8 if b(x1,z2) = 1 (4 (22) for any
a <b.

implies that

© 2021 the authors
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Similarly, logarithmic decay in Theorem 1.5 is not always optimal. For in-
stance [12, Theorem 1] (together with classical equivalence between observability for
the conservative system and uniform stabilization for the damped system) implies that
in the geometric setting of Proposition 1.8, if b(x1,22) = 14 (22) for a < b, then
uniform decay holds; that is, there are C,v > 0 such that [[u(t)| ;. < Ce™ 7" |Jugl| 12
for all solutions to (1.3).

Let us finally remark that all proofs below rely on the approximate observabil-
ity /controllability of the hypoelliptic wave equation with optimal cost. The latter
result is proved by the authors in [25]. It is interesting to note that in the elliptic
case (k = 1 in the discussion above), the approximate observability /controllability
of the wave equation (proved in [26]) with optimal (exponential) cost allows us to
recover many known control results obtained with Carleman estimates. In particular,
it implies

1. null-controllability of the heat equation with optimal short-time behavior,
as proved in [17] and [29, Proposition 1.7] (the original result can be found
in [33, 19]);
2. approximate observability /controllability of the heat equation with optimal
(exponential) cost [25, Chapter 4] (the original result can be found in [18]);
3. optimal logarithmic decay for the damped wave equation, see Theorem 1.3
for k =1 (the original result can be found in [32, 34]).
Here, we provide a proof of the last point in a general framework presented in sec-
tion 1.2 below and deduce counterparts for hypoelliptic equations using [25].

Remark 1.9. All equations considered in this paper are linear. It would be very
interesting to extend our results to a nonlinear context. The literature on the nonlinear
damped wave equation for the usual Laplacian is huge, and we refer the reader to,
e.g., the recent paper [23] for a survey. In the process of proving a stabilization result
for nonlinear hypoelliptic equations, there are, however, several crucial obstacles,
especially for large data solutions. Most of the results for the usual wave equation rely
on very strong geometric assumptions on the damping zone (like multiplier conditions
or at least the geometric control condition of [4]). To the authors’ knowledge, even
in that classical setting, without any further assumption on the damping region, the
decay to zero of solutions to nonlinear damped wave equations is an open problem.
The article [23] deals with related problems for semilinear waves but in geometric
situations in which the decay rate of the linear damped wave equation is strong enough
and, in particular, integrable in time. Unfortunately, the decay rates we obtain in the
present paper (without any geometric assumption) is of the form m and hence
far from integrable. Therefore, it does not fit into the abstract framework of [23].

1.2. From approximate control to damped waves: Abstract setting. As
already mentioned, we prove all above results in an abstract operator setting. This
allows us to stress links between the cost of approximate controls and a priori decay
rates for damped waves. This follows in the spirit of, e.g., [21, 13, 38, 36, 37, 42, 17, 2,
14], exploring the links between different equations and their control properties (i.e.,
observability, controllability, and stabilization). Here, we follow closely [2].

Let H and Y be two Hilbert spaces (resp., the state space and the observa-
tion/control space) with norms || - || and || - ||y, and associated inner products (-, ) g
and (-,-)y. We denote by A : D(A) C H — H a nonnegative self-adjoint operator
with compact resolvent and by B € L(Y; H) a bounded control operator. We recall
that B* € L(H;Y) is defined by (B*h,y)y = (h,By)y for all h € H and y € Y.
We define H; = D(Az), equipped with the graph norm lull g, = [I(A+ Id)2ul| g,

© 2021 the authors
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and its dual H_; = (H;) (using H as a pivot space) endowed with the norm
1
lullg_, = [I(A+1d) "2 ul|m.
In applications to Theorems 1.3-1.6, we take H = Y = L?*(M), A = £, and
B = B* is multiplication by the function v/b.
We introduce in this abstract setting the wave equation

(1.13) {Q?HAUZF»

(u7 8tu) |t:O = (u07 Ul),

the damped wave equation

(1.14) {afu—l—Au—i—BB*atu:O,

(u7 atu)|t:0 = (u07 U’l)7

and the damped Schrédinger equation

(1.15) {i@tu—l—Au—&—iBB*u:O,

u|t:0 = Up.
DEFINITION 1.10. Given T > 0 and a function G : Ry — R, we say that the
wave equation (1.13) with F' = 0 is approzimately observable from B* in time T with

cost G if there is pg > 0 such that for all (ug,u1) € Hy X H, the associated solution
u to (1.13) with F = 0 satisfies

(1.16)
. 1
[(uos u) | g, < G() 1B ull 20 vy + m [ (wo, wi)ll gy pr  for all pp > po.
According to [40] and [28, appendix], this is equivalent to approximate control-
lability (e close) with cost G(1/e). This is satisfied for the usual wave equation in a

general context with B* = 1,,, G(u) = Ce"* for all T > 2sup, ¢ dg(x,w) (where d,
is the Riemannian distance), as proved in [26]. For the hypoelliptic wave equation,

we proved in [25, Theorem 1.15] that this is satisfied for B* = 1,,, G(p) = Ce"*"
for all T > 2sup,c g de(x,w) (where dg is the appropriate sub-Riemannian (see [25,
equation (1.11)]) distance and k& is the hypoellipticity index of £).

Our main results can be divided in several steps. First, we have the following.

ProOPOSITION 1.11. Let G : Ry — Ry be such that G(u) > >0 for p > po.
Assume that there is T > 0 such that the wave equation (1.13) with F' =0 is approx-
imately observable from B* in time T with cost G in the sense of Definition 1.10.
Then, we have

(1.17) ()\ €C, ve D(A), Av= v, B*v = 0) — v =0,
and there is Ag > 0 such that for all o > 0,
K
(L18) ol <O+ V2+a)GA+ V2 +a)([|B*olly + C ||(A =X, )
for allv € D(A), A > Ao,

with K = VT + cal and C' > 0 a constant depending only on B and T'.
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Note that in this statement, v/2 can be replaced by 1 at the cost of a slightly
longer proof, and Ay is the pg given in the definition of approximate observability.
In most applications we have in mind, G(u) = e”#k, and the estimate is better for
smaller values of a. In a situation in which one would have G(u) ~ 7, a better choice
of a would be a = A, so that (1.18) remains a bound of order G(\). Note also that
since A is a nonnegative self-adjoint operator with compact resolvent, (1.17) is only
interesting for A> € R* (but this information is not useful in the proof).

Second, we assume that for some function G and some A\g > 0 we have

(1.19) ol < G (IB*v[ly + [[(A=A*)v||,,) forallve D(A),A> Ao

This is precisely (1.18) with G(A) = W()\ +v2+ )G\ + V2 + a). From
estimate (1.19), we deduce the sought-after spectral properties for the damped oper-
ators (resolvent estimates and localization of the spectrum linked to the function G).
See section 2.3 for the damped Schrodinger equation and section 2.4 for the damped
wave equation. Note that a direct application of Proposition 1.11 yields the following
corollary in the context of hypoelliptic operators.

COROLLARY 1.12. With the notation of section 1.1, assume, together with As-
sumptions 1.1 and 1.2, that b € L (M) is such that b > 6 > 0 a.e. on a nonempty
open set. Then, (1.7) is satisfied, and there is v > 0, C > 0, and g > 0 such that

10l 2y < e (100l 2pg) + 1€ = A0l o)) for allv € HELA > o,

This corollary states a stronger version of the eigenfunction tunneling estimates
of [25, Theorem 1.12] (this theorem is the same statement for solutions to (£ —A?)v =
0). Note that the constant v is (essentially) the same as in the cost of approximate
controls in [25, Theorem 1.15].

Third, we deduce from the spectral properties the sought-after decay estimates
(resp., in subsections 2.3 and 2.4 for the damped Schrédinger and wave equations)
using the Batty—Duyckaerts theorem, which we now recall.

THEOREM 1.13 (Batty and Duyckaerts [5]).  Let (e'®);>0 be a bounded C°-
semigroup on a Banach space X, generated by B.
Assume that ||e'®(1d +B)*1HL(X) < f(t), with f € C°([0,+00)) decreasing to 0.

Then iR N Sp(B) = 0, and there are C, A\g > 0 such that

. _ _ 1
63~ 8) gy <1+ €17 (5

—_— HAeR A > Xo.
|)\|+1)> fO'f‘a € 7| |— 0

Conversely, suppose that iR N Sp(B) =0 and

, -1
(1.20) |(is — B) HE(X) <M(Js]), seR,

where M : R — R% is a nondecreasing function on Ry. Then, setting
(1.21) Miog(s) = M(s)(log(1 + M(s)) + log(1 + s)),

for all j € N*, there exists Cj,T; > 0 such that

G
Mt ()’

where Ml;lg : RT — RT denotes the inverse of the strictly increasing function Migg.

HetBBﬁHz:(X) < fort =Ty,
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We refer the reader to [16, 15] for alternative proofs of the result of [5]. Note
that on a Hilbert space (which is the case here) Mio, in the result can be replaced by
M if it is polynomial at infinity, according to [9, Theorem 2.4] (see also [14] and the
references therein for generalizations of [9]).

To conclude this introductory section, let us briefly describe the contents of the
end of the article, namely section 2. In subsection 2.1, we explain in the abstract
functional setting how approximate observability /controllability statements (Defini-
tion 1.10) imply “free-resolvent” estimates like (1.19) (proving, in particular, Propo-
sition 1.11). Then, in subsection 2.2 we deduce (still in the abstract functional
framework) from these “free-resolvent” estimates a resolvent estimate for damped
wave-type or Schrodinger-type operators. The proofs of abstract setting analogues
of Theorems 1.6 and 1.5 (resp., Theorems 1.4 and 1.3) for the Schrédinger (resp.,
wave) equation are completed in subsection 2.3 (resp., subsection 2.4). Analogous
statements and proofs for the damped plate-type equations are deduced in subsec-
tion 2.5. Finally, the optimality statements of Proposition 1.8 in the case of particular
hypoelliptic operators on the square are proved in subsection 2.6.

2. Proof of the results.

2.1. From approximate observability of waves to a free-resolvent esti-
mate with an observation term: Proof of Proposition 1.11. From approximate
observability, we deduce the following (seemingly more general) result, concerning
(1.13) with a general right-hand side F.

PROPOSITION 2.1. Let T > 0, and let a function G : Ry — R . Assume that the
wave equation (1.13) with F = 0 is approzimately observable from B* in time T with
cost G, in the sense of Definition 1.10. Then, there are pg,C > 0 such that for all
F € L*(0,T; H) and (uo,u1) € Hy x H, the associated solution u to (1.13) satisfies

(2.1)
. 1
”(UO»Ul)HHxH,l < G(/‘)( | B u||L2(0,T;Y) +C HFHL2(0,T;H)) + ﬁ ||(u0,u1)HH1><H
for all p > pyp.

Note that the constant pg is actually the same as in Definition 1.10 and that C
depends only on T and || B*| z(y.p)-

Proof. According to the linearity of (1.13), we decompose u as u = u® + u®,
where u° is the solution to (1.13) for F = 0, and u’" is the solution to (1.13) with
(uo, u1) = (0,0).

First, according to the assumption, Definition 1.10 applies to the function u°, so
that (1.16) reads
(2.2)

N 1
w0 0) s, < ) B oo gy o 00,0y For all 1> o

Second, in order to estimate u!’, we perform classical energy inequalities for (1.13).
We rewrite (1.13) as

(2.3) (0 + A+1d)ur =uf + F,  (uf,00u")|i=0 = (0,0).

Taking the inner product of this equation with J;u’" (assuming at first that F €
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L} (R; Hy) and thus u” € CO(R; D(A)) N CY(R; Hy) N C*(R; H)) implies
1d ) ,
537 (015 + 10715, < (e + 171 0w -

Writing E(t) = 3 (H@tuFHi{ + ||uFH21), we see that this yields E'(t) < 2E(t) +

|F Hil The Gronwall lemma, together with the vanishing initial data in (2.3), implies

2 ~ 2
sup |[u”(t)||; < sup E(t) < Cr | Fll 20 mm -
t€[0,T) t€[0,T]

As a consequence, boundedness of B* yields
* * F *
1B 0 oo vy S WB leqvsmn N4 W 2 o ey < IB vy O I | 20,701y -

Recalling that u® = u—u!" and combining this estimate with (2.2) yields for all u > pg

N 1
o), < G 1B (0= 0 g iy + o 000, o
< G() (1B ull 2o,y + Cor 1207
1
+ ; ||(u07u1)||H1><H7

which concludes the proof of the proposition. 0
From this result, we deduce a proof of Proposition 1.11 as a direct corollary.

Proof of Proposition 1.11. For v € D(A) and A € C, we may apply the result of
Proposition 2.1 to the function u(t) = cos(At)v which satisfies (1.13) with

up=v, wu; =0, F(t)=cos(At)(=\?+ A)v.

We first remark that the assumption of (1.17) implies F = 0 and B*u = 0, and
hence (2.1) reads |jv]|,; < % [v|lg, for all u > po. Letting p converge to +oo yields
the conclusion of (1.17).

Let us now prove (1.18). For u(t) = cos(At)v, we also have

||B*U||2L2(0,T;Y) =T HB*UHi ) ||F||2L2(0,T;H) =T ||(*>\2 + A)”HZ
Estimate (2.1) thus implies for all A > 0, > po
(2.4) lollzy < GUVT(I1B*0lly +C [[(A= Aol ) + % 0]l gz, -
We now remark that
(Av,0) g = N loll 7 = (A= A)v,0) < [[(A= W)l 0] -
Hence, we deduce

[Vl = (A+Dv,v) g < W+ 1) lol7 + [[(A= 20| o]l
< (W2 +2) o2 + (A= X203, -
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Plugging this into (2.4) yields for all g > pg and A > 0,
ol < GVT (1B vlly +C [[(A = X))

1 2
+o (€A = 220l + A+ V2) elly ) -

We let a > 0 and choose p = p(A\) = max{\+ /2 + o, j1o} in order to absorb the last
term in the right-hand side, implying for all A > 0,

(1 A+V2

- W) vl < G(M(/\))\/T( B vlly

1
FONA-N0l) + s Al
We then take A\ > g so that p(A) = A+ v/2 + a > pg. This implies
1

and thus, for A > g,

(0% *
ey} [Vl < GOD)VT (B 0lly + C (A= Ao, )
g G (A~ N2,
This concludes the proof of the proposition. 0

We finally give a proof of Corollary 1.12.

Proof of Corollary 1.12. By assumption, b > § > 0 on a nonempty open set w.
Since M is compact, sup,e a4 de (z,w) is finite. For the hypoelliptic wave equation on
H =Y = L?(M), we proved in [25, Theorem 1.15] that (1.16) is satisfied for A = £,
B, = B}, = multiplication by 1, and G(u) = Ce"" for all T > 2sup, e de (z,w)
(where dg is the appropriate sub-Riemannian distance, and k is the hypoellipticity
index of £). Since [[Loullpz( gy < 51 [[bul| 72 0q)» the same inequality with different
constants remains true with B = B* = multiplication by b. Thus, we deduce from
Proposition 1.11 that (1.19) is satisfied (after having fixed a = 2 — v/2), with G()\) =
K(14C)A+2)G(A +2) = C(A 4 2)erO 2", 0

2.2. From the free-resolvent estimate with an observation term to
damped resolvent estimates. In this section, we start from an estimate for A
with an observation term like (1.18) and deduce associated estimates for damped
operators.

For later use (see subsections 2.3 and 2.4 below), we introduce the operators

Qx = —i(As —i\) = A — A\ +iBB",
Py, = P(i\) = A — \> +i\BB*,

both endowed with the domain D(Qy) = D(Py) = D(A).
PROPOSITION 2.2. Let G1,G2 >0, A >0, and v € D(A), and assume

(2.5) [0l < G1 B olly + G [[(A = X*)ol|, -
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Then we have
(2.6) lolly < (G123 + GaV2 1Bl iy i) +2v2Gs ) 1Pl
(2.7) Il < ((G1+ GaV2Bllgy ) +2v2Gs) [Quevly

In particular, given G : Ry — Ry such that G(u) > ¢ > 0 on Ry and A\ > 1,
if (1.19) is satisfied, then writing K = (1 + /2 ||BH£(Y;H))2 +2v2¢c5 !, we have

(2.8) vl < KG(IAD? |Pavlly  for allv € D(A), X € R, [A] > Ao,
(2.9) vy < KG(VA)? |Qxvlly  for all v e D(A), A > A2,

Note that when passing from (1.18) to (2.8) and (2.9), we change G to G2, which is
a loss in general; this is linked to the fact that the proof of Proposition 2.2 consists only
of a very rough estimate, treating the damping terms i BB* and iABB* as remainders.

Proof of Proposition 2.2. We only prove the result for Py; the analogous proof
for @) is identical.
First, we remark that, under the above assumptions, we have

(2.10) M B o[y = A(BB™0,0) p = Im (Pav,v) i < |1Pavll g ol -
Second, we notice that (4 — A?)v = Pyv — iABB*v, and thus, using (2.10),
(A= A2, < 2Pl + 27 BB ol < 201Pyoly + 2 1By AIB ol
< 2||PaollF + 2IBIZ vy 1Pl 0] -
Plugging the last two estimates in (2.5) yields
ol < (C1A7F 4+ CaVE Bl gy ) 1Pl ol + GV Prvl
Writing
(G132 + GaV2|1Bllcgy) IPrvly ol
< SN+ VBBl gy P I1Paoll + 5 ol
allows absorption of the last term in the left-hand side and implies
3 ol < 5 (G + GaVEIBl oy [ Prolly + GavE | Prol
This concludes the proof of (2.6), and (2.8) corresponds to the case G; = Gz = G(\).
Also, we notice that for A € R, P_yu = P,u, so the statement for A\ > )¢ implies
that for A < —X¢. Finally, the proof of (2.7) is similar to that of (2.6) (beware

that it should be written for Q> and not @), and (2.9) follows from changing \?
into A. 0

Note that another advantage of Proposition 2.2 is that it is flexible enough to
support perturbations of the operator A by lower order terms. This was used in [23],
where the perturbation comes from the linearization of a nonlinear equation. See
also [14, 11] for recent related perturbation results.
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2.3. Damped Schrodinger-type equations. There are not many references
concerning the damped Schrédinger equation, so we provide a more detailed argument.
We set Ag := 1A — BB* with D(Ag) = D(A), so that (1.15) reformulates as (9, —
Ag)u = 0.

The compact embedding D(A) < H implies that Ag has a compact resolvent.
Elementary spectral properties of Ag are described in the following lemma.

LEMMA 2.3. The spectrum of Ag contains only isolated eigenvalues, and we have

1

(2.11) [(z1d =As) ™! 1 ) < Re() for Re(z) >0,
1
(2.12) [(z1d = As) | £ ) < TTm(2)] for Tm(z) < 0.

Moreover, assuming (Au = zu, B*u =0) = u =0, we have
Sp(As) C [l B2 (sry): 0) + [0, +00).

Proof. The structure of the spectrum comes from the fact that Ag has a compact
resolvent (since A does also, and BB* is bounded). Now, for a general z € C, we have
2 w2
1(z1d = Ag)ull y lull y > Re ((z1d = Ag)u, u) y = Re(2) [[ullfy + [| B ully
2
> Re(2) [Jully ,

which yields (2.11). The statement (2.12) comes from

|(As — zId)u| 4 Jull g > Im ((As — zId)u, u) y = (Au,u) g — Im(z) Hu||i,
> —Im(z) [[ull7;

Finally, given z € Sp(Ag), there exists u € D(A) \ {0} such that Asu = zu. Taking
the inner product with u yields

2|l = (Asu,u) i = i(Au,u) g — || B*ul)% -
In particular,

2
Bl

(Au,u) g S
2
[l

2 -
[l

Re(z) = €[- ||B*H32(H) 0], Im(z) =

Now if Re(z) = 0, this implies B*u = 0 and hence zu = Asu = iAu. The assumption
then yields u = 0, which contradicts the fact that « is an eigenvector. Thus Sp(Ag)N
iR = (. d

We then deduce straightforwardly from Proposition 2.2 and Lemma 2.3 the fol-
lowing result.

THEOREM 2.4. Let G: Ry — Ry be such that G(u) > co >0 on Ry, Ao > 1, and
assume (1.19). Then there exists K > 1 (the same as in Proposition 2.2), such that

1GATd —As) Ml oy < KG(VA)® for all A > A2,
Sp(As) N FG,S = (Z),
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where

2 Re(2) > -1
IR {z € C,Im(z) > A5, Re(z) > 6 Im(z))Q}'

Finally, assuming further (1.17), there exists another constant K > K such that

(AT —As) M 2y < KG(VIN)? for all A € R,
Sp(As) n f(;s = @,

where

) 1
Tes = {z € C,Re(z) > _W}

Proof. The first point is a rewriting of (2.9) in Proposition 2.2. The second point
comes from the general fact that

1

(2.13) 114 =A5) " ey > Gtz sprasy)

A simple proof of this inequality in the present context uses the fact that the spectrum
is discrete and only consists of eigenvalues. Hence, writing Sp(As) = {z;,j7 € N}
and denoting by %; a normalized eigenfunction of Ag associated to z;, we have
[(z1d 7AS)71HL(H) > ||(z1d 7AS)711/JJ||L(H) = [z Zj)il?’ijﬁ(H) = |z =z,
and the result follows from taking the supremum in j € N. Hence, we have for
A> A2,

dist (i, Sp(As)) > [|(iATd —As) ||y = (KG(VA)? -
which, together with the localization of the spectrum in Lemma 2.3, proves the second
point.
For the last point, Lemma 2.3 ensures that A — [|(iAId —Ag) ™| £z is a well-
defined continuous function on R, which is bounded by ﬁ for A < 0. On the interval
(—00, AZ], it is therefore bounded by a constant Cy < Cocy >G(y/ |)\|)2. This gives the

expected estimates for all A € R with another K = max (K, 00062).
Again, (2.13) proves the spectral gap near the imaginary axis. O

As a consequence, we deduce the following decay.

THEOREM 2.5. Let \g > 1, G: Ry — Ry be a nondecreasing function such that
G(0) > 0, and assume (1.17) and (1.19). Then, for all j € N*, there are Cj,T; > 0
such that for all ug € D(A%) and associated solution u of (1.15),

C.
lu(@)lly < #

Mlog (@)
where Miog is defined as in (1.21) with M(\) = G(ﬁ)%

Again, Mj, in the result can be replaced by M if it is polynomial at infinity,
according to [9, Theorem 2.4].

A]éuOHH for all t > Ty,

Proof. This is a direct corollary of Theorem 2.4, and Theorem 1.13 applied to the
operator B = Ag in the Hilbert space X = H. We have also used the fact that if M
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is a positive nondecreasing function, K > 0, and N = KM, then Nj,z < Mo if K <1
and N < K (1 + %) Miog if K > 1. Changing M into KM in Theorem 1.13
thus only changes the values of the constants C; in the result. O

We may now conclude the proofs of Theorems 1.5 and 1.6.

Proofs of Theorems 1.5 and 1.6. Corollary 1.12 implies that (1.19) is true with

G(p) = Cer". Then, Theorem 2.4 implies Theorem 1.6. Indeed, taking into ac-
count (1.17), we then obtain that the resolvent is bounded on the positive imaginary
axis by a constant times M()\) = G(\ﬂ)2 = Ce2"™\* (after having changed the
constants slightly).

Finally, we obtain

+\k/2

Miog(A) = Ce2v ™A (log (1+ CeQ’ﬁkkm) + log(1 + )\)) < Ce?

after having changed the constants slightly), and thus ML (¢) > clog(t)?/* for large
log
t. Theorem 2.5 implies Theorem 1.5. ]

2.4. Damped wave-type equations: Semigroup setting and end of the
proofs. We now turn estimate (2.8) in Proposition 2.2 into a resolvent estimate for
the generator of the damped wave group, and then into an energy decay for (1.14).
We equip ‘H = H; x H with the norm

1
(w0, ua) |3, = (A +1d)2uolF + llua i,
and define the seminorm
1
(w0, un) 3 = [1AZuoll3 + [lua[IZ-

Of course, if A is coercive on H, | - |y is a norm on H equivalent to || - ||z. We define
the energy of solutions of (1.14) by

1, 1 1
E(u(t)) = 5 (IA%ullf; + 10ul7r) = 51w, 0l

2
The damped wave equation (1.14) can be recast on H as a first order system
8tU = .AU, . o u
{ Uli=o = *(uo,u1), with U= ( Oru )7

0 Id

and A= ( A _BB*

) . D(A) = D(A) x H.

The compact embeddings D(A) — H; — H imply that D(A) — H compactly,
and that the operator A has a compact resolvent. First, spectral properties of A
are described in the following lemma borrowed from [32, 2]. We define the following
quadratic family of operators:

(2.14) P(z) = A+ 2*1d+2BB*, 2€C, D(P(z)) = D(A).

LEMMA 2.6 (Lemma 4.2 of [2]). The spectrum of A contains only isolated eigen-
values, and, provided (1.17) is satisfied, we have

1 * - * .
Sp(4) (( 5B 27, 0) m@) O (1B 21,01 + 07)
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with ker(A) = ker(A) x {0}. Moreover, the operator P(z) in (2.14) is an isomorphism
from D(A) onto H if and only if z ¢ Sp(A).

This lemma leads us to introduce the spectral projector of A onto the spectral
subspace of A associated to the eigenvalue 0, namely,

1
My = — [ (21d—A)"'dz € L(H),
2im J,
where v denotes a positively oriented circle centered on 0 with a radius so small that
Sp(A) Ny =0 and 0 is the single eigenvalue of A in the interior of . The projector
Iy and ker(.A) are linked by the following classical lemma.

LEMMA 2.7. Under the assumptions of Lemma 2.6, we have
range(Ily) = ker(A) = ker(A4) x {0}.

Proof. We only need to check that there is no generalized eigenfunction (equiv-
alently, no Jordan block) associated to the eigenvalue 0. Given {eq, ..., e} a basis
of ker(A), and setting 1); = (e;,0), we see that the set {¢o,...,1;} forms a basis of
ker(A) according to Lemma 2.6. Assuming ker(A) C range(Ilp) implies that there is a
generalized eigenfunction ¢ = (ug,u1) € D(A) and j € {0,...,k} such that A¢p = ;.
Recalling the form of A, this is equivalent to u; = e; and —Aug — BB*u; = 0. Taking
the inner product in H of this with u; = e;, we see that this implies

0= —(uo, Aej)ir = —(Auo, ¢j) i = (BB"ej, ¢;)m = ||Be3-
We obtain a contradiction with (1.17) since e; # 0. This proves the lemma. |

We set # = (Id —IIy)H and equip this space with the norm
1
(w0, un) |17, = |(uo, w3, = A2 uol|Fr + |||

and associated inner product. This is indeed a norm on H since ||(uo, uy)|ly; = 0 is
equivalent to (ug,u1) € ker(A) x {0} = oM. In addition, we set A = A|, with

domain D(A) = D(A)NH. Note that Sp(A) = Sp(A) \ {0} and thus Sp(A) NiR = 0.
LEMMA 2.8 (Lemma 4.3 of [2]).  The operator A generates a contraction C°-
semigroup on 7—2, denoted (etA)tZO. Moreover, the operator A generates a bounded

CO-semigroup on H, denoted (etA)tZO, and the unique solution to (1.14) is given by
(u, Opu)(t) = e (ug,u1). Finally, we have

(2.15) et = e A(Id —IIg) + Iy for all t > 0.

Once we have put the abstract damped wave equation (1.14) in the appropriate
semigroup setting, it remains to )
1. deduce from (1.18) and (1.19) a resolvent estimate for A,

tA

2. relate this resolvent estimate to a decay estimate for e**, and

3. deduce the decay of the energy for (1.14).
Step 1 is achieved thanks to the following result from [2].

LEMMA 2.9 (Lemma 4.6 of [2]). There exist C > 1 such that for s € R, |s| > 1,

(2.16)
C

1y i C , _ : i
C1|(is1d —A) 1H£(7'{) - m < |l(isld—A) 1||£(H) < C|(is1d —A) 1”,&(7—'[) + m,

(2.17) Csl|P(is) Ml ey < l(EsId—A) iz < C (L+IslIP@is) o)) -
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As a corollary of this together with Proposition 2.2, we deduce the following
result.

THEOREM 2.10. Let G : Ry — Ry be such that G(u) > ¢o > 0 on Ry, Ag > 1,
and assume (1.19). Then there exists K > 1 such that
16N —A) |20y < KNG(IA)? - for all X € R,[A] > Ao,
(s 1d—A) "y < KINGUN)?  for all X € R, A = X,

Sp(A) NTg =0, Sp(A) NT¢ =0,

where

P = {2 € C.1m(e) 2 2 Re) 2 ~ gy -

Finally, assuming further (1.17), there exists another constant K > K such that
I(isTd —A) M|z ) < K (A G(IA)?  for all X € R,
Sp(A)NTg=0,  Sp(A)NTg= {0},

where

~ 1
I‘G:{ZG(C,Re(z)>—~ }
K (Im(2)) G(| Im(z)[)?
Proof of Theorem 2.10. The first two points are corollaries of (2.8) in Proposi-
tion 2.2 combined with Lemma 2.9.

The last point comes from Sp(A) = Sp(A)\{0}, together with the general fact that
_ A1 >_ 1 ;

H(z Id —A) HL(H) 2 T So ) (see (2.13) in the proof of Theorem 2.4). Hence, we
have for A € R, |A| > Ao,

dist(iX, Sp(A)) = H(md—A)*H:H) > (KING(IA)?)

which, together with the localization of the spectrum in Lemma 2.6, proves the state-
ment about the region free of spectrum. The proof concerning the compact zone
follows the same way as in the proof of Theorem 2.4, using the fact that, as already

noted Sp(A) NiR = 0. 0
Step 2 is achieved as a consequence of Theorem 1.13 applied to the operator
B = A in the Hilbert space X = H.

Finally, step 3 is a consequence of the following elementary Lemma 2.11, linking
the energy of solutions to the abstract damped wave equation (1.14) to the norm of
the semigroup (etA)t>O.

LEMMA 2.11. For all j € N*, Uy € D(A?) such that IlyUy # Uy, and associated
solution u of (1.14), we have

B(u(t) _ |43, _ e400]3,
A3, ATl (AT,

2 . where Uy = (Id —IIp) Up.
H

In particular, setting f;(t) = HetAA_j

_ for j € N*, we have for all Uy € D(A?)
L(H)

and associated solution u of (1.14),

B(u(t) < 3 FOP AT, for all £ > 0.
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Proof. This is essentially [2, Lemma 4.4]. Recalling that AUy = AUy, we have

1 1
(1A= u(®)[l7 + 10:u®)17) = 5l U3,

B(ult)) = )

[

N~ N —

P 1 C .
|t AT, 4 Uy |3, = §HetAUO
and

A7 Uo |3, = | A U3,

which yields the first statement. The second follows from the fact that |-|3 <||-||;,. O
As a consequence, we deduce the following decay.

THEOREM 2.12. Let A\g > 1, G: Ry — Ry be a nondecreasing function such that
G(0) > 0, and assume (1.17) and (1.19). Then, for all j € N*, there are C;,T; > 0
such that for all Uy € D(A?) and associated solution u of (1.14),

C. .
7jj HA]UO
Mio (&)
log \ C;
where Mog is defined as in (1.21) with M(X) = (\) G(\)2.

Again, My in the result can be replaced by M if it is polynomial at infinity,
according to [9, Theorem 2.4].

E(u(t))? < for allt > T},

[

Proof. This is a direct corollary of Theorem 2.10, and Theorem 1.13 applied
to X = H and B = A, together with Lemma 2.11 (and a remark in the proof of
Theorem 2.5). ad

We conclude this subsection with the proofs of Theorems 1.3 and 1.4.

Proof of Theorems 1.3 and 1.4. Again, Corollary 1.12 implies the unique contin-
uation property (1.7) (that is, (1.17) in the present context) together with (1.19)
with G(u) = Cet". With this estimate at hand, we see that Theorem 1.3 is

an application of Theorem 2.12 with M(X) = (A)G(\)? < Ce2 ™A (after having
changed the constants slightly), while Theorem 1.4 is implied by Lemma 2.6 and
Theorem 2.10. O

2.5. Damped plate-type equations. The plate equation actually fits into the
“wave-type” framework. Indeed, the abstract plate equation

(2.18) {3t2u + A%u + BB*0u = 0,

(u, Opu)|1=0 = (uo,u1)

is actually a particular case of the abstract equation (1.14) applied with the operator
A? (instead of A) which is still nonnegative self-adjoint with a compact resolvent. In
this case, we define Hy = D(A), equipped with the graph norm ||ul|,, := (A% +
Id)zul|g, and its dual H_, = (H,)' (using H as a pivot space) endowed with the
norm [[u;_, = [|(A% +1d)~ 2 u|| 5.

The natural space is then H = Hy x H with the norm

(o, w3, = (A +1d)Zuo |37 + [l |13
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and the seminorm
|(uo, ur) 3, = | Auollzr + lJua |7

The associated energy is

1 1
Er(u(t) = 5 (1Aully + 1ollfy) = 51, Ol

In order to transfer the properties of 4 to A%, we will only need the following simple
lemma.

LEMMA 2.13. Assume (1.19) is satisfied. Then, we have

(2.19)
vl g < G(\A)( | B*v|ly + AL H(A2 — )\Q)UHH) for allv e D(AQ),)\ > )\%.

Proof. Since A is a nonnegative operator, we have ||(4 + )\Q)wHH > \?||w| g for
all w € D(A). Applying this to w = (A — A\?)v gives

1042 = 390l 2 324 = X2l
This, combined with (1.19), implies
(2.20)
1
oy < GOI(IB el + A =32l ) < GO (1B7vly + 5 42 = 3%l ).

This is the expected result up to changing A into v/A. |

Lemma 2.13 implies that if (1.19) is satisfied, the assumptions of Theorem 2.12
are satisfied for the operator A% with Gp(\) = G(v/A). Moreover, since A is a
nonnegative self-adjoint operator with compact resolvent, the eigenfunctions of A2
are those of A. In particular, if (1.17) is true for A, it is also true for A2. It directly
gives the following result.

THEOREM 2.14. Let G : Ry — Ry be such that G(u) > co > 0 on Ry, Ag > 1,
and assume (1.17) and (1.19). Assume further that G is nondecreasing. Then, for all
j € N*, there are Cj,T; > 0 such that for all Uy € D(A?) and associated solution u
of (2.18),

4%
1)
Mlog (@)
where Miog is defined in (1.21) with M(\) = (A)G(\A)Q.
Proof of Theorem 1.7. Thanks to Corollary 1.12, (1.19) is true with G(p) =

Cp+ 2)6”(“+2)k. Theorem 1.7 is then an application of Theorem 2.14 with M()\) =
(AG(VA)? < Ce? A? (after having changed the constants slightly). d

EP(u(t))% < HA;;UOHH for all t > T},

2.6. Lower bounds: Proof of Proposition 1.8.

Proof of Proposition 1.8. According to [25, Proposition 1.14] (which relies on [6,
section 2.3]), since supp(b) N {x; =0} = 0, there exist C,co > 0 and a sequence
(Aj,¢j) € Ry x C°(M) such that

Loj=Njpj, wilom =0, loilrzim =1,
0>\]§

Aj = 400, l@jllL2supp(ry) < Ce™°
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As a consequence, concerning the damped Schrodinger resolvent, we have

(A5 = 303l 20any = 1G5 = b= M)l pagany = 1085 52 < Bl O™

This implies estimate (1.12) with s; = A;.
Concerning the damped wave resolvent, recalling the definition of P(z) in (2.14),
we write

i

_HL N +ivAb)es |

< VA 1Bl e Ce .

With s; = \//\7-, this implies HP(isj)goj ||L2 < ste*C“S?, and using (2.17) in Lemma 2.9
proves estimate (1.11).

The last part of the proposition follows from (1.11)—(1.12), together with the first
implication in Theorem 1.13 (and, in the case of damped waves, with equivalence
between the resolvents of A and A in (2.16) in Lemma 2.9). d

, = | vasbes|,
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