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OBSERVABILITY OF THE HEAT EQUATION, GEOMETRIC CONSTANTS IN
CONTROL THEORY, AND A CONJECTURE OF LUC MILLER

CAMILLE LAURENT AND MATTHIEU LEAUTAUD

We are concerned with the short-time observability constant of the heat equation from a subdomain w of
a bounded domain M. The constant is of the form e®/7, where & depends only on the geometry of M
and w. Luc Miller (J. Differential Equations 204:1 (2004), 202-226) conjectured that R is (universally)
proportional to the square of the maximal distance from w to a point of M. We show in particular
geometries that & may blow up like [log(r)|?> when w is a ball of radius r, hence disproving the conjecture.
We then prove in the general case the associated upper bound on this blowup. We also show that the
conjecture is true for positive solutions of the heat equation.

The proofs rely on the study of the maximal vanishing rate of (sums of) eigenfunctions. They also yield
lower and upper bounds for other geometric constants appearing as tunneling constants or approximate
control costs.

As an intermediate step in the proofs, we provide a uniform Carleman estimate for Lipschitz metrics.
The latter also implies uniform spectral inequalities and observability estimates for the heat equation in a
bounded class of Lipschitz metrics, which are of independent interest.

1. Introduction and main results 355
2. Preliminaries: links between the different constants 370
3. Construction of maximally vanishing eigenfunctions 378
4. Maximal vanishing rate of sums of eigenfunctions, and observability from small balls 394
5. The observability constant for positive solutions 399
Appendix A. Uniform Lipschitz Carleman estimates 402
Appendix B. Local behavior of vanishing functions 419
Acknowledgements 420
References 420

1. Introduction and main results

We are interested in several constants appearing in the study of eigenfunctions concentration and control
theory, and the links between them. In the whole paper, we are given a connected compact Riemannian
manifold (M, g) with or without boundary dM, we denote by Ag the (negative) Laplace—Beltrami
operator on M. In the case IM # &, we denote by Int(M) the interior of M, so that M = M UInt(M);
see, e.g., [Lee 2013, Chapter 1]. For readability, we first focus in the next section on results concerning
the observability constant for the heat equation.
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1A. The control cost for the heat equation. Here, we study the so-called cost of controllability of the
heat equation. It has been well known since the seminal papers [Lebeau and Robbiano 1995; Fursikov
and Imanuvilov 1996] that for any time 7" > 0, the heat equation is controllable to zero. More precisely,
by duality, the controllability problem is equivalent to the observability problem for solutions of the free
heat equation (see, e.g., [Coron 2007, Section 2.5.2]): for any nonempty open set w and 7" > O, there
exists Cr,, such that we have

T
le™ <u| 7200y < C%’wfo le"2<ul3 5, dt forall T >0and all u € L*(M). (1)

Here, (¢!2¢);-¢ denotes the semigroup generated by the Dirichlet Laplace operator on M (otherwise
explicitly stated). The observability constant Cr,, is then directly related to the cost of the control to
zero and has been the object of several studies.

It has been proved in [Seidman 1984] in one dimension (in the closely related case of a boundary
observation) and in [Fursikov and Imanuvilov 1996] in general (see also [Miller 2010] for obtaining this
result via the Lebeau—Robbiano method) that the cost in small time blows up at most exponentially:

w#@ = thereare C, R > 0such that Cr,, < Ce% forall 7 > 0. )

Giiichal [1985] in one dimension and Miller [2004a] in the general case proved that exponential blowup
indeed occurs:

®#M = thereisc > 0 such that Cr, > ceT forall T > 0.
This suggests defining
Rheat(w) = inf{R > 0 : there exists C > 0 such that (1) holds with Cr,, = Ce%}, 3)

which, according to the above-mentioned results satisfies Rpeac(@w) < 00 as soon as @ # & and Rpear(w) >0
as soon as @ 7 M. This constant depends only on the geometry of the manifold (M, g) and the subset w.
It is expected to contain geometric features of short-time heat propagation and has thus received a lot of
attention in the past fifteen years [Miller 2004a; 2004b; 2006b; 2010; Tenenbaum and Tucsnak 2007;
2011; Ervedoza and Zuazua 2011b; Bardos and Phung 2017; Dardé and Ervedoza 2019; Egidi and Veseli¢
2018; Naki¢ et al. 2018; Phung 2018].

In this direction, the result of [Miller 2004a] is actually more precise and provides a geometric lower
bound: for all (M, g), w, we have

ﬁheat(a)) > %‘C(M’ a))Z’

where, for E C M, we write

LM, E) = sup distg(x, E). 4)
XEM

The proof relies on heat kernel estimates. Luc Miller [2004a; 2006a] also proved that in the case w
satisfies the geometric control condition in (M, g) (see [Bardos et al. 1992]) we have

Rheat(w) < Ol*LZ),
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where L, is the maximal length of a “ray of geometric optics” (i.e., geodesic curve in the case IM = @)
not intersecting w, and a4« < 2 is an absolute constant (independent of the geometry). Based on these
results and the idea that the heat kernel provides the most concentrated solutions of the heat equation, he
formulated the following conjecture [Miller 2004a, Section 2.1; 2006b, Section 3.1].

Conjecture 1.1 (Luc Miller). For all (M, g) and o C M such that ® # M, we have fpea(w) =
1, 2
1 (M, a)) .

Note that it has been proved in [Lissy 2015] that, in the related context of the one-dimensional heat
equation with a boundary observation, the factor % might not be correct (and should be replaced by %,
see Section 1D below). Our first result disproves Conjecture 1.1 in a stronger sense.

Theorem 1.2 (counterexamples). Assume (M, g) is one of the following:

(1) M =S" CR*""! and g is the canonical metric (see Section 3A).

(2) M =8 C R3 is a surface of revolution diffeomorphic to the sphere S, and g is the metric induced
by the Euclidean metric on R (with additional nondegeneracy conditions, see Section 3B).

B) M=D={(x1,x2) € R2 :x% +x§ <1}cC R2 is the unit disk, g is the Euclidean metric and Dirichlet
conditions are taken on 0 M (see Section 3C).

Then, for any C > 0, there exists @ C M so that fpeat(@) > C LM, 0)? and Kpeat(@) > C.
More precisely, assume that x is either

(1) any point in S",
(2) one of the two points that intersect the axis of revolution of S C R3,
(3) the center of D.

Then, there exists C > 0 and ro > 0 so that we have

Rheat(Bg (x0.7)) > C|log(r)|? )

forany 0 <r <ro.

Here, By (xo, r) denotes the geodesic ball of M centered at xo of radius r. The results we obtain are
slightly more precise. In particular, the constant C is an explicit geometric constant. The lower bounds
are related to an appropriate Agmon distance associated to the problem. We refer to Corollary 1.10 below
for more precise estimates.

Note also that this blowup of Rpheat(B(xg, 7)) for small r does not always happen and is due here to a
particular (de-)concentration phenomenon. For instance on M = T1, the set w = B(x¢, r) always satisfies
the geometric control condition for any time 7" > 1 —2r. Abstract results (see (15) below for more details)
give Rpeat(B(x0, 7)) < ax <2 for any r > 0 and blowup does not occur.

Our next result shows that the blowup given by (5) is actually optimal as far as the asymptotics of Rpeat
for small balls is concerned. We prove the following observability result from small balls (closely related
to previous results of [Jerison and Lebeau 1999], see Section 1C2 below).
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Theorem 1.3. For all xg € M, there exist C > 0 such that for all r > 0 we have
ﬁheat(B(xO, r)) = C| 10g(l’)|2 +C.

Note that in [Bardos and Phung 2017; Phung 2018] it was recently proved independently that
Bheat(B(x0,7)) < Ce/r€ + C¢ for all € > 0 in the case M C R” is star-shaped with respect to xg.

These results seem to suggest that £(M, w) is not the only appropriate parameter needed for estimating
Rheat(w). There are indeed some solutions of the heat equation concentrating more than the heat kernel
for small times. Our last result concerning the heat equation goes actually in the opposite direction. It
provides a large class of solutions of the heat equation, namely positive solutions, that do not concentrate
more than the heat kernel, thus proving Conjecture 1.1 when restricted to this class of solutions. Recall
that £L(M, E) is defined in (4).

Theorem 1.4. Assume that (M, g) has geodesically convex boundary M. Then, for any nonempty open
set w C M and zg € M, for any € > 0 there exist C, D > 0 so that for any 0 < T < D we have

T
C U+9(EWM.z9)+6)? /T
2T

C arocwmmte? [T
DIz = ¢ 7 /Ollu(t,-)lliz(w)dt, ©)

2 2
()22 < 7€ u(t. z0) di )

0

for all ug € L?(M) such that ug > 0 a.e. on M and associated solution u to
(0: —Ag)u=0 on R x Int(M), Ult=0 =ug in Int(M), hu=0 onRT xIM.

Theorem 1.4 follows from classical Li—Yau estimates [1986]. Notice that here, Neumann boundary
conditions are taken (v denotes a unit vector field normal to d M), and an additional geometric assumption
is made (convexity of dM). The result still holds without the convexity assumption up to replacing
(1 4 €) in the exponent by a geometric constant; see Remark 5.2. We also recall that for nonnegative
initial data ug > 0, the solution of the heat equation remains nonnegative for all times. Of course,
the counterexamples of Theorem 1.2 prevent these estimates from holding in general. Estimate (7) is
particularly surprising (even without considering the value of the constants) and of course only true for
positive solutions (otherwise just taking zo in a nodal set of an eigenfunction of Ag invalidates (7)).
Finally, let us mention that the constants C and D are explicitly estimated by geometric quantities (see
Remark 5.4).

Let us now put these results in a broader context, and introduce several related geometric constants
appearing in tunneling estimates and control theory.

1B. Tunneling constants in control theory, and their links. The lower bounds of Theorem 1.2 are
proved using very particular solutions to the heat equation arising from eigenfunctions (exhibiting a very
strong concentration far from xg as well as a strong deconcentration near xg). It is therefore natural to
study related constants measuring such (de-)concentration properties. In this section, we introduce all
geometric constants studied in the paper and collect known links between them.
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We first introduce spectral subspaces of the Laplace operator Ag (with Dirichlet boundary conditions
if 9M # @), which are at the core of most results presented here. Namely, for A € Sp(—A), the space

Ej :=span{yr € L2 (M) : —=Agy = Ay}
denotes the eigenspace associated to the eigenvalue A and, for all A > 0,
Eoy:=span{Ey; 1 A; € Sp(—Ag), Aj <A}

denotes the space of linear combinations of eigenfunctions associated to eigenvalues < A.
Let us now introduce the constants studied in the article, other than that involved in (1)—(2). For any
nonempty open subset @ C M, we recall the following results:

¢ Vanishing of eigenfunctions [Donnelly and Fefferman 1988; Lebeau and Robbiano 1995]: there exist
C, R such that we have

1l 22000 < Ce™Y [l 12 forall 2 € Sp(—Ag) and ¥ € Ej. (8)

¢ Vanishing of sums of eigenfunctions (so-called Lebeau—Robbiano spectral inequality) [Lebeau and
Robbiano 1995; Jerison and Lebeau 1999; Lebeau and Zuazua 1998]: there exist C, & such that we have

lull L2y < Ceﬁ‘/xIIMIILz(w) forall A >0andallu € E_,. 9)

¢ Infinite-time observability of the heat equation [Fursikov and Imanuvilov 1996]: there exist C, & such
that we have

_28
/R+ et ||etAgu||]%2(M) dt < C/R+ ||etAgu||%2(w) dt forall u € L2(M). (10)

¢ Approximate observability for the wave equation [Laurent and Léautaud 2019]:

(07 —Agu=0. ulo,r)xam =0. (. 9:u)|r=0 = (uo.u1). (11
For all T > 2L(M, w), there exist C, K, ;o > 0 such that we have

1

lGeo. uD) | L2 vyt vy < Ce™ lull L2 0.7y xw) + ﬁll(uo’ Ul g (vyxLzov

for all > o and all (ug,u;) € HO1 (M) x L2(M), and u a solution to (11). (12)

Recall the definition of £L(M, w) in (4). Note that this last estimate is equivalent to (see [Laurent and
Léautaud 2019] or Corollary 2.2 below)

1Ge0s D 71 (wiyx 22 ()

Uo, U <C’ KA u , =
160, 4D g (vyx2any = € €7 lullL2(0,1xw) (o, u D L2(ryx -1 (M)

for all (ug,u1) € HO1 (M) x L2(M), and u a solution to (11). (13)
Note that in [Laurent and Léautaud 2019], the observation term in the right-hand side of these

inequalities is [|u||z2(0,1; 1 (w)) inStead of [[u | 12(0,7)xw)- That the stronger inequalities above hold is
proved in [Laurent and Léautaud 2017, Section 5.3]; see also [Laurent and Léautaud > 2021].
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In all these inequalities, we are interested in the “best constant £ such that the estimate holds for
some C. More precisely, we are interested in the way it depends on the geometry of (M, g) and w (and,
in the case of (12), the time 7'). Let us first formulate the precise definitions of these constants. These are
the analogues to that of Rpeq(w) given in (3).

Definition 1.5. Given w C M an open set, we define Rejg(@), Rz (@), Roo(®), Ryave(w, T') to be the
best exponents in the above estimates (8)—(12), namely,

Reig(w) = inf{R > 0 : there exists C > 0 such that (8) holds},
Ry (w) = inf{K > 0 : there exists C > 0 such that (9) holds},
Roo(w) = inf{R > 0 : there exists C > 0 such that (10) holds},

Rwave (@, T) = inf{R > 0 : there exist C > 0, po > 0 such that (12) holds}
= inf{&’ > 0 : there exists C’ > 0 such that (13) holds}. (14)

A proof of the equality in (14) is given in Corollary 2.2 below. Note that we may write Ryaye(w,T)=—+00
if T <2L(M, w) since (12)—(13) are known not to hold; see the discussion in [Laurent and Léautaud
2019]. However, Ryave(w, T) < 400 as soon as T > 2L(M, w), by virtue of (12)—(13).

Let us now collect some known facts concerning these constants, in addition to the already-discussed
bound Rpear(w) > %E(M, w)? [Miller 2004a]. A first trivial (but useful) fact is that Reig(w) < Rz(w).
The following properties can also be found in the literature:

(1) For all (M, g), @ such that @ # M, we have Rx(w) > %[Z(M, w); see [Miller 2010, Theorem 5.3]
(that Ry (w) > 0 had already been proved in [Jerison and Lebeau 1999]).

(2) Roo(®) < Rheat(w) [Miller 2006b, Theorem 1].
(3) For all (M, g), w, we have Koo(w) > %dl (w)?, with

d1(w) = sup{r > 0 : there exists x € M such that B(x,r) C M\ @};

see [Fernandez-Cara and Zuazua 2000; Zuazua 2001, Section 4.1].
(4) Assume o satisfies the geometric control condition in (M, g) and denote by L, the maximal length
of a ray of geodesic optics not intersecting @. Then, we have

Rhear(@) < sl (15)
with ayx = 2(%)2; see [Miller 2004a; 2006a] (improved to oy = % in [Tenenbaum and Tucsnak 2007]
and to 0.6966 in [Dardé and Ervedoza 2019]).

(5) Assume w satisfies the geometric control condition in (M, g) and denote by L, the maximal length
of a ray of geometric optics not intersecting . Then, we have Koo (@) < %LCZU; see [Ervedoza and
Zuazua 2011b, Theorem 1.1].

(6) Rheat(®) < 485 (w)?; see [Miller 2010, Corollary 1 and Section 2.4] (see also [Seidman 2008] for a
proof of fhear(@) < 8Rx(w)?).
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(7) If (w, T) satisfy the geometric control condition [Bardos et al. 1992], then Ryave (@, T') = 0 (more pre-
cisely, (12)—(13) hold with & = & = 0). Conversely, if (M, g) is real-analytic and (@, T') does not satisfy
the geometric control condition (for a ray that only intersects dM transversally), then Ryave (w, T) > 0;
see [Lebeau 1992a].

Notice that in all these statements, the constants Rpeyr and Koo (heat equation) are homogeneous to a
square of a distance (as for the heat kernel), whereas the other ones are homogeneous to a distance (as for
the wave kernel).

Note also that every comparison statement above follows, in the associated reference, from a proper
inequality (the above statements being only weak forms of those).

Also notice that the converse inequality Rx(w)? < C fhear(w) for a universal constant C does not
seem to hold in general. For instance, in the related situation of boundary control on an interval (0, 1)
(see Section 1D), Rpeat({0}) is finite, while a dimensional analysis shows that no spectral inequality holds
true; i.e., Rz ({0}) is infinite.

We first complete the above list of comparison results by the following proposition.

Proposition 1.6 (other links between the constants). We have
%ﬁeig(a))2 < Hheat(®), %-ﬁeig(w)2 < Roo(w).
Also for all T > 0, we have feig(®) < Rwave(®, T).

Note that the last statement is empty if 7 < 2£(M, w), since (12)—(13) are known not to hold (see
the discussion in [Laurent and Léautaud 2019]), but is nonempty if we have Kyave(w, T') < 00, that is, if
T > 2L(M, w) by virtue of (12)—(13).

Hence, in order to produce lower bounds for K5 (w), Kheat (@), Roo (@), Rwave (@, T'), we shall produce
lower bounds for feig(w), i.e., construct sequences of eigenfunctions having a maximal vanishing rate
on w. Note also that, summarizing the inequalities so far, we have

1 Reig(0)? < Roo(®) < Rhea(®) < 485(0)2, (16)

so that the understanding of concentration properties for eigenfunctions and sums of eigenfunctions
essentially contains those of the heat equation. Therefore, our main focus in the following is to produce

» maximally vanishing eigenfunctions in particular geometries to yield a lower bound for Rejg,
¢ a uniform Lebeau—Robbiano spectral inequality on small balls to yield an upper bound for K5.

Note that reducing our attention to R in the search for lower bounds is already very restrictive!
Indeed, as soon as the Schrédinger equation on (M, g) is observable from w in finite time (in particular
if w satisfies the geometric control condition, see [Bardos et al. 1992; Lebeau 1992b]), then Rejg(w) =0
(more precisely, (8) holds with & = 0).

Before starting to state these lower/upper bounds, let us give a link between Rpear(w) and KRyave (@, T),
a consequence of a result of [Ervedoza and Zuazua 2011a] (weak observability with exponential cost for
the wave equation implies observability of the heat equation).
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Proposition 1.7. There exist universal constants oy, oy > 0 so that for any S > 0, we have
2 2
Rheat(®) < @15* + a2 Ryave(@, )~

The proof of this result in Section 2C is a little more precise about this estimate. In particular, several
values of (¢, ) can be deduced from it. The value of o is thought to be related to the cost of the
boundary control of the one-dimensional heat equation. Note that, as in (16), this yields

%ﬁeig(a))2 < Roo(®) < Khear(®) < 06152 + o2 Ryave (@, S)2 for all § > 0.

However, this upper bound seems for the moment less useful than that of (16), since the proof of (12)—(13)
in [Laurent and Léautaud 2019] is more technically involved than that of (9) in [Lebeau and Robbiano
1995; Jerison and Lebeau 1999; Lebeau and Zuazua 1998]. The computation of Kyave(w, S) seems thus
more intricate than that of Ry (w).

1C. Main results.

1C1. Constructing maximally vanishing eigenfunctions: lower bounds for f.jg. In this section, we provide
lower bounds for ;e in three different geometries. This then proves Theorem 1.2 as a direct corollary of
Proposition 1.6.

The sphere. We first state the results we obtain on the two-dimensional sphere S2, since they are
particularly simple. The higher-dimensional case S” is completely similar. The sphere S? is parametrized
by (s,0) € (0,7) x S1. We denote by N the north pole described by s = 0 and by S the south pole
described by s = m, and remark that s is the geodesic distance to the point N.

Theorem 1.8. For k € N, the function

) k1/4 1
_ . k ,ik0 — -
Y (s, 0) = cg sin(s)“e' ™7, ck—21/2”3/4(1—|—0(k)) as k — +o0
satisfies
—AgVk =k(k+D¥x onS* YreC®(S?), [Vrlr2s2 =1,
|V (s, 0)| = ¢k sin(s)k < cps® forse0,x], keN,

20 i () 2k+2 2

5 _ Cjmosin(r) tan(r) -
HWk”LZ(B(N,r)) T k1 cos(r) (1+R), |R| < 2k 12 Jorre [0, j), k eN.

This result is a much more explicit, more precise (and simpler to prove) version of the general results
we obtain on surfaces of revolution. We turn to the general case and shall explain at the end of the section
the links with Theorem 1.8.

Surfaces of revolutions. The precise description of the geometry of the surfaces we consider is given in
Section 3B and we only give here the features required to state the result. We consider M =S C R3
a smooth compact surface diffeomorphic to the sphere S? We assume moreover that it has revolution
invariance around an axis, that intersects S in two points, the north and the south poles, respectively
N, S € S. These points are the only invariant points of the revolution symmetry. The surface is then
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endowed with the metric g inherited from the Euclidean metric on R3, which itself enjoys the rotation
invariance. Then, we describe (almost all) the surface by two coordinates, namely s = distg (-, N),
the geodesic distance to the north pole and 6, the angle of rotation. The variable s is in (0, L) where
L =distg (N, S). The surface is characterized by the function R(s) associating to s the Euclidean distance
in R3 to the symmetry axis, which, by definition, is rotationally invariant, and satisfies R(0) = 0 = R(L).
This function R is the “profile” of the revolution surface S.

We shall now assume that R reaches at so a global maximum, and introduce the relevant Agmon
distance to the “equator” s = s¢, defined by the eikonal equation

1 1
@0~ (o7~ ) =0 b0 =0, seniiso) =sens—s0). (1)

’ ! ! d 18
.L RG?Z  RGo2 ™| (1%

A more intrinsic definition of d4 is given in Remark 3.3 below (and requires additional notation).

or, more explicitly, for s € (0, L), by

da(s) =

Theorem 1.9. Assume that s — R(s) admits a nondegenerate strict global maximum at so € (0, L).
Then, for all k € N, there exists Y, € C%°(S) and Ay > 0 such that

k2 R//
_ Tk |R"(s0)|
R(50)? R3(s0)
Moreover, there exist C, Cx, Co, ko > 0 such that, forallk e N, k > ko and all 0 <r < s¢9, we have the
estimate

1
Ak + O0(k2), |Vil2sy =1 —DBg¥k = AxVk.

”‘/fk”LZ(B(N,r)) < C)ngoe—dA(r)(R(SO) Ak—c*)‘

Note that one can choose any Cy > % VI R"(50)| R(sp) in this result. This statement has to be completed
by the asymptotic behavior of d4 (proved in Lemma 3.8) when s — 0, namely

da(s) = —log(s)+ O(1) ass— 0. (19)

That is to say that the equator and the poles are infinitely distant to each other for the Agmon distance d4
(as opposed to the geodesic distance distg). Note that at first order, d4 does not depend on the geometry
of the surface S close to the north pole N (s = 0). A similar statement holds close to the south pole S
(s =1L).

This, together with Definition 1.5 and Proposition 1.6, yields the following direct corollary.

Corollary 1.10. Under the assumptions of Theorem 1.9, for all 0 <r < sg, we have the estimate
Reig(Bg (N, 1)) = da(r)R(s0).
This yields also

Re(Bg (N, 1)) = da(r)R(so). Rwave(Bg (N, 1), T) = da(r)R(so) foranyT >0,
Roo(Bg (N, 1)) = (da(r)R(50))?, Fheat(Bg (N, 7)) = 1(da(r)R(s0))>.
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Note also that Theorem 1.9, combined with the explicit asymptotic expansion (19) of the Agmon
distance d4 implies the following result.

Corollary 1.11 (rate of vanishing). With (Ag, Vi) as in Theorem 1.9, there exist C, Cy, Co, kg > 0 such
that, forallk e N, k > ko and all r > 0, we have

||Wk||L2(B(N’r)) < Cecer(So) Ak—C*’

and, in any local chart centered at N, we have 3* Y. (N) = 0 for all |oe| < R(s0)vVAx — Cx — 3.

As on the sphere, these eigenfunctions saturate the maximal vanishing rate predicted by the Donnelly—
Fefferman theorem [1988].
Note that in these estimates, R(s9)v Ar ~ k does not depend on the geometry.

The proofs rely on classical semiclassical decay estimates for eigenfunctions [Simon 1983; Helffer
and Sjostrand 1984]. We refer to the monographs [Helffer 1988; Dimassi and Sjostrand 1999] for the
historical background and more references. An additional difficulty here is linked to the degeneracy of
the function R close to the north and south poles.

Note also that, to our knowledge, the idea of constructing such examples on surfaces of revolution is
due to Lebeau [1996] and Allibert [1998].

The disk. Recall that D = {(x, y) € R? : x2 + y? < 1}. Our results on the disk are quite similar to the
previous results on revolution surfaces. They are proved in Section 3C. Note the construction is more
explicit there since it involves Bessel functions. As in the above example, the concentration is related to
an Agmon distance to the maximum of the radius r, which corresponds to the boundary dD here.

Theorem 1.12 (whispering galleries on the disk). Define, for r € (0, 1],
ds(r) = —(tanh(a(r)) —a(r)), witho(r) = cosh™! (%) (20)

Then, for all k € N, there exists Y, € C°°(D) N HO1 (D) and Ay > 0 such that

4
M =k>+0(k3), Wilrze) =1 —Ag¥r = Ax.

Moreover, there exist C, B, ko > 0 such that for all k > kg and 0 <r <1— ’3%:1/3, we have

1 1
1Yk Lo B(0,r)) < exp(—=(V A —CAg)da(r) + CAp).

That d4 indeed represents an Agmon distance in the present context is justified in the next paragraph.
Note that d4 still satisfies dq(r) ~,_ o+ log(%) here, so that the analogues of Corollaries 1.10 and 1.11
still hold in this setting.

Remarks on the Agmon distance. In this paragraph we now compare the three geometries discussed above.
In particular, we stress the fact that the results obtained on the sphere are refinements of those on general
surfaces of revolution, and explain the similarities in the case of the disk.
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Remark 1.13 (Agmon distance on the sphere). Note that the coordinates (s, ) introduced on the unit
sphere are the same as those defining general surfaces of revolution, with L = 7, s € (0, ), R(s) = sin(s)
and the maximum of R is reached at so = 7. In particular, recalling the definition of the Agmon distance
in (18), we obtain, for s € (0, ),

da(s) =

‘ ‘ / cos(y) dy‘ = Jlog(sin(s))]-

R(y)2 R(S0)2 @ ’ sin(y)

sm(y)2
This can be rewritten intrinsically as
d4(m) = —log(sin(distg (m, N))), meS* (recall distg(m, N) + distg (m, S) = ).

In view of this identity for the sphere, the estimates on the eigenfunctions ¥ of Theorem 1.8 can be
reformulated as (A = k(k + 1))

[V (s, 0)| = cre %41 fors [0, 7], k €N,

cpm e~ (GkFDda(r) tan(r)2

2 —
HWk”LZ(B(N,r)) % +1 cos(r) (1+R), |R| < 2k +

forre[ )kEN

These two statements (pointwise estimate and fine asymptotics of the L2—n0rm) are much more precise
than those of Theorem 1.9 on general surfaces of revolution.

Note that one can put the disk in a general setting of surfaces of revolution with boundary. In this
context, one can give a proof of (a slightly weaker version of) Theorem 1.12 following that of Theorem 1.9
(and only relying on Agmon estimates); see [Laurent and Léautaud 2021]. As opposed to the proof of
Theorem 1.12, the latter proof does not make use of the explicit knowledge of eigenfunctions on the disk
and properties of Bessel functions.

Remark 1.14 (Agmon distance in the disk). Recalling the definition of d4 in (20), we have

1 1
a'(r) = - ———,
r2J1/rr -1
so that
(dy(r)* =d(r) S — 12 L1 (r2 —1)? Lol and da(1) =0
r = r — = — re — = — — =
4 * cosh? (a(r)) rz21—r2 r2 4

As a consequence, d4 is exactly the Agmon distance to the boundary r = 1, and we have

1
dy(r)=— r_z_l’ r € (0,1].

Note again that dq(r) ~,_o+ log(%) and, in particular, the center of the disk is at infinite Agmon distance
to the boundary: d4(0) =

1C2. Uniform Lebeau—Robbiano spectral inequalities: upper bounds for Kyx.The counterpart of
Corollary 1.11 is due to [Donnelly and Fefferman 1988] and roughly states that eigenfunctions vanish at
most like 7€ YA+C on balls of radius r (A is the eigenvalue). It has been generalized in some sense to
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sums of eigenfunctions in [Jerison and Lebeau 1999]. We prove here a variant of this result under the
form of a uniform Lebeau—Robbiano spectral inequality with observation on small balls.

Theorem 1.15 (uniform Lebeau—Robbiano spectral inequality with observation on small balls). Let
(M, g) be a compact Riemannian manifold with (or without) boundary oM. For all xo € M, there exist
constants C1, Ca > 0 such that for allr >0, A > 0 and € E<) we have

e(Cl «/X+C2)(1+log (%)) ” ‘/f ||L2(B(x0

IVilL2m = r)-

Note that a careful inspection of the proofs (of all Carleman estimates used, that are stable by small
perturbations) shows that the constants Cy, C; can actually be taken independent of the point xo. Note that
we prove the result in the case of Neumann boundary conditions as well. This uniform Lebeau—Robbiano
spectral inequality directly implies Theorem 1.3 using [Miller 2010, Corollary 1] (recalled in Lemma 2.6
below).

One of the tools we develop for the proof of Theorem 1.3 also yields a uniform Lebeau—Robbiano
inequality in a class of Lipschitz metrics. Even though it is not completely related to the main results of
the paper, we choose to state it here since we believe it is of independent interest.

On the manifold M, we denote here by g a metric and (/\5.I )jen the spectrum of the associated Laplace—
Beltrami operator —Ay (with Dirichlet boundary condition if M # &) and by (W,%j )jen an associated
Hilbert basis of eigenfunctions, in order to stress the dependence with respect to the metric. We also write

Ei)L = span{zﬂij : )L]g. <A},
which of course depends on the metric g. Now, given a reference Lipschitz metric go, we define
I'e, p (M, go) = {g Lipschitz continuous metric on M : [|g|ly1.co(rp) < D, €go < g < Dgo}.

Theorem 1.16 (uniform Lebeau—Robbiano spectral inequality in a class of metrics). Let M be a compact
Riemannian manifold with (or without) boundary dM, go be a Lipschitz continuous Riemannian metric
on M, and w C M a nonempty open set. Then, for all D > € > 0, there exist constants C,c > 0 such
that for allg € T'e, p(M, go), A >0and w € Ei,v we have

lwll 220 < Ce VA w120 @1)

Note that the above estimate is valid whatever the choice of L2-norm (i.e., with respect to g or go)
since all these norms are uniformly equivalent for metrics g in the class I'¢, p (M, go). This result could
be reformulated by saying that (21) holds for all w € Ugel"e. pMao) E i e

This uniform Lebeau—Robbiano spectral inequality directly implies the following uniform estimate on
the cost of the heat equation, using [Miller 2010, Corollary 1], recalled in Lemma 2.6 below (in which

the constants are explicitly computed in terms of the constants in the spectral inequality).

Corollary 1.17. Let M be a compact Riemannian manifold with (or without) boundary 0M, go be a
Lipschitz continuous Riemannian metric on M, and w C M be a nonempty open set. Then, for all
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D > € > 0, there exist constants C, & > 0 such that for all g € T'c_ p(M, go) we have

T
28
le™Beul|7 5y < Ce™ /0 le"eul3 5, dt forall T > 0and allu € L*(M).

Note that the proofs of Theorem 1.16 and Corollary 1.17 are completely constructive, and, as such,
provide explicitly computable constants.

1C3. The case of a barrel: upper bounds for Ryave and Rpey. To conclude with the upper bounds on the
constant, we present in this section some applications of results obtained in [Allibert 1998]. In the case
of a “barrel-type surface” with boundary (a geometric setting close to that of the surfaces of revolution
described above), Allibert estimates the attainable space for the controlled wave equation. As corollaries,
we deduce from this result estimates of Ryave and, in view of Proposition 1.7, of Rpeqt.

We first present the geometric context (which is very close to that of surfaces of revolution described
above). In this section, M = S is a surface of revolution of R with boundary, parametrized by the equation

S={(x,y,z)eR3:z€[0,L], x>+ y%> =R(2)},

where R is a strictly positive smooth function on [0, L] that admits at the point zo € (0,L) a unique
local (and therefore global) nondegenerate maximum (i.e., R”(z¢) < 0). Observation takes place at the
boundary, only on the bottom side, that is, I' = {(x, y,0) € R3 : x2 4+ y2 = R(0)}. We may also describe
S by (z,0), with (x, y) = (R(z) cos 8, R(z) sin ).

We refer to Remark 3.4 to explain the link between the two parametrizations of revolution surfaces by
s and z (and in particular, that we may write z = z(s) and R(s) = R(z(s))).

As above, we define the Agmon distance to the point zg, which in this z-parametrization can be written
(note that it is almost the same as (18) but in different coordinates)

z 1 1
/ V14+R2(y) d ‘
zZ0

R(»)?  R(c)?

da(z) =

We also need the following definition of a critical time 77 (see [Allibert 1998] for more details), which,
roughly speaking, represents the smallest period of the geodesic flow, modulo rotation. More precisely,
the principal symbol of the wave operator on R x § is given by

52 772 2

1R20) TR T

p(t,z,0,t,8,n) =

where (7, , 1) denotes the dual variables to (¢, z, ). For any (generalized) bicharacteristic curve y of p,
bouncing on the boundary according to the reflection law { — —¢, we denote by 7'(y) the smallest period
of the function I, (y), where I1; is the projection on the component z.

Then, 77 is defined by

Ty = sup{T (y) : y bicharacteristic curve of p},

and we have T > 2L(M, T') (this critical time is larger than the time of unique continuation from I').
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In this context, we define similarly Rheat(I") and Kyave (I', T) with exactly the same definition as in (2)
and Definition 1.5 with ||| 12([0,7]xe) Teplaced by [|dvu||12(j0,7)xT) in (1) and (12). Note that d,u is in
L2([0, T] x T) for initial data in L? (resp. Hy x L?) for the heat (resp. wave) equation thanks to hidden
regularity. We deduce from [Allibert 1998] the following result.

Theorem 1.18. Under the above geometric assumptions, we have the estimates

Ryae(T.T) <R(z0)da(T) forall T > Ty, (22)
Fhear(T) < @(T1(T)* + R(20)*da(T)?) (23)

for some universal constant a > 0.

The first estimate (22) follows simply from [Allibert 1998, Théoréme 2] (see Proposition 2.7 below),
which is stated in terms of analytic spaces with respect to the rotation variable 6. Then, (22) implies (23)
thanks to Proposition 1.7. Note that (22) also proves an analogue of Theorem 1.9 in this geometry, so
that in fact

Reig(I') =R(20)da(T") and  RKyave(I', T) = R(z0)dq(I') forall T > T7. (24)

He also proves upper and lower estimates for 7" € (2£(M, I'), T1) (which do not coincide). This other set
of estimates for Ryave(I', T') can also provide other estimates for Rheac(I") using the proof of Theorem 1.18
and Proposition 2.7. Note finally that in [Laurent and Léautaud 2021], using the methods of [Allibert
1998], we also prove that Reig(Bg (N, r)) = d4(r)R(so) in the context of Theorem 1.9 and Corollary 1.10.

1D. Previous results. Except for the bounds (24) (and that of Rj; in [Laurent and Léautaud 2021])
following from Allibert’s result and the computation of K. ({0}) on M = [0, L] in [Fattorini and Russell
1971], we are not aware of other situations in which the constants described in the previous paragraph
are known exactly. We collect in this section previous results on the constants fpeyr and Ryaye, Which
received a lot of attention in the past fifteen years.

Parabolic equations in one dimension. The most-studied case concerns the constant Kpeqt, With observa-
tion/control at the boundary in the one-dimensional case, say M = [—1, 1]. Yet, it seems that the constant
Rheat({—1, 1}) is still unknown. Note that the latter has a particular importance since it has applications
to higher dimensions (with geometric conditions) via the transmutation method of Luc Miller [2006a].

Here, we list previous results on M = [—1, 1] with Neumann trace observation (Dirichlet control) on
both sides of the interval. Note also that each improvement of the constant was also the occasion of
finding new techniques of proofs:

fhear({—1,1}) < 2(%)2 [Miller 2006a], using the transmutation method.

Rheat({—1,1}) < % [Tenenbaum and Tucsnak 2007], using results of analytic number theory.

Rheat({—1,1}) > % [Lissy 2015], using complex analysis arguments.

Rheat({—1, 1}) <0, 7 [Dardé and Ervedoza 2019], combining Carleman estimates and complex analysis.
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Note that in this setting, the analogue of Conjecture 1.1 would be Rpeat({—1, 1}) = %, which [Lissy 2015]
disproved in this context (by a factor 2). However, this result does not in general prevent the existence of
a universal constant C > 0 so that Rpeq (@) = C L(M, w)2.

As noticed in [Ervedoza and Zuazua 2011b], the result in [Fattorini and Russell 1971] implies that on
the interval (0, L), we have R ({0}) = %LZ (and [Ervedoza and Zuazua 2011b] even prove (10) for the
critical & = 112).

Parabolic equations in higher dimensions. There are many papers concerning the controllability proper-
ties of the heat equation. We only mention those providing estimates on the constants studied in this paper.

The first computable estimates were obtained using the transmutation method to give estimates similar
to (15). We can find several references improving the universal constant involved; see [Miller 2004a;
2006a; Tenenbaum and Tucsnak 2007; Dardé and Ervedoza 2019].

In [Tenenbaum and Tucsnak 2007], the authors prove fx(w*) < 3log((4we)" /|w*|), where M =
(0, )N is a cubic domain and |w*| is the volume of the biggest rectangle included in w. The proof of
this result uses a number-theoretic argument of Turdn concerning families of the complex exponential
(¢! kx )kez (Which can be interpreted as an estimate of Rx (/) for / a subinterval of T). In this particular
flat-torus geometry, we have no idea of what the right constant should be.

In [Bardos and Phung 2017], the authors prove 85 (B(0, r)) < C¢/r€ for all € > 0 in convex geometries.
This has just been extended in [Phung 2018]. Our Theorem 1.3 improves this result. Note also that [Naki¢
et al. 2018] gave results related to this in a periodic setting, tracking uniformity with respect to several
parameters.

In the Euclidean space R” where A is the usual flat Laplacian, spectral estimates like (9) can be inter-
preted as a manifestation of the uncertainty principle. Several results relying on this fact have been recently

stated. We refer for instance to [Egidi and Veseli¢ 2018; Wang et al. 2019] and the references therein.

The wave equation. Lebeau [1992a] proved in the analytic setting a result close to the fact that Ryave (@, T)
is finite for any open set w and in optimal time 7" > 2L(M, w). It was only very recently shown to be
finite by the authors [Laurent and Léautaud 2019] in a general C *° context. We refer the reader to the
introduction of that work for a detailed discussion of the literature on unique continuation for waves, and
estimates like (12)—(13).

Estimates on analytic spaces of controllable data were computed by Allibert in the above-described
examples. We refer to Section 2D for more details about why they have implications on the constant
Rwave (and therefore Rpeqr by Proposition 1.7). In [Allibert 1998], he studied the example of the barrel
as we describe it in Section 1C3. In [Allibert 1999], he studied the example of a cylinder (0, ) x S'.
The results he obtained in that paper imply Ryaye(T, T) < Cs/T 178 where T’ = {0} x S! and T > 27.
Notice finally that the blowup of the observability constant for the wave equation, when the time tends to
the minimal geometric control time, has recently been investigated in [Laurent and Léautaud 2016].

1E. Plan of the paper. The paper is divided in four main parts. In Section 2, we give the links between
the different constants, proving in particular Propositions 1.6 and 1.7. We also interpret the description of
the reachable set as an upper bound on the constant Ryave (@, T).
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In Section 3, we construct the various counterexamples on rotationally invariant geometries, presented
in Section 1C1. This proves in particular Theorem 1.2.

Section 4 is devoted to the proof of the uniform Lebeau—Robbiano inequality on small balls, stated in
Theorem 1.15.

Finally, we prove in Section 5 the observability inequality of Theorem 1.4 concerning positive solutions
of the heat equation.

The paper ends with two appendices; in the first, Appendix A, we prove a uniform Carleman estimate
for bounded families of Lipschitz metrics. Such an estimate is used as an intermediate step in the proof
of Theorem 1.15. The result also yields Theorem 1.16.

Note finally that in the companion paper [Laurent and Léautaud 2021], we apply similar techniques for
the problem of uniform observability/controllability of transport equations in the vanishing viscosity limit.

2. Preliminaries: links between the different constants

2A. Different definitions of Rwave(®, T ). Let us start by proving equality (14). This is a consequence
of the following lemma.

Lemma 2.1. Let (19 > 0, 8 > 0 and assume that A > 0 and X > 0 satisfy

% <X 4+ ﬁ for all > jio. (25)
Then, for all @ > 0, we have
fo—o g e /A
1 <(1a+a<uo o eHo 4 Ia+a>po TA(A +a)e X. (26)

Let F : RT™ — R™ be a nondecreasing function and assume that A > 0 and X > 0 satisfy

A>1 and 1<FA)X. 27)
Then, we have

1 1
X <F(uwX+ m Sforall u > 0. (28)

As a direct consequence of this lemma, we obtain the following corollary, clarifying the definition of
ﬁwave (C(), T)

Corollary 2.2. Assume (12) with constants &, C, jto > 0. Then, there is C"" > 0 such that

105 w2 (wyx 22 (m)

, < C//AZ RA , —
1620, 40 g (vyx2ary = e ullL2(0,7)%w) 1o, ) L2ty =1 (M)

for all (ug,uy) € Hol (M) x L2(M) and u a solution to (11),

1
o uD) L2 vyx -1 vy < C” 2™ [l 120, 7yxw) + EH(MO’ UD | g (myxL2 ()

Sforall p > 0and all (ug,uy) € Hol (M) x L2(M), and u a solution to (11).
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Reciprocally, if (13) holds with constants &, C' > 0, then (12) holds with R = &, C = C’, and j19 =0
(and for all p > 0).
In particular, we have
Rwave(w, T) = inf{R > 0 : there exist C > 0, po > 0 such that (12) holds}
= inf{R" > 0: there exists C' > 0 such that (13) holds}
=inf{R > 0 : there exists C > 0 such that (12) holds with 1o = 0 (and all i > 0)}.

Proof of Lemma 2.1. Let o > 0. In the case A +« > 1o, the assumption (25) with u = A + o > o yields

l(l L) < A F)

AU Ata
and hence
1< éeﬁ“A(A +a)ex. (29)
If now A 4+ o < pp (and, in particular, & < pg), that is % > uol—a > 0, the assumption (25) implies
! < lSeﬁ"X—i-l for all ;& > 1.
po—a — A 2
This yields in particular
1 1\ —g
XZ( ——)e H for all u > g,
Lo—a 1 M= [o
and hence
X > max ( L l)e_m’“ > _& o 5,
U=po\o—a U Ho—C&

With (29), this proves (26).
Let us now prove (28). If A > y, then % < ﬁ and (28) holds. If A < y, then (27) gives & <1 <
F(A)X < F(u)X and (28) also holds in this case, concluding the proof. O

2B. The constant K.ig (@) as a lower bound for Ryeat (@), Koo (@), Rwave (@, T'): proof of Proposition 1.6.
We prove a slightly more precise version of Proposition 1.6.

Lemma 2.3. Assume that (1) holds with constants K, C > 0. Then, we have

C
1V l2n <\ 576 VL2 forallheSp(=A)\ (0} and y € E,. (30)
In particular,
1 Reig(©)? < Rhea (). 31)
Assume that (10) holds with constants &, C > 0. Then, there exists C" > 0 such that
C//
Wl20w = 3i75¢>Y IVl forall ke Sp(=Ag) \ 10} and y € E. (32)
In particular

18eie (0)? < foo (). (33)
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Assume that (13) holds in time T with constants C’, 8. Then, we have

T y
1Vl 20 = \/;C'eﬁ ﬁIIWIILz(w) Jorall A € Sp(—=Ag) \{0} and ¢ € E;. (34)
In particular, for all T > 0, we have Reig(®) < Rwave(®, T).
Proof of Proposition 1.6. From (1), applied to u(t, x) = e~**v(x) with A € Sp(—Ag) \ {0} and ¥ € E,,

we have

2x 1 _e—ZT/\

T
_ 28 _ ;
e 2”||W||22(M)5C”/0 e P MY |17 2y dt = Ce T 7 1¥1172( forall T >0.

Taking T = D/+/A, with D > 0 to be chosen, this implies

CeZT)L =2 ZI(D-FD)”w”Lz(w)

2

Minimizing the exponent with respect to D leads to choosing D = /&, which implies (30) when taking
the square root. From (30), inequality (31) follows directly when taking the infimum over all {.

Let us now prove the second statement of the proposition. From (10), again applied to u(z, x) =
e (x) with L € Sp(—Ag) \ {0} and ¥ € E;, we have

_28 —2t/1 —2tA
[ Ry dt <C [ My dt = Wy G9)

The left-hand side may also be computed asymptotically for A — +oo using the Laplace method, setting

= /2, as

/ o~ 2 212t gy :/ e—zx/ﬁu(%ﬂ)ﬁd
R+ R+ H

=(1+ 0(1))£Q/ o 2VRLQ+(=1D?) 4
noJRr

- f —4«/7/« _ (”\/_) —4/Rp
=(14o (1)) ‘lzx/ﬁu (14+0(1)) .

From (35), we then obtain that, for any eigenfunction ¥ associated to the eigenvalue u? for u — oo, we
have

(1+o<1))(”2£) 4V “nwanw)_z SV 1220,

Coming back to A = w2, this implies the existence of C , Ao > 0 such that for all A > A

191220 < W VY2, .

and hence the sought result of (32). That of (33) follows as above.
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Let us now prove the last statement of the proposition. We want to apply (13) to the function
u(t, x) = cos(t~/A)y with A € Sp(—Ag) \ {0} and ¥ € E}, which is a particular solution to (11). We
have

[ (u]z=0. 8tu|t=0)||1-15(/\/1)><L2(/\4) _ ||¢||H3(M) Vi

 l@li=0. druli=0) lL2vyx -1 vy ¥ llL2000)
and (13) then yields

‘/XHWHLZ(M) = ”WHH(% wm) = ||u|t=07 atu|t=0)”H& (M)xL2(M) =< C/eﬁA”M”Lz((O’T)Xw),

where
2 T 2 2 2
20y = [} S0PV R0y 1 =TIV R,
This finally implies (34). The last result follows from Corollary 2.2. O

2C. Link between Sneat(@) and Kvyave(w, T): proof of Proposition 1.7. The proof will follow very
closely the method of [Ervedoza and Zuazua 2011a], but with a different assumption. Note that this
strategy was applied to approximate controllability problems for parabolic equations in [Laurent and
Léautaud 2017]. We first summarize the results we need from [Ervedoza and Zuazua 2011a; 2011b] in
the next proposition for readability.

Proposition 2.4 [Ervedoza and Zuazua 2011a; 2011b]. Let T, S > 0 and o > 2§ 2 Let L be a negative
self adjoint operator. Then, there exists a kernel function kr(t, s) such that:

e [y is solution of the heat equation dgsw — Lw = 0, then w(s) = fOT kr(t,s)y(t)dt is solution of
Pw—Lw=0 forse(=S,S),

T T
(. 05w)|5=0 = (o, / askT(z,O)y(z)dr) = (o, / e—“<3+r‘—r)y(r>dr). G0
0 0
e Forall§ € (0,1)and all (¢t,5) € (0,T) x (=S, S), we have
kr(t.9)] < |s|ex (;(f— « )) 37
TN =B nin 7= \(5 ~ (1+9)))

Note that this last estimate is most useful for § sufficiently close to 1 so that o > S 2(1 + %)

We first prove from this proposition an observability inequality for data in £~ (i.e., at low frequency)
as a consequence of the approximate observability result for waves (13) (coming from [Laurent and
Léautaud 2019]), with a precise dependence on the cutoff frequency A and the control time 7. Combined
with an argument of [Miller 2010], this allows us to prove observability for all data in L2(M) (still keeping
track of the constants), and we finally conclude the proof of Proposition 1.7 at the end of the section.

Lemma 2.5. Assume that (13) holds on the time interval (0,2S) and with constant &. Then, there are
C, g > 0 such that we have

T
/ 1/2 1852
€72 ollEz = OO+ RO [ Doty 2, ar

forall0 <T <ag,A>0and yg € E<.
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Proof. For a > 252 (to be fixed later on), we use the kernel k7 described in Proposition 2.4. Let w(s) be
associated to y by w(s) = fOT kr(t,$)y(t) dt, where y(t) = e'®= yo with yo € E<;. Then, in (36), Wy

is of the particular form
" altry)
Wo = (0/ e Gt T=)y(r) dt),
0

so that a calculation (see [Ervedoza and Zuazua 2011a, equation (3.3)]) yields

T
/ ey (1) di
0

T 2
/ o (b 7) dt‘
0

_ _ 2
L= (L)W )? =(1+1" L?

IWoll e

2
L2xH,

> (1+07 ) yilPe M T
i

The integral can be estimated by the Laplace method,
r 1 1 1 a(l 1 T % a
/ e G+75) g = T/ G+ g > CT(—) e for & >1,
0 0 - o T~

since the nondegenerate minimum of % + ﬁ is 4 reached at s = % and the function is positive. We have
thus obtained

_ 1 _8ax
>C(1L+M)"'TPa e T || y(T)3-. (38)

2
L

Moreover, we have Wy € E-j X E— so that

Woll g1 1.2
BT (143,
IWoll L2x 1
As a consequence, (13) on the time interval (—S, S) (which, by time-translation invariance, is the same
as on (0,2S5)) with constant & implies

/ 1/2
< Ceﬁ (14+4)

IWoll 2537 lwllz2((=s,5)xw)- (39)

Using the Cauchy—Schwarz inequality, we have

T
2 2 2
w _ < kr(t,s) dtds)// (t,x)|“dx dt. (40)
112 (s.57xa) (/(O,T)x(—S,S) 0 w|y |

Now, we use (37) with § € (0, 1) fixed sufficiently close to 1 so that @ > S 21%8 (which is possible since
we have assumed a > 252). This yields

1 2
/ kT(l,S)zd[dSECSZ/ exp(,—(s——i)) dt ds
(0,T)x(=S.5) (0,T)x(~S,S) min{z, T —t}\ § (1+49)

<CS3T. (41)

Combining (38), (39), (40) and (41) then gives the sought result, since the estimates are true for any
o >2S2 O
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The following result, taken from [Miller 2010], deduces observability from low-frequency observability.
The values of the constants are tracked precisely.

Lemma 2.6 [Miller 2010]. Let Tg,a, b, C > 0 and assume

T
||eTAgy0||%2(M) < C2 P+ / ||engy0||§2(w) dt forall0<T < Tyandall yo € E;.
0

Then, we have
T
||eTAgy0||iz(M) <C'e®T / ||engy0||§2(w) dt forall0<T < Ty and all yy € L*(M),
0

with ¢x = (@ + Vb + Va2 + 2a~/b)? and C’ a constant depending only on Ty, a, b, C.

Proof. The result is not stated exactly that way, but the author proves this as an intermediate result of
[Miller 2010, Theorem 2.2]. More precisely, the assumptions of our lemma are exactly estimate (10)
in [Miller 2010], with a = % and B = 1. It gives the result with cx = 4b2(vVa +2vb — Ja)™ =
1(Wa+2vVb + a)* = (a+ Vb + Va2 +2a/b)>. O

With these two lemmas in hand, we now conclude the proof of Proposition 1.7.

Proof of Proposition 1.7. To simplify notation, we prove the existence of universal constants so that
Sheat(@) < 038? + a4 Ryave(®,25)? for all S > 0.

Let 8 > Ryave(®, 25) so that there exists C > 0 so that we have the estimate (see Corollary 2.2 for
the equivalence)

1Ge0s ) g1 (atyx L2 (M)

o, u1) | 1 2o < CeV MUl 2 (es.syxw)ys A=
HE (M)XL2 (M) ((—S,8)xw) (o, uD)ll L2y H-1 (M)

for all (ug,u;) € Hy (M) x L?(M), and u a solution to (11). (42)

Note that when compared to (12)—(13), we have changed the interval (0,2S5) to (=S, §), which gives the
same result by conservation of energy. The proof is a direct consequence of above Lemmas 2.5 and 2.6. [J

2D. Link between KRyave(®, T) and analytic spaces. As already mentioned, Theorem 1.18 is a corollary
of observability estimates in spaces of ultradistributions (implying by duality that some spaces of analytic
functions are attainable/controllable for the control problem) obtained in [Allibert 1998]. The following
proposition explains (in the general setting of the paper) the link between such estimates and (12)—(13);
see also [Lebeau 1992a].

Proposition 2.7. Assume there are Cy, C > 0 such that for all (ug,u1) € H, 01 (M)x L?(M) and associated
u a solution of (11), we have

le™ €Y =2 (o, un) | L2 vyx -1 vy < Clullz20.1yx0)  (resp- < Clldvullz2o.myxry)-  (43)

Then (12) is satisfied with constant R = Cq and all ;i > 0. In particular, we have

-ﬁwave(wa T) <Co (resp. ﬁwave(r7 T) = CO)-
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Again, in this statement, Az denotes the Laplace operator with Dirichlet boundary conditions.

Proof. Given u > 0, we decompose the data (ug,u1) asug =1 Ay <uYo +1 Ny L (and similarly
for u;). Here 1 V=Ag < denotes the orthogonal projector on the spectral space of —A, associated to
eigenfunctions A; with ,/ < u. Noting that

1
I y=ag>, Mo uDlL2(vyx -1 (1) = —||1@>M(uo, Ul gt (vyxz2(m)
1

M”(UO,MI)HH (M)xL2(M)*

we obtain
1
1o, u)l L2(ry =1 () = 11 y=a, < (o5 ¥ [ L2(uyx =1 (M) + ﬁ”(uovul)”Hé(M)xLz(/\/l)

< eCot|e=Cov=Re (y,

1
uDllL2ovyxa -1y + ;H(”O» Ul g (vyxL2 (v

1
< Ce“Mlul 120, 7yxw) + ﬁll(uo, U gl (myxL2(m)0

where we used the assumption (43) in the last inequality. This concludes the proof of (12), and that of the
proposition. 0
We now extract an estimate like (43) on some surfaces of revolution from [Allibert 1998]. Indeed, a

combination of several estimates in that work gives the following result on barrel-type surfaces.

Theorem 2.8 [Allibert 1998]. Under the geometric assumptions of Section 1C3, for any T > T and
Co > R(z0)d4 (), there exists C > 0 so that

le™ Y72 o un)ll g w2 < ClldvullL2(0.7)xT) (44)

for any (ug,u1) € Ho1 (M) x L?(M) and associated solution u of (11).

The result is not stated exactly this way in the article. It is also more precise since it involves analytic
spaces only in the f-variable. More precisely, denoting by E’(f the spaces of functions in HO1 x L? of
the form f(s)e’*%, the following estimate is proved in [Allibert 1998, Theoréme 2, Définition 3 and
Proposition 1]:

[0, u) 7).z = CO vl L2(0,7yx1) (45)
for any (ug,u1) € E(’)‘, where C (k) satisfies
InC(k
lim sup nc( )=dA(F).
n—>+oo k

In particular, for any § > 0, there is ko € N such that C(k) < e%(@4(+8) Recalling that % has a
unique minimum at z = zo, together with the action of A, g on functions of the form f (s)e’ k6 (see (53)
in Remark 3.4, or the formula of P, in [Allibert 1998]), we see that

(—A2 9 (f()e’™ ), £()e™® )12 0p) = k2| =

> R( )2 1/ ()™ 13 20
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(and a similar formula in H ). Denoting by Ay , the n-th eigenvalue of the operator restricted to the
space EX, this yields A , > kz/R(zo)2 and thus C(k) < e(@AD+OREIVAkn for all k > ko and n € N.
As a consequence of (45), we obtain for k > kg

—(da@)+8R(zo)V -Ag

e (uo, ”1)||ngL2 < ||ovullz2¢0,yxr) forall (uo,u1) € E(’f.

This finally gives (44) for any Cy > R(z¢)d4, when taking into account the orthogonality of the subspaces
E¥ for the norm of HJ x L2 and the norm of the observation.

With Theorem 2.8 in hand, Theorem 1.18 is now a straightforward consequence of Propositions 2.7
and 1.7.

2E. Reformulation of the definition of the constants in terms of localization functions. This section is
aimed at giving an alternative definition for the geometric constants Rejg(@), 85 (@), Rheat(@) in terms
of localization functions.

Definition 2.9. Let @ C M be an open set. We set

1Vl 2(w)

Loceig(w, A) = inf{
e 11 22(m)

Y e Ep\ {O}} €[0,1], AeSp(—Ay),

Locs(w, A) =inf{””;(w) ue Eq\{()}} c[0,1],
el 22

lle" uoll 22, T)xw) .
leTAugl 120

Locpeat(w, T) = inf{ 0€LA*(M)\ {O}}

Note that if the Schrodinger equation is observable from w in finite time (in particular if @ satisfies
the geometric control condition, see [Bardos et al. 1992; Lebeau 1992b]), then, there exists C > 0
so that Loceig(w, /\) > C for all A € Sp(—Ag). Under the sole assumption that w # &, we have
Loceig(w,A) > C~ C‘f [Donnelly and Fefferman 1988; Lebeau and Robbiano 1995], Locx (w, A) >
c1 _Cf [Lebeau and Robbiano 1995; Jerison and Lebeau 1999; Lebeau and Zuazua 1998] and
Locheat(w, T) > C™ e~ C/IT [Fursikov and Imanuvilov 1996; Miller 2010].

Lemma 2.10. We have
—log Loceig(w, A)

Reio(0) = lim sup ,
* A—>+00, A€Sp(—A ) N
—logL LA
Ay (w) =limsup ogLocz(@,4) ,
A—>—+00 \/X
Rheat(@) = limsup —T log Locheq (@, T).
T—0+

Note that we do not have a similar formulation for the constants R (@) and Kyave(®, T) since they
do not correspond to an asymptotic regime (like 7 — 0 or A — +00).
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Proof. We only prove the second statement, the other proofs being similar. Setting

s (@) = lims p—logLocz(a),/\)
»(w) = limsu ,
A—>—+00 ﬁ

we want to prove that €x(w) = Ky (w). Assume K, C satisfy (9); then we have

1
Locx(@.4) = e V2,
and hence
—logLocy(w, ) - RV +1og(C)
VA B VA '
Taking the limsup, _, | ., this implies €x(w) < K. Taking the infimum over all such f and recalling
Definition 1.5, we obtain €x(w) < Kx(w).

We now prove the converse inequality. The definition of €y (w) implies that for all € there exists Ag(€)
such that for all A > A¢(¢)

—logLocy(w, )
VA

that is, Locy (w, A) > e_(gz(“’)*‘e)ﬁ. This, together with the fact that Locy (w, A) > 0 does not vanish
on [0, Ag(€)], implies the existence of a constant C(e) > 1 such that

<Cx(w) +e,

1
Locs(w, ) > me‘@z(w)-i-e)ﬂ

for all A > 0. This is precisely estimate (9) with R = €x(w) + € and C = C(¢). Taking the infimum
over all such R and recalling Definition 1.5, we obtain Ry (w) < €x(w) + ¢ for all € > 0, and hence
Ry (w) < €x(w), which concludes the proof. O

3. Construction of maximally vanishing eigenfunctions
3A. The sphere. In this section, we consider the simplest case of our results that is, the unit sphere in R3:
S? = {(x1, x2.x3) € R® :x%—i—x%—i—x% =1l}={xeR:|x|=1}.

Eigenfunctions and eigenvalues of the Laplace-Beltrami operator on S? are well-understood: eigenfunc-
tions are restrictions to S? of harmonic homogeneous polynomials of R3, associated to the eigenvalue
k(k 4+ 1), where k is the degree of the polynomial. We are particularly interested in so-called equatorial
spherical harmonics, given by

up = Prlez € C®(S?),  Pr(x1,x2, x3) = (x1 +ix2)F,

known to concentrate exponentially on the equator given by x3 = 0.
Since it can be written Py = z¥, where z = x1 +ix, € C, it is easy to check that Py is holomorphic as
a function of z, and hence harmonic as a function of (x1, x2, x3) € R3. Moreover, Py is homogeneous of



OBSERVABILITY OF THE HEAT EQUATION AND GEOMETRIC CONSTANTS IN CONTROL THEORY 379

degree k. Therefore, see, e.g., [Shubin 1987, Proposition 22.2 p. 169], the function uy, is an eigenfunction
of the Laplace—Beltrami operator on S?:

—Agoup = Agug, withAx =k(k+1)

(this fact can also be checked directly with the expression in (46)). Note that we have
X
@) =7+ x5 =1-xDF. 0= o
We denote by N = (0,0, 1) and S = (0, 0, —1) the north and south poles, and have coordinates
(0,7) xS! - SZ\ {N, S},
(s,60) — (sins cos8,sins sin @, cos s).

Note that s(x) = distg (x, N) for x € S2. In these coordinates, the metric is given by ds? + (sins)?d62,
the Riemannian volume element is dw = sins ds d6, and the sequence uy is defined by

ug (s, 0) = sin(s)¥e'*?, (46)
Remark 3.1. The construction works equally well in the unit sphere S” C R”*1, n > 2. The coordinates
have to be changed by

(0,7)xS!' xS"2 — S*\ {N, S},
(s,60,1) — (sinscos@,sinssinf,t coss),
and we can still consider the eigenfunction uy = (x1+ix2)¥ |sn with —Asnug =Aguy and Ag =k (k+n—1).
With the above choice of the eigenfunction uj, we have

lug (x)]? = (1 —x%)k = (sins)2k = | sindistg (x, N)|2k = ¢~ 2kda(x) d4(x) = —logsindistg (x, N).

Note that d4 is actually the Agmon distance to the equator (s = %), where S? is seen as a surface of
revolution; see Remark 1.13.
Also, given f € L1(S?), we have

f f@)ug (@) do = / f(5,0)(sins)* ! ds do = 27 / F(s)(sin5)2*+1 gs,
s2 (0,m)xS!

0,m)
where

F(s) = %fgl £(s.0)do.

In the case f = 1, this yields the asymptotics of the norm of uy, given by the Laplace method (see, e.g.,
[Erdélyi 1956; Copson 1965]):

1 1
1 2 1 2 20k klog(1—x2)
i = = 1— = g 3
o “uk”LZ(gZ) 7 /;2 lug ()|~ do /;1( x3)" dx3 ];1 e dxs

- (1 0(}) [ am=E( (1)

and hence [lug||z2(s2) ~ 21/273/4f=1/4 a5 k — 400,



380 CAMILLE LAURENT AND MATTHIEU LEAUTAUD

We have the elementary estimate

r
. b3
”uk”%}(B(N’r)) = 2ﬂ[) (SlnS)2k+1 ds < k n 0 2k+2.

This can be slightly refined, e.g., by writing

(sm 7')2k+2 |

,
= ”uk”i2(B(N,r))_2n/(; coss(sins)2k+1ds

2
”uk”LZ(B(N,r)) k+1

.
= Zn/ (1 —coss)(sin s)2kle ds
0

.
1.2 2k 1.2 2
<s3r 27r/0 (sins)>* Tt ds = 5r ””k”LZ(B(N,r))'

To be a little more precise, let us now prove an equivalent for |uy ||i2 (B 2 k — oo, which is
uniform in r.

Lemma 3.2. Forallk e N* and all r € [O ) we have

: k+2 2

5 7 sin(r)? tan(r)
= 1+ R), ith | R

lusclz2 sy k+1 cos(r) ( ). with |R| = 2k +2°

This furnishes an optimal lower/upper bound for this quantity which is uniform with respect to r in

H T
any compact set [0, o] with o < 5.

Proof. We write a = —logsinr > 0, use the change of variable y = —logsin s, and want to have an
asymptotic expansion of

r +o0 1
1 2 _ N2kl g —(2k+2)y
= |lu = sin § ds = e —dy.
57 ” k||L2(B(N,r)) A ( ) L /—1 ~ o2y y

This integral is of the form

+o00
T(a. k) := f e~ K2 £(y)dy,
a

where f(y) =1/+1—e72Y is smooth on [a, +00). Writing
—2a

lf ) = f@=(- a)[sup)|f|<(y a)

(1—e20)3"
since f'(y) = —e~2Y (1 —e~2¥)~3/2 and integrating on (a, +00), we obtain
—(2k+2)a
2k +2

e—(2k+2)a —2a

e
< .
~ (2k +2)? (1 _e—2a)%

‘I(a,k)—f(a)

Coming back to the original notation, this is precisely

1 |2 sin(r)2k+2 sin(r)2k+4 sin(r)2k+2
—||U — =
2 "RIL2(06) (2k +2)cos(r)| — (2k +2)%2cos(r)®>  (2k +2)Z cos(r)

which concludes the proof of the lemma. O

tan(r)?,
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Note that the eigenfunctions we have constructed are complex-valued. Yet, since uy = (sin(s))Xe’?,

its real part Re(uy) = (sin(s))¥ cos(k®) is a real-valued eigenfunction to which the same estimates hold,
except that [ [¢'¥9|2 d6 = 27 should be replaced by [, cos(k6)?d6 = .

3B. General surfaces of revolution. In this section we consider a revolution surface S C R3 being
diffeomorphic to a sphere S2, generalizing the results of Section 3A. We follow [Besse 1978, Chapter 4B,
p- 95] for the precise geometric description of such manifolds.

Assume that (S, g) is an embedded submanifold of R3 (endowed with the induced Euclidean structure),
having S! = (R/27xZ) ~ SO(2) as an effective isometry group. The action of S! on S, denoted by
0 — Ry (such that RgS = S), has exactly two fixed points denoted by N, S € S (the so-called north and
south poles).

We now describe a nice parametrization of (S, g). Let L = distg (N, S) and yo be a geodesic from
N to S (thus with length L). For any 6 € S, the isometry R transforms the geodesic yo into Rg(yo),
which is another geodesic joining N to S. Set U = S\ {N, S}. For every m € U, there exists a unique
6 € S' such that m belongs to Rg(yo). The geodesic Rg(yo) can be parametrized by arclength

p:[0,L] = Rp(yo), p(0)=N, p(L)=S, s=distg(p(s), N)= L —distg(p(s),S),
and there exists a unique s € (0, L) such that p(s) = m. We use (s, 8) as a parametrization of U C S:
¢:U=8\{N,S}— (0,L)xS!,
m— {(m) = (s,0).

We define two other exponential charts (Uy, {n) and (Us, {s) centered at the fixed points N and S by

Uy ={N}UCT((0,3L) xS') = Bg(N. 5L) C S,

Us ={S}U (3L, L) xS") = Bg(S,iL) c S,

IN:UN — B2(0.3L). IN(N)=0. &5:Us—> Ba2(0.3L). Ls(S)=0.
with the transition maps
v ol™ht(UNUN) = (0, 5L) xS — {n (U NUy) = Bz (0, 3L) \ {0},
(s,0) — (scos(f),ssin(0)),

and
tsol ' L(UNUs)=(3L.L)xS' - {s(UNUs) = By (0, 3L) \ {0},

(s,0) = ((L —s)cos(8), (L —s)sin(h)).
On the cylinder (0, L) x S!, the metric g is given by
((™1)*g =ds®> + R(s)*d6*

for some smooth function R : (0, L) — R} (see below Remark 3.4 for the geometric interpretation of R).
Since g is a smooth metric on S, [Besse 1978, Proposition 4.6] gives that R extends to a C*° function
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[0, L] — R satisfying
R(0)=R(L)=0, R(©0)=1, R(L)=—1, R®P0)=R?P(L)=0 forany peN. (47)

In these coordinates, the Riemannian volume form is hence R(s) ds d6, the Riemannian gradient of a
function is

_ 9 1 0 . _ 2 1 2
and the Laplace—Beltrami operator is given by
_ 1 I .
Asp = R() dsR(s)0s + RGs)2 5. (49)

Another important operator is the infinitesimal generator Xy of the group (Rg)ges1, defined, for f €
C(S), by
Xof =lm 07 (foRg— f). (50)
6—0

In the chart (U, ), the action of Ry is given by ((™1)*Rg(u, 0") = (u, 6’ 4 0), so that ({71)* Xy = 0g.
Let us now check that Xy is a smooth vector field. Indeed, we have

()Xo = (CN)* g =d(Cn o) - e,
and hence

(Cx,l)*Xg (scos(8), ssin(f)) = (—ssin(8)dx, + s cos(0)dx,)(s cos(), s sin(0)),
that is,
((Cy")* Xo)(x1.x2) = —x20x, + X10x,.

Since ((C;,l)*X 9)(0) = 0 (and since the computation is similar in Ug), we have obtained that Xy is
smooth. Note also that Xg(/N) = Xy (S) = 0 and that its norm is given by /g(Xyg, Xg)(s,6) = R(s) (in
the coordinates of U).

We define by L2(S) := L?(S,d Vol ) the space of square integrable functions, which is also invariant
by the action of (Rg)ges!-

Now, note that (Rg)ges! acts as a (periodic) one-parameter unitary group on L2(S) by f + f o Ry.
The Stone theorem (see, e.g., [Reed and Simon 1980, Theorem VIII-8 p266]) hence implies that its
infinitesimal generator is i A, where A is a self-adjoint operator on L?(S) with domain D(A4) C L%(S).
Since iAf = Xg f for f € C°°(S) (which is dense in D(A)) according to (50), we have that A is the
self-adjoint extension of Xg/i. From now on, we slightly abuse the notation and still denote by Xg/i its
self-adjoint extension A.

Since g is invariant by the action of Ry, we have

[XG»Ag] = O

Moreover, Ay has compact resolvent, so that the operators Ag and Xy share a common basis of
eigenfunctions: indeed, Xy /i is self-adjoint and preserves each (finite-dimensional) eigenspace of Ag,
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and it can be diagonalized on these spaces. In U a common eigenfunction can be written as e k8 f(s)
withk € Z, f € C*®(0, L) N L?((0, L), R(s) ds) a solution of

2

for some A > 0 an eigenvalue for —A,. To prove this assertion, take u to be a necessarily smooth common
eigenfunction of Ag and Xy. In U (with the coordinates (s, ¢)), we have u = u(s, 6) with (see (49) for
the definition of Ay g)

—f=Af (51)

0
~Aspu(s.0) =Au(s.0) and ~Cu(s.0) = pu(s.0), (s.0) € (0.L)x S, (52)
1

for some A, 1 € R. Setting f(s) := u(s, 0), the second identity in (52) implies u(s, 8) = e!*? f(s). The
function u being smooth on (0, L) xS, it is 27 -periodic in 6 so that o = k € Z. Hence, u(s, 0) = e'k? £ (s)
and the first identity in (52) directly yields (51).

We will call these normalized eigenfunctions ¢y , = ikt Jk,n(s) with eigenvalues Ay , for —Ag,
where n € N. In particular, we can write L2(S) = @él_c,n)GZXN span (@ »)-

We will define

L? =ker(Xg —ik)) = {p € L*(S) : oy = "% f(s), £ € L*((0, L), R(s) ds)}

and H ]f =H 2(S) N L2 The commutation property implies that Ag Hj 2 C L;‘;, so we can define the
operator Ay = | L2 Wthh is self-adjoint with domain H . 2 This can be seen for instance directly on the
simultaneous dlagonahzatlon which implies an isometry LZ(S) £2(ZxN), where L7 ~ {(k,n) :n e N}
as a closed subspace of £2(Z x N). The fact that A, has compact resolvent implies the same for Ay.

Remark 3.3. Note that the introduction of Xy allows us to give a more intrinsic definition of d4 introduced
in (17): given any point mg on the “strict global nondegenerate equator” of S, the Agmon distance dy4 is
the unique continuous function such that

dg=0, d =0, |Vedalg _( ; B : )z
Xgda =0 A(mo) =0, |V A|g(m) g(Xg, Xg)(m) g(Xg.Xg)(mo)

All properties of Lemma 3.8 can be formulated intrinsically since s measures the geodesic distance to the

north pole, and hence s(m) = distg (m, N), L —s(m) = distg (m, S), and s(m) — so = distg (m, equator).

Remark 3.4 (another possible parametrization). Some of the surfaces of revolution described above admit
the following “cylindrical” parametrization on the set U: with z_ < z and the two poles N = (0,0, z4)
and S = (0,0, z_), we have
(z—,z4)xS' > U =S\ {N, S} C R3,
(z,0)~ (R(z) cos 8,R(z) sin B, z),
where R : [z_, z4+] — (0, 00) is the profile of the surface, that is, a smooth positive function on (z_, zy)
satisfying R(z+) = 0 and lim; ., R'(z) = Foo. Note that R(z) represents the distance of S to the
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revolution axis {x = y = 0} at height z. Note that (except for the shape/topology of the surface) this
parametrization is the same as that of [Allibert 1998]; see Section 1C3. We have

dx1 =R/(z)cos O dz —R(z)sin6 db,
dx, =R/'(z)sinf dz + R(z) cos 0 db,
dX3 = dZ,

so that the metric on S induced by the Euclidean structure is given by
g =dx? +dx2 +dx2 = (1+R(2)®) dz* +R(2)* db>.

As a consequence, the Riemannian volume element is V(z) dz d@ with V(z) = R(z)v/1 + R’(z)? and the
Laplace—Beltrami operator is given in these coordinates by

1 V(z) 1 .,
B0 =45 82(1 TR(G)? az) TR (>3)

with a suitable self-adjoint extension on L?((z—,z4+) x S',V(z) dz df). The link between s and z is the
diffeomorphism

s(z) = / V1+R(r)?dt,

and we have L = fZZj 1 + R/(#)? dt, together with R(s(z)) = R(z)(= +/g(Xg, Xy)). In particular, we
see that R(s) indeed measures the distance to the axis of revolution.

Remark 3.5 (the sphere). Note that, in the z-parametrization, the sphere is given by z+ = +1 and
r(z) = v/1—2z2% and hence r'(z) = —z/~/1 —z2% and V(z) = 1 is smooth (which is not the general case
if the surface is flat near the poles).

Let us first prove existence of the particular eigenfunctions under interest in Theorem 1.9. We then
study their concentration/deconcentration properties.

Lemma 3.6. Assume that s — R(s) admits a nondegenerate local maximum at so € (0, L). Then, for all
k € N, there exists Y, € C°(S) N L,zc and [y € R such that

L1 [RGo) 1
— —y 22 o =),
M= Reo2 Tk V R (k3/2)

Vil L2(s) = 1, and we have —Ag . = k2 g .

Note that the assumption of the lemma is R’(sg) = 0 and R”(s¢) < 0. In the proofs below, we shall
often consider 7 = k~! as a semiclassical parameter.

Proof. We first construct a family of sufficiently accurate quasimodes (i.e., approximate eigenfunctions)
compactly supported in U and of the form (in the coordinates (s, 8) of U) e'%%u (s). The function uz (s)
should thus solve (51) approximately. Setting # = k! and j« = Ah? in that equation, we are left with the
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following semiclassical eigenvalue (or approximate eigenvalue) problem in the limit 7 — 07

h? 1
(Ph=10f = =3 6RO+ gz =) £ =0
Now, according to the assumption, the potential 1/R(s)? is positive, tends to plus infinity near 0 and L,
and admits 1/R(so)? as a nondegenerate local minimum. Namely, this is R’(s¢o) = 0 and R”(s¢) < 0.
The construction is classical (harmonic approximation) and follows, e.g., that of [Dimassi and Sjostrand
1999, Theorem 4.23] in a simpler setting. The idea is to approximate the operator P by its harmonic
approximation at sg, namely

~ h? 1 1Y (s —50)%
Ph-——m R(s0) 95 +R( )2+(ﬁ) (SO)T

1 2R"(s0) (s —0)?
R(s0)2  R3(s0) 2

= —h?3? + (54)

Recall that the spectrum of the operator —h28§ +coy? on R (co > 0) is given by
En(h) = hE,(1) = h(2n + 1)4/co,

associated with the eigenfunctions

2
uh(y) = h™%u) (%) where 1 (y) = pp(y)e VO T

(pn being a Hermite polynomial). Here, this applies with

_|R"(s0)|
~ R3(s0)

We consider a cutoff function y € C£°(0, L) such that y = 1 in a neighborhood of s9. We set

(s—s0)?

wl(s) = y()ul(s), withuli(s) = Ch=ie Vo 2 (55)

where C is a normalizing constant, and prove this is an approximate eigenfunction (quasimode). First
notice that we have, with P}, defined in (54), that

~ ~ ~ 1
P = )Py Pl = sy /) s+ (202,

In this expression, [—4232, x] is a first-order differential operator supported away from zero, where ug

and its derivatives are exponentially small. This yields

‘ﬁ””h_(R( 02 +W—)

= 0(e ).
L2((0,L),R(s) ds)
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Now we consider, with norms L2((0, L), R(s)ds),

H( (R( 02 +W_))

< 1Py = Pt L? + H (ﬁhu" _ (

R(s0)?
292 1 1 2 h
= (g} 1+ | (s g —eos —s07)s

According to the Taylor formula and the definition of co, we have
1
R(s)*>  R(s0)?
on the support of y, so that
(-
R(s)?  R(s0)?

We now estimate the term
12— H hR'(s)

(h2 —hZaZ)uh
R(s) " ’ s R(s)

Notice that hdsu” = h)(/ug + h)(asug = 0p2(e~¢/hy — Jeo(s — so))(u(})’, where we have used the
expression of ug in (55). Moreover, since R'(sg) = 0, the Taylor formula yields

hR'(s)

R(s)

o))

L%+ L*>+Ce i,

—co(s —50)%> = O((s —0)*)

(s—s )2
—co(s —so)z)uh L?? < c[ (s — s0)3h™Te V02— |2dz < ChP.
R

— T haau'||L

— 2 hdgu" L2 < Ce™h + C||h(s — s0)? yult|| 2 < Ch?.

Now, combining the above estimates finally yields the existence of constants D, kg > 0 such that for
all h < ho we have, with vj, = 1/R(s9)* + h./Co,

1Py — vi)uPIL?((0, L), R(s) ds) < Dh> ~ Dh3 [uP||L*((0, L), R(s) ds).

Now, we define in coordinates in U C S, fi(s,0) = e!*u”(s), h = k1. This function is smooth
and compactly supported in U thanks to the cutoff y, and can therefore be extended as a function in
C®)N lec, still denoted by f, which satisfies

3 3
(> Ak — va)Jilpz < Dhz ~ Dh2| fiell 12
Hence, if vj, ¢ Sp(—h2Ay), this implies
1
2 -1
[ (—=h=Ax —vp) ||L%—>L% = W

Finally, the operator %A, being self-adjoint on L2, we have for z € C\ Sp(—h?Ag)

1
d(z,Sp(=h*Ag))’

I(=h*Ax —2)7 I =
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so that, if vj, ¢ Sp(—h?Ay),
1 1

>
d(vp, Sp(=h*Ag)) ~ Dh3/2°

In any case, this implies d(vj,, Sp(—h2Ax)) < Dh3/2, and using that the spectrum of h2Ay is purely
pointwise, this proves the sought result. O

The next step is to study the behavior of the eigenfunction ¥ constructed in the previous lemma (and
under a stronger assumption on the point sg). This is the goal of the so-called Agmon estimates. We first
need the following integration-by-parts lemma.

Lemma 3.7. For all ¥ € W1%°(S) real-valued and all w € H?(S), we have
/S Vg (¥w)|7 d Volg —/S Ve W2 |lw|? d Vol = Re(/s |W|2(—Agw)w d Volg).

Proof. For W € C?(S), this is a direct consequence of the integration by parts formula (also valid when S
has a boundary dS and w|ys = 0)

/Swg(xpw)@d\/olg :—/SAg(\IJw)\IJu_)dVolg

= Re(/ (—lI/(Agw) —(AgW)w -2V V- ng)llfu_) d Volg)
S

= Re(/ | W2 (—Agw)w d Volg) + A,
S
with
A= Re(/ (—(Ag W)W w|* -2V U - Vowli) d Volg)
S

=Re(/(|vg\p|2|w|2+vgqf-vg(|w|2)\p—2vg\p.vgw\pw)dVolg)
S
=f |V W|?|w|?*d Volg,

S

where we integrated by parts in the second line. This is the sought estimate in the case ¥ € C?(S). The
result of the lemma follows by a classical approximation argument; see, e.g., [Dimassi and Sjostrand
1999, Proof of Proposition 6.1]. O

We shall now assume that R reaches at sg a strict global nondegenerate maximum, and introduce the
relevant Agmon distance to the “equator” s = sg. The latter is defined in the coordinates of U by the
eikonal equation (17), or, more explicitly, for s € (0, L), by (18).

Lemma 3.8 (properties of d4). Assume that R reaches at so a strict global nondegenerate maximum.
Then, dq € C?(0, L), and we have

da(s) = —log(s)+ O(1) ass—0T, da(s) =—log(L—s)+O(l) ass— L™, (56)

da(s) = %\/ %S)(;)(s —50)2 + O((s —50)3) ass— so. (57)
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Proof. Note that according to (47), we have 1/R(y) — +oo as y — 07 or y — L™, with
R(s) =5+ O(s®) whens—0" and R(s)=L—s+O(L—-s5)® whens— L.

As a consequence, with (18), we obtain

da(s) =

Lf§a+0@%wy=—mgw+om

0

as s — 0T (and similarly when s — L7), that is, (56).
Let us also study the behavior of d4 near so. Setting

1 1

Y= k2 T R0
we have V(sg) = V'/(sg) = 0 and
_2R/l
V”(SO) = W(OS)O) > 0.

This implies (57) and that dy4 is of class C? near s, by Taylor expansion of d4 and its derivatives. [

We can now state the following relatively precise result. All results concerning surfaces of revolution
are corollaries of this one.

Theorem 3.9 (Agmon estimate). Assume that R reaches at sg a strict global nondegenerate maximum,
and consider the associated numbers |1y and functions Yy given by Lemma 3.6. There exist C, Co, ko > 0
such that for all k e N, k > ko, we have Y € LZ(S, ekda g Volg ) with the estimate

f e2kda(m) yr 12 (m) d Volg (m) < Ck2€0.
S

Here, we have used d4(m) to denote d4(s(m)) with a slight abuse of notation. Note that dq(N) =
d4(S) = +o00. We first draw corollaries of this result, concluding the proof of Theorem 1.9, and then
prove Theorem 3.9 at the end of the section. Using that d4 is decreasing on (0, s¢], we obtain the following
direct corollary.

Corollary 3.10. Under the assumptions of Theorem 3.9, there exist C, Cq, ko > 0 such that for all k € N,
k > ko and all s1 < so we have

/ [k |? d Volg < Ck?Coe=2da G0k,
B(N,s1)

From this result, we may now derive a proof of Theorem 1.9 and Corollary 1.11.

Proof of Theorem 1.9 and Corollary 1.11. The eigenfunctions constructed in Lemma 3.6 satisfy

1 1 [|R"(s0)] !
A =k Vi + 0 = ).
¢ (Mmﬂ+k R%@*’(Hﬂ»
In particular, for any Cyx > %\/|R”(s0)|R(s0), there is kg € N such that k > /A R(s9) — C« for
k > ko. This gives e2kda(s1) < p2Cxda(s1) p—2d4 (s1)R(s0)v/ Ak Then, Theorem 1.9 follows directly from
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Corollary 3.10 up to changing the constants involved. The second part of Theorem 1.9 follows directly
from Proposition 1.6.
Corollary 1.11 follows from the asymptotics (56) of d4 and the fact than Theorem 1.9 is uniform for r
small. Indeed, for an appropriate constant C, we have d4(s) > —log(s) — C for all 0 < s1 < sp.
Finally, for fixed A; and using the uniformity for r small, we obtain the order of vanishing using the
general Lemma B.1 of Appendix B. O

We will need a very simple lemma.

Lemma 3.11. Let o € WH®(S)N lec. Then, we have the pointwise estimate on U
2

k
Ve@)z = ————loI*.

Proof. We have, in the coordinates of U, that ¢ can be written as ¢ (s, 0) =e'*? f(s), with, according to (48),

2
Ve(@)lg =105/ + R()2|ae(e’k9f<s>)|2 05 f 17 + R()2|”‘9f(s)|2
k> k>
> —— e f())? = —————1oI%,
R(s)? g(Xg. Xp)
which is the sought result. O

Let us now give a proof of Theorem 3.9, following that of [Helffer 1988, Proposition 3.3.5].

Proof of Theorem 3.9. As in the above proof, we use the notation # = k~!, considered as a semiclassical
parameter. We define for some constant Co > 1, hg > 0 and & € (0, hg) the sets

Q_={se(0,L):da(s) < Coh}, Q4 =1{s€(0,L):dus(s)> Cohl,

We set
¢(s) =dy(s) —Cohlog(Cy) forseQ_,

=d(s) — Cohlog(da(s)/h) forse Q.
For M > 1, set ¢py = min(¢p, M) and Qs = ¢1\_/11 ({M}). Moreover, on 2_, we have
¢ =dyg— Cohlog(Co) <ds < Coh < Cohy,

so for M > Cohg, we have Q_ N Qs = @. Hence, we have a partition Q_ LI (Q4+ \ Qa7) U (24 N Qpg).
Note that it will be very important in what follows that all the estimates are independent of M, while
Co will be defined later on. The function ¢y is Lipschitz on (0, L), and can be pulled back to an
(Rg)-invariant Lipschitz function defined on U, and extended to S by ¢pr (N) = ¢ppr (S) = M. We call
S+.,85-,8y C S, the (Rg)-invariant regions on S associated to 2_, 4, 2,7, respectively, so that

S=8_U(S:\Sy)U(S+NSu).
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We now apply the formula of Lemma 3.7 with U = ¢®M/% with ¢5s given above and M large, and
w = V¥, (note that ¥, € C*°(S) since it is an eigenfunction of A, so the lemma applies):

[ 19 Vol = [ VW12 d Volg =Ky [ 19P?  Vo

Applying now Lemma 3.11 since Uy, € W1®(S) N Li and using |Vg\11|§ = k?|¢), (5)|2e2®m /P in U
and so almost everywhere in S, we get

1
/S (W‘ |¢5u(s>|2—uh)ez"’M/hthdVolg <o,

Using the expression of ¢ps on Q_ and of up = 1/R(s0)?> + O(h), this yields, for some C > 0
(independent of 4 and M),

1
/ (—2—|¢34(s)|2—uh)e2¢/h|wh|2dVolgsCh f 244y, 12 d Vol
S+ R(S) S—

< Chezc‘)/ lvn?d Vol, < Che*Co,
S

since v is normalized.

Note also that on Qs N Q4, we have dyg > Coh and so dgq > dgq — Cohlog(Co) > ¢ > M > 1. Hence,
since dy4 is continuous, there is a constant € > 0 so that s € Q37 N Q4 implies |s —s¢| > €. In particular,
since sg is a nondegenerate maximum for R, there is 1 > 0 so that it also implies

1 1
5 "5 3=
R(s)>  R(s0)?
On Sy NS4, we thus have

1 1

/ 2
— —up=——=———+0(Mh)>0
RGP0 = = s = s + O 2
for h < hg for hg only depending on the geometry, and not on M. Therefore, we have obtained
1
/S . ( Rep ~#OP —Mh)€2¢/ "|ynl> d Volg < Che* . (58)
+ \oM
Next, on Q4 \ Q7. we have ¢’ = dj — Coh(d};/d4) and hence
R (s0)| 3 (d})? (d})?
1P = = =iy O(h2) +2Coh—4" — CZn>~4
R(S)2 |¢ | Hh R3(S()) + ( )+ 0 dA 0 dj
|R" (s0)| 3 (dy)?
>—h\ ——=—+ O(h2) + Coh ,
B R3(s0) +OE+Co da

where we used that d4 > Coh. According to (57),

(d})? [—R"(s0)
4, —2 —R(s0)3 >0
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and (d ;1)2 /d4 can thus be extended by continuity at so. Since d; (s) = 0 if and only if 5 = s (R reaches at
8o its unique global maximum), the extended function is uniformly bounded from below on any compact
subset of (0, L). Moreover, according to (56), we have
(dy)? 1 (dy)? 1
—2(s) ~ d ~s—>L— .
as " O el L loa( =) D)

s>0F 2 log(s—1) dy

Hence, there is a constant C; > 0 such that (dlfl)z/dA > Cj on (0, L), and we have

dp)? (IR (s0)] 1) _ Co, (d))?
—1d'1? = > h (dy — 0 h2)) > 0pA
/2= oz (00 25 I o) = Sonal,

R(s)?

when taking Co large with respect to C; ! and h < ho with &g depending on Co, C;. We can now
fix Co, hg. From (58), we have thus obtained

(d})?
S \Sm A

Ch

e%|1ﬁh|2 d Volg < Che?o,

Our next task is to replace ¢ by d4 in this expression. Note that

h 2Co
20/ h _ esz(s)/h( ) .
da(s)
In particular, this yields

(dy)?

Ch
Se\su da

ason( N
2da(z 2
e —_— n|“d Volg < Ch.
(dA (S)) vl ¢
Now, the function (d ;1)2 /d /}+2C° is positive on (0, s9) U (sg, L), tends to +oo at sg, and satisfies, as
above,
(dy)? 1

- +
417260 52 (log(s71)) 1720 — oo ass—>07,

and similarly
(dy? 1

~ — 400 ass— L.
df+2C0 7 (L—s)2(log((L —5)~1)#2C0

Hence, it is bounded from below on (0, L) by a constant, and we obtain
/ 2@ |y 12 d Volg < Ch™2%,
S+\Sm
which, combined with the already-remarked fact that [ e2da @)/ h|y, |2 Vol < Cte, gives
/ e2d4@/ 1y 12 d Volg < Ch=2C0,
S\Sm

Since all the constants are independent of M, it gives the sought result by dominated convergence (for
fixed h) making M tend to infinity. O
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3C. The disk. Denote by D = {(x,y) € R? : x2 + y2 < 1} C R? the unit disk. We denote by A the
(negative) flat Laplace operator in R2. In polar coordinates, x = r cos #, y = r sin §, we have

g P10 1
A=tto =521 5 1 2o

Then, it can be seen that
Vn e (1.0) = Jn(z gr)e'™ (59)

is an orthogonal basis of L2 (D), where
¢ J, is the Bessel function of order n, namely

T
Ta(z) = %/ eiZS0=in0 4oy 7. 2 eC\R_, (60)
—JT

* 0<2zp,1 <zZp2<zp3<---isthe sequence of the positive zeros of J;.

We refer for instance to [Vasy 2015, Chapters 14.4 and 15] for an elementary introduction. In particular,
the functions defined in (59) satisfy

—AYn i = Ang¥ng in Int(D),  with Ay p =z and Yk lop = 0.

Roughly speaking, the index n encodes the oscillation in the 6-variable, while the index k will
contain an oscillation in the radial variable. We refer to [Anantharaman et al. 2016] for a description of
concentration/delocalization properties of general eigenfunctions (or, more generally, quasimodes) on the
disk. Here, we want to analyze some eigenfunctions corresponding to the so-called whispering gallery
modes that are concentrated close to the boundary of . They “rotate” very fast and concentrate towards
one of the two trajectories of the billiard contained in S*dD. This phenomenon corresponds to n — +00
and k small, typically k£ = 1. In the following, we thus focus on

1ﬂn,l("’ 9) =Ju (Zn,lr)eine,

and hence on the function J; (z,,1r). This requires information on z 1.

A huge amount of information is known on the Bessel functions and its zeros. But we will need very
few of them. First, we need to normalize them. For instance, [Burq et al. 2003, Lemma 5.1] taken for
k = 1 (which is that of interest for us) yields

Wi

[VnallL2@) ~n"3.
We also need a rough estimate on the asymptotic of the z, 1, see [Burq et al. 2003, Lemma 4.3] for
instance, namely,
Zn,1 :n—|—(9(n%), Zp, > n.
To estimate the norm of ¥, 1 on B(0, €), € < 1, we first prove the following lemma.

Lemma 3.12. Forall o > 0 andn € N, we have

n
J < n(tanh(oc)—a)‘
" (cosh«x)) ‘ =¢
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Note that in [Copson 1965, Section 32, p. 79], for fixed «, a full asymptotics in terms of n is proved,

n en(tanh(oe)—a)
Jn( ) ~ . (61)
cosh(a) ~/ 27 n tanh(c)

Here, we need only the principal term but also a uniform bound in terms of «. Note that the short proof

with principal term

below is not very informative, and the reader is referred to [Copson 1965, Section 32] for a complete
steepest descent approach to this asymptotic expansion.

Proof of Lemma 3.12. We start from formula (60), in which we write v = n/cosh(x), and use the
holomorphy of the integrand, together with the fact that ¢??(inz=zcosh@) j¢ 4 nerjodic function of Re(z)
to change the contour. This yields

1 T n . . 1 T
Ju(v) = 2_/ el(m) sin 9€—zn9 do = 2_/ elv(sm0—9 cosh @) do
T J_n T Jn

1 T—ia k4
1 ezv(smz—zcosha) dz =
2w

2

iv(sin x cosh@—i cos x sinh @ —x cosh ¢ +i« cosh @) dx

—mT—ix -

This implies

1 [ ¥ sinh g cos o o
|1, (V)] < — ev(cosxsmha o cosh &) dx < ev(smha acosha) _ en(tanha a)’
-7

and concludes the lemma. O

Lemma 3.13. There exist C, B,ng > 0 such that foralln > ng and 0 <r <1— ,Bn_2/3 we have

1
[¥n,1llLoo(B0,r)) < exp(—nda(r)+ Cn3).

Recall the definition of d4 in (20). See also Remark 1.14. Note that for r € (0, 1) fixed, the asymptotic
formula (61) implies that such eigenfunctions have indeed the decay given by Lemma 3.13.

Proof. We have z,, 1 /n =1+ O(n=2/3) and Zn,1/n > 1. Hence recalling that |d} | is decreasing on (0, 1],
we have, as long as rz, 1 /n <1,

dA(””’l) —da(r)

n

1
< Cn_%r|d1f1(r)| = Cn_%r\/—z—l =Cn 3iVI=r2.
r

Thus we obtain from Lemma 3.12

Jn (nzn—lr)
n

forallmeNand0<r <n/z,;. O

|Jn(Zn,17)| =

< exp(—ndA (Zn—lr)) <exp(—ndq(r) + Cn%)
n

The combination of the previous estimates gives Theorem 1.12.
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4. Maximal vanishing rate of sums of eigenfunctions, and observability from small balls

In this section, we prove Theorem 1.15, i.e., the Lebeau—Robbiano spectral inequality with observation in
balls of (small) radius r and constants uniform in r.

We follow the proof proposed in [Jerison and Lebeau 1999, middle of p. 231]. There are three main
steps, that we summarize in three lemmas. We then prove Theorem 1.15 from these lemmas, and prove
the lemmas afterwards.

In the following, for 8 > 0, we set Xg = (—f,8) x M, and define P = —03%2 — Ag. In the set
Xos = (—28,25) x M, we denote by (s, x) the running point and by B, a geodesic ball (for the metric
Id ®g) of radius r (its center being implicit in the notation). We also use the rescaled A '-norm on an
open set U, denoted by H!(U) and defined by

1120 0y = IF W22y + 721V Fli22 (62)
This will only be used on small geodesic balls or annuli, namely U = By or U = By, \ Bg,.

4A. The three key lemmas. In this section, we state the three key lemmas needed for the proof of
Theorem 1.15.

The first lemma is a classical global Lebeau—Robbiano interpolation inequality [1995, Section 3,
estimate (1)].

Lemma 4.1 (global interpolation inequality from unit balls to the whole space). Let S > 0 and let
U C Xys be any nonempty open set. Then there is C > 0 and ag € (0, 1) such that we have

1_
I Fll a1 (xs) < CUIPF | L2x,5) + ||F||H1(U))a°||F||H108(25)

forall F € H*(X,s) such that F|(_35 25)xom = O.

The next lemma states a local interpolation inequality. Its specificity is that the observation term is on
a small ball B, and the constants are uniform in r small. For this, the exponent has to depend on r as

[log(r)|~1.
Lemma 4.2 (local interpolation inequality from small balls to unit balls). Let P = —8? — Ag and let By

denote balls centered at (so, xXo) € X1, away from the boundary. Then, there exists r1 > 0 such that for
all 0 < rg < rq there is C > 0 such that for all r € (0, %) and F € HZ(BrO), we have

log2
o 1—ay _ g
I 130 = CUPF i) + 1 Uma o) PG 0 = oo

A proof of this lemma is given in Section 4C, starting from a Carleman estimate (with singular weight)
due to Aronszajn [1957]; see also [Aronszajn et al. 1962; Donnelly and Fefferman 1988; 1990].

The last lemma is an interpolation inequality with boundary observation term. All terms are taken on
sets of size r, and the important feature of this estimate is that the constants are uniform in r.

Lemma 4.3 (uniform local interpolation at the boundary on small balls). Let (0,xq) € {0} x M,
distg (xg, 0M) > 0 and consider balls centered at (0, xo). Then, there exist C > 0, rg > 0 and g € (0, 1)
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such that we have for all 0 <r <rg

1—ap

2 3
IF N g1,y < COUZIPFlL2B,,) + 12 ”asF|s=0||L2(BQrﬂ{O}><M))a0||F”Hrl (Bar)
forall F € H*(X,s) such that F|(_35 25)xom = O.

This lemma is proved in Section 4D, and is a consequence of a uniform Carleman estimate proved in
Appendix A.

4B. Concluding the proof of Theorem 1.15 from the three lemmas. From these three lemmas, we may
now give a proof of Theorem 1.15. We first formulate a straightforward corollary of the three lemmas to
prepare the proof.

Corollary 4.4. Let P = —3% — Az and (0, x9) € {0} x Int(M) and consider balls centered at (0, xo).

Then, there exist ro > 0, C > 0 and ag € (0, 1) such that, for all r € (0, I—%) and F € HZ(XZS) with

PF =0and F|(_3525)xam = 0, we have
') 1—ag
H1(3r0/4)”F”H1(X25)’
log2
o 1—a, _ g
||F||H1(Br0/4) = C||F||H1(Br)||F||H1(X25)’ oy = IOg(zﬂ) +10g2’
=

IF a1 xs)y < CIFI

1—ag

@0
”F”Hl(Br) SC”8SF|S=O”LZ(BQ,-F]{O}XM)||F||H1(X25)'

Proof of Theorem 1.15. Let us first treat the case where IM = &, or IM # & but the center of the balls,
Xg is in Int(M). The case x¢ near dM will be treated afterwards.
We reformulate (again) these three results as (in a form close to that of [Donnelly and Fefferman 1988])

1
I F e (xs6) - (C ||F||H1(X25))°‘0
IF B,y ~ \ IF I (xg)

1

IF e (x,s) - (C I Fll e xss) )""

IENmre,y — \ 1Fla B,y
1
IF a1 (xs0) - (C ||F||H1(X25))°‘0
105 Fls=0llz2(Bo, nto3xry — \ I F a1 (B,)

and combine them to obtain

1
||F||H1(X2S) Ecﬁcﬁcagar

1
(”F”Hl(Xzs))Ol%ar ' (63)

195 Fls=0ll2(B,, nf0}x M) I Flla(xs)

We then follow [Lebeau and Robbiano 1995; Jerison and Lebeau 1999; Lebeau and Zuazua 1998;
Le Rousseau and Lebeau 2012], and, given ¢ € E-, take the function

_ sinh(svV—Ag)

o)==
g

My + 5oy,
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where Ay is the Dirichlet Laplacian, ITo the orthogonal projector on ker(Ag) and IT4 = Id —ITp; that is,
F is the unique solution to

(_85 - Ag)F = 0’ F|(—2S,2S)X3M = 07 (F’ aSF)|S=0 = (Oa 1/f)

Classical computations (see, e.g., [Le Rousseau and Lebeau 2012, Proof of Theorem 5.4]) show that there
is C > 1 such that forall A > 0 and ¢ € E_,, we have

1
FWV 20 = Il sy = 1F i tag) < €YWL 0,

As a consequence, (63) yields for some C,x >0, forall L >0, ¥ € E<;,and r € (0,22)

||¢||L2(M) < C;c—i—ﬁe(lc—i-ﬁ)«/}. (64)

1V | 22(B v (x0.27))
Recalling the definition of «;, this is the sought result of Theorem 1.15 (up to changing 2r into r, and
the names of the constants accordingly) with the restriction r € (0, %0) To conclude for all r > 0, it
suffices to notice that (64) remains true with o, /16 on the right-hand side uniformly for observation
terms ||V [l 2(B . (xo.2r)) With 7 > % (the constants are nonincreasing functions of the observation set).

To conclude the proof in the general case, we need to consider the situation dM # & in full generality.
We again follow [Donnelly and Fefferman 1988; Jerison and Lebeau 1999]. In this case, we define the
double manifold M = M UM, consisting in gluing two copies of M, endowed with a smooth structure
of compact manifold, as in [Lee 2013, Theorem 9.29-Example 9.32]. Then, the procedure is very well
explained in [Anton 2008, Section 3] and we only sketch the proof. We extend the metric g on M by
symmetry/parity with respect to the boundary d M as a metric g on M. Note that even if g is smooth, the
extended metric g is only Lipschitz on M. This is not an issue since Lemmas 4.1, 4.2 and 4.3 remain
valid for Lipschitz metrics (as a consequence of Appendix A, [Aronszajn et al. 1962; Donnelly and
Fefferman 1990], and Appendix A, respectively). In the case of Dirichlet boundary condition on d M, and
given ¥ € E_) we take its antisymmetric/odd extension on M, yielding a function ¥ € E <. Here, E <A
is the counterpart of £~ defined for the Laplace-Beltrami operator Az on M. The above computations
are then made for Az on M and the estimate (64) is proved for 1} The same estimate for ¢ follows.
Similarly, in the case of Neumann boundary condition, we take the symmetric/even extension of functions,
yielding the sought result. U

4C. A proof of Lemma 4.2 from Aronszajn estimates. In this section, we give a proof of Lemma 4.2
starting from Carleman—Aronszajn estimates as stated in [1988, Proposition 2.10; 1990, Proposition 2.10]
(and slightly modified according to the remarks in [Jerison and Lebeau 1999, beginning of Section 14.3]),
which we now state. An alternative proof of a closely related estimate is given in [Hormander 1985a,
inequality (17.2.11), Chapter XVIL.2].

Proposition 4.5. Let P = —92 — Ag and let (p, ) € (0, r1) X S be geodesic polar coordinates around a
point (So, x9) € Xs away from the boundary. Then, there exists a function p(p) with

p=p+0(p*) asp—>0", (65)
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and constants to, C, ro > 0, such that we have
c/ I FPul?p Y dpdt > /(|ﬁ_TVu|2 + 1 ul®)p " tdpdt forallt > 19, u € CS (B, \ {0}).

With this Carleman—Aronszajn estimate in hand, we now give a proof of Lemma 4.2.

Proof of Lemma 4.2. We use the estimate of Proposition 4.5 as in [Lebeau and Robbiano 1995] (see also
[Le Rousseau and Lebeau 2012, Section 5]) to deduce an interpolation inequality. We introduce for this
(as in [Donnelly and Fefferman 1988, beginning of Section 3]) a cutoff function y, = y,(p) such that,
with 0 < r < 22 a small parameter (appearing in the statement of the lemma),

2
r - _ ro
SUPP(Xr)C{§<,O<Fo}, xr=1 on{r<p<?},
0% | < Cor ™! on{%<,6<r}, |0%xr| < Cy 0n{%°<,6<r0}.

We apply Proposition 4.5 to u = y, F. The operator [P, x,] is a first-order differential operator with
supp[P. xr] C {5 < p <r}U{% < p <ro}, being moreover of the form O(r~')D + O(r~2) on the set
{4 < p <r}. Therefore, we obtain using (65), for all T > 1o,

f 15V )P+ 151 FIP)o~ " dpdi
<c [ 50 PFPp~  dpdi +C / 5P, 1ol FPo~ " dpdi

r —27t—1 2 r 212 2 o —-27 2
SC(E) ||PF”L2(EO)+C(§) ||F”Hr1(§sﬁsr)+c(?) ”F”Hl(%osﬁSro)’

where B r, denotes the set {5 < ro}. Recall that the norm H, is defined in (62). Concerning the left-hand
side, we bound it from below by

[V PP 415w PR dpdi = [ 5TV G PP 15 PP dpdr

2r<p<-4
- o —27 F 5

Combining the last two estimates together with the fact that (%))_rHFHHI(E) < (%)_r”F”HI(Er)
yields, for some 7o > 0 and all T > 79 and r € (0, 13),

ro\~ 7 F\—T ro\~ 7
(2) 1Flaia,y,0 =C€(5) UPFlg,y + 1Flua) +C(5) 1Flma,,):

Multiplying by r§ and recalling (65) to replace balls in p by real balls, we obtain, up to changing the
names of the parameters r, rg, that

2ro

T C
) (1 PF 228 + 1 F L 8,) + 521 F L 5,

1F a1, = €
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An optimization in T > 79 [Robbiano 1995] (see also [Le Rousseau and Lebeau 2012, Lemma 5.2]) then
implies the following interpolation inequality:

_ log2
o 1—ar —
IE Wb (B,,yq) = CUPFL28,,) + 1 F g (8,) ||F||H1(Br0), o = og(Z2) + log2
20

and concludes the proof of the lemma. O

4D. A proof of Lemma 4.3 from Proposition A.14. In this section, we give a proof of Lemma 4.3. The
latter consists in performing a scaling argument to reduce the problem to fixed-size balls. However, the
scaling argument yields in these fixed balls a family of metrics (converging to a fixed metric as r — 0),
and we need to use uniform interpolation/Carleman estimates for such families of metrics. These uniform
estimates are proved in Appendix A (Proposition A.14).

Proof of Lemma 4.3. We first choose r¢ small enough so that B 2r,0 C X5 and there exists a local coordinate
patch on M: @ : {x € M :dist(x, x9) <2ro} — U where U is a neighborhood of 0 in R”, with ®(x¢) =0.
Up to a multiplication by an invertible constant matrix, we may assume that ((®~1)*g)(0) = Id. As
a consequence, ds2 ® ((®~1)*g)(ry), defined on the ball of radius 2, converges uniformly in this ball
towards the flat metric on the flat ball of R”*1 in the limit » — 0%. We will thus only use the flat metric
in the present proof, which behaves well with respect to scaling. The distance (hence the balls, still
denoted by B, or B; below, all centered at 0) will be defined with respect to the flat metric, as well as the
Sobolev norms (still denoted by H,1 (B,), H'(B1) below). The final result we obtain will be formulated
in terms of the flat metric, and associated balls and Sobolev spaces. Coming back to a formulation on the
manifold R x M with the metric ds?> ® g only uses the uniform equivalence of norms in 7*(R x M) and
in L2(R x M) for r sufficiently small.

With this in mind, let us now proceed with the scaling argument in the coordinate chart. Denote by
Fy(x) = F(rx) and P, the Laplace—Beltrami operator with respect to the metric ds? ® ((®~1)*g)(ry)
defined on the ball of radius 2, we have

n+1

= N Frllgr sy
n+1

2 ||PrFr||L2(Bz)v

1 prp gy =7

P2 PFll 2(p,,) =7
3 1 n
r2 |05 F|s=o0llL2(B,, ntoyxrmy = 727 2 105 Frls=oll L2(B,n {03 x M) -

Note that the metric ds? ® g(r -) defined on B; converges uniformly, when r tends to zero, to the flat
metric ds? ® g(0) = ds?> ® dyf ® - ® dy?2 for the Lipschitz topology on metrics. So, the result follows
if we are able to prove the following estimate: there exist €, &g, C such that for all Lipschitz metrics g
with ||g—1d || yy1.00 < € and all u € H?(B,) such that u|s—¢ = 0 we have

el gyy < C (182 = Ag)ull sy + 1 stls=oll 2 aanopan) I F I 125 .

This is the object of Proposition A.14 proved in Appendix A. Note that the result of Proposition A.14 is
stated with half-balls Blj but is also true with real balls By instead by a symmetry argument. O
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5. The observability constant for positive solutions

The aim of this section is to prove the result of Theorem 1.4 concerning observability of positive solutions
to the heat equation. The main tool will be the following Li—Yau estimates.

Theorem 5.1 [Li and Yau 1986, Theorem 2.3]. Let M be a compact manifold. Let
—K = min(0, min Ricci(x)) <0,
XEM

where Ricci(x) is the Ricci curvature at x. We assume that the boundary of M is convex, i.e., Il > 0. Let
u(t, x) be a positive solution on (0, +00) of the heat equation with Neumann boundary condition. Then
foranyoa > 1, x,y € M, and 0 < t; < t, we have

na
naK@x—t)  d(x.y)?

t 2
u(ty, x) < (‘2) e VD TN U1, y).
5]

Here, we have denoted by //(x) the second fundamental form of dM with respect to outward-pointing
normal at the point x.

Remark 5.2. The convexity assumption is not necessary to obtain a Li—Yau-type estimate (if the boundary
is smooth), up to a loss in the exponent. Indeed, setting —H = min(0, min,eyaq 11(x)) <0, Wang [1997,
Theorem 3.1] proved the estimate

1) Ca Cl(ta—t1) d(x.p)2 5
u(ty,x) < - era2Tem 4 -t y(ty, y) foralla > (1 + H)~.
1

The proof of Theorem 1.4 below shows that the result still holds without the convexity argument, but
yields

”u(t’ )”iz(w) dt

C s wteo? [T
”u(T)”L2(M) Tee(l—i—H—i-e) 2T /0

C cmzp+e? [T
HU(T)”LZ(M) —CerHe ? £l / U(t,ZO)Z dt,
0

instead of (6)—(7) (hence with a loss of (1 + H)? in the exponent). We do not know whether this is
optimal. Finally, we did not find any analogous estimate in the case of Dirichlet boundary conditions.

Proof of Theorem 1.4. Along the proof, we will need the following asymptotic constants, all depending
on the chosen € > 0. Namely, we shall use 79 > 0 arbitrarily small, » > 1 arbitrarily large, A € (0, 1)
arbitrarily close to 1, and o > 1 arbitrary close to 1. Given € > 0, they will all be fixed at the end so that

(LM, @) +310)* < (1 + €)(LIM, ©) + €)%

(r — I)A
For any xo € M and for any 1o > 0, there exist n = 1(xg, 7o) € (0, n0) and yo € w such that
d(xo,y0) <L(M,w)+n and B(yo.7n) Cow.

In particular, we have M C | J xoem B(xo, 1) so that the compactness of M yields the following statement:
given g > 0, there exist a finite set J and families (x;),ey € M, (vj)jes € o’ and (mj)jes € (0, n0)”
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such that

MC U B(x;j,n;), d(xj,y;) <L(M,w)+n; and B(y;,n;) Cew forall jeJ.
jedJ
Now, fix j € J, and take x € B(x;,7n;) and y € B(y;,n;) C w, and we have
d(x,y) <nj +LM,0)+n; +1; < LM, w)+3n0 =: dn.

For ¢t € [0, %] Theorem 5.1 with t; = ¢ and t;, = rt; = rt then yields

) 2naKt(r=1)  ad?
u(t, x)? < r"®e Vae-n e3-iy(rt, ).

Defining
_ 2naK(r—1)
V2@—-1)
this may be rewritten as
ad,zn
u(t,x)?e” 2001 < p™"e¥ty(rt, y)2. (66)

We may now integrate this estimate for x € B(x;,n;) and y € B(y;.n,) C o:

2 |B(xjv 77])| na yt 2
”u(t)”Lz(B(X./,n_/)) = |B(y;,n))| re ”u(”)”Lz(B(Xj,n_i))
< 1By, )
|B(yj. ;)
Summing all these estimates for j € J yields, for a constant C (1) depending only on the geometry of
(M, g), on w, and on the constant 7o,

ad%
e_Z(r—l)t

2
P u(r) 122,

_adjy
e T=07 [u(D)[7 2y < C0)r" e ()13 2.

Given A € (0, 1), integrating this on the interval ¢ € [/\ r T] yields

ya

T
T _adpy v
A e 20— ||u(t)||%2 dt < C(no)r™® AT eyt||u(rt)||iz(w) dt

~N

r T
r/(|r r
< C(no)r"*e” r/ﬂ lu(rt) 17 2y 42 = Cno)r"*e” ’f“ ()17 2oy ds

after the change of variables s = r¢. Concerning the left-hand side, we use the decay of the L2-norm of
solutions to the heat equation to write

() 2200 = [ () [ 220V 2 () 22000, G

forall t € [AZ Z] since r > 1. Noting also that t — e —ad/Q@r=D1) i increasing in ¢ > 0, we have

T
T add T(1-2) _radZ
e 2=Df gt > ————~ ¢ 2—DAT ,
AL r
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Combining the above three estimates yields

( A’) T 2 .
—e -2 (T 17200y < C10)r" e L Oz () d5:

that is, forall n >0, r > 1, A € (0,1), and & > 1,

C(pr"etl 20ek¢-DT racwi+n? [T
”“(T)”iz(/\/t) < me V2@—1) T g 2(r—DAT [ ||u(s)||%2(w)
But L5 =1+ % can be made arbitrary close to 11 for large r, A close to 1™, « close to 1T, and 7

to 0T, so that

ra(L(M, w) +n)? - LM, 0)? +€
2(r — AT - 2T ’
We have thus proved the first statement.
To be a little more precise, we can choose «, r such that % + é = 1. This yields

+1
C o no nK > T
(ﬁ)(a_l) ef{:x 1)T o (L(A/;lw)-i-n)/ ”u(S)H%Z(a)) ds,
AT

2
””(T) ||L2(M) =

T(1-2)
or, witha@ =1+ ¢ and A = 1 — ¢, we obtain for all € € (0, 1)
(1+e)n+1 T
( )(ﬁ) 2nK <1+e>2 L, wH—n)
u(T)|? < £ ev2e ¢ 1- / u(s)||? ds
()13 200y < . oy O

C KT (1462 (comam+m? [T
(T’) eﬁeTe l—ee 2wT =
(

— T62"+2 ||u(s)||i2(w) dS.

1—e)T
So we have proved the first estimate of the theorem. The second can be obtained similarly by integrat-

ing (66) in the x-variable only, and not in the y-variable. O

Remark 5.3. In fact, note that from (67) on we could also put H u ” LZ(M) on the left-hand side
of all estimates of the proof, which amounts to Hu
stronger statement

Toe +6 HLZ(M) and, in particular, we have the

Cmr"tl 2k p (110? comwmrtn? [T
LeﬁeTe T—e 2T

lu((1—e)T)|3 <
L2(M) (1-&)T

()32, ds

Remark 5.4. All constants can be made explicit. We denote by K := min{0, — min,e Ricci(x)}. For
instance, we have for all n > 0

(n)rna+1 2nK T a2 (M) +m? /T 5
T e V2a-1D AT d
T B2 = T [ u5) 12, s

Choosing the constants, we have, for all € € (0, 1), for all n > 0

()

T

L2( ) C(n) %nfiT (1+€)3(£(/V1“))+77)/
— Te2n+2

()32, ds

(1—¢)
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Note that for nonnegatively (Ricci) curved manifolds (this is the case of a convex domain in R") K =0
and the constant is

C(n) (1403 (L<M,2wT)+n)2
Te2n+2

and hence decays like % for T large.

Appendix A: Uniform Lipschitz Carleman estimates

In this appendix, we produce Carleman estimates for a Laplace-Beltrami operator on a Riemannian
manifold M with boundary dM. Our proof presents several advantages with respect to the existing proofs
of similar results:

e It is relatively short.
e It is completely geometric and, we hope, is relatively readable.

¢ As we already said, it requires the minimum of regularity for the metric (in dimension > 3), namely
only Lipschitz regularity. Indeed, it is known that in dimension > 3, local uniqueness does not hold
for general elliptic operators (even in divergence form) with C %% coefficients for all & < 1; see [Pli§
1963; Miller 1974].

The proof, using formulae from Riemannian geometry, is inspired by Carleman estimates for the
Schrodinger equation proved by the first author [Laurent 2010].

There have been several works about such Carleman estimates for Lipschitz metrics (but without
boundary). The oldest result seems to be [Aronszajn et al. 1962] for elliptic operators. Another one,
which actually falls short of the Lipschitz regularity is the very general result of [Hormander 1963,
Section 8.3], which requires C'! regularity, but applies to many more operators than elliptic ones. A proof
for general elliptic operators with order 2m and Lipschitz coefficients is written in [Hormander 1985a,
Proposition 17.2.3]. For Lipschitz regularity of the coefficients, we can also mention for instance [Nakic
et al. 2019], with explicit dependence. One can also mention doubling estimates directly for the parabolic
equation; see [Canuto et al. 2002; Escauriaza and Vessella 2003] for instance.

Al. Toolbox of Riemannian geometry. The definitions given in this section have a deep geometric
meaning; see [Gallot et al. 1987]. We will however only use the associated calculus rules, which we
recall below. Note that they are usually written for smooth metrics, but they still make sense for Lipschitz
metric, as we shall see below. We follow the notation of [Gallot et al. 1987].

Here and in all estimates below, M is a (not necessarily compact) smooth d-dimensional manifold
with boundary dM, so that M = dM L Int(M).

Given an open set U C M such that U is compact in M (note that this definition holds not only for
open sets of Int(M)), we denote by L?(U), H*(U), Wk’°°(U) the usual Sobolev spaces. These are
defined intrinsically once U is fixed, even if the associated norms may depend on the metric or the charts
chosen. The notation Lf;c(M ), H{;C (M), Wll(fc’oo (M) will be used for functions belonging to L?(U), etc.
for any open set U such that U is compact in M (and not Int(M)).
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We denote by g a locally Lipschitz metric on M, (that is, x — gx(-,-) is a locally Lipschitz section
of the bundle of symmetric bilinear forms on 7'M that is uniformly bounded from below by a positive
constant on any compact set).

Given a local regularity space B as above, and U C M such that U is compact in M, we define

Tg (U) =Tp(T*T*M)|y

to be the space of sections of 2-tensors on 7* M having regularity B on a neighborhood of U. In local
charts, such a tensor ¢ € ’7}32 (M) can be written as ¢ = (;;), with #;; having the regularity of B. Typically,
a locally Lipschitz metric g satisfies g € Ty VI%I 1.00 (M).

We denote by (-,-)g = g(-,-) the inner product in 7M. Note that this notation omits mention of the
point x € M at which the inner products takes place: this allows us to write (X, Y )¢ as a function on M
(the dependence on x is omitted here as well) when X and Y are two vector fields on M. For a vector
field X, we also define |X|2 = (X, X).

We recall that the Riemannian gradient Vg of a function f is defined by

(Vg f. X)g =df(X) for any vector field X.

For a function f on M, we denote by [ f = [, f(x)d Volg (x) its integral on M, where d Volg (x) is
the Riemannian density. We denote by divg the associated divergence, defined on a vector field X by

/uding :—/(Vgu,X)g for all u € C£°(Int(M)).

We denote by Ag = divg V, the associated (nonpositive) Laplace-Beltrami operator. We also denote by
D the Levi-Civita connection associated to the metric g; see [Gallot et al. 1987, Chapter II, Section B].
Let us now recall how these objects can be written in local coordinates.

Formula 1. In coordinates, for f a smooth function and X = Y"; X’ 0

Txr Y =5, Yo i smooth vector

fields on M, we have

(X,Y)g=Zg,~inYj, /fz/deolg=/f(x)\/detg(x)dx,

i=1

detg

S
Vef = Z 8" g - ax divg<X)=Z T

i,j=1
ijg. 181 ioyJ 3
detgg"d; f). DxY = E E X -+ E [ X Yk

i=1 =1

where (g7 1); = g%/ and the Christoffel symbols are defined by

n
Fie =% > g9 gri + 0icgrj — 018k
=1

see for instance [Gallot et al. 1987, p. 71].
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Note in particular that the Lipschitz regularity of g can be written as, on any local chart U with
U compact, g;; € WH®(U), and implies g¥ € WL (U). This gives, if £, X,Y are smooth, that
(X.Y)g € WI’OO(M), Vg f is a locally Lipschitz vector field, Ag f € L° (M) and DxY is an L

loc loc
vector field on M, since the definitions of Ag and Dy involve one derivative of the coefficients of g.

In view of the properties of Dy, it is natural to set Dy f = Xf = df(X) for a function f on M. Let
us now collect some properties of these objects, that we shall use below.

Formula 2. For £, h smooth functions and X =Y, X' aix,-’ y=y.Y! ai smooth vector fields on M,

x;
we have

Ve (fh) = (Vg )R+ f(Vgh),
divg (fX) = (Vg f, X)g + [ divg (X),
Dx(fY)=(Xf)Y + fDxY, where Xf :=df(X),
Dx((Y,Z)g) = (DxY,Z)g +(Y,DxZ)s,.

That Dy acts on functions as well as on vector fields suggests extending the definition of Dy to more
general vector bundles; see [Gallot et al. 1987, Proposition 2.58]. In particular, for a one-form w, Dy is
defined (by duality) to be the one-form acting as

(Dxw)(Y) = X(w((Y))—w(DxY) for all vector fields Y.
This allows us to define the Hessian of a function, see [Gallot et al. 1987, Exercise 2.65],
Hess(f)(X,Y) = (Dxdf)(Y) for vector fields X,Y

(which only involves the values of X, ¥ and not their derivatives). In local charts, note that we have

Hess(f)(X.Y) =D X'Y/[35 f — T3 f1.
i,J
which again is in L% (M) for a locally Lipschitz metric g and L vector fields X, Y. Note also that the

loc loc

Hessian of f is symmetric; that is, Hess( f)(X, Y) = Hess(f)(Y, X).
Lemma A.1. For any function f and any vector field X and Y, we have
Hess(f)(X,Y) =(DxVg f.Y)g.
Proof. According to the above calculus rules, we compute in two different ways the quantity
Dx({(Vg .Y)g) = Dx(df (Y)) = (Dxdf)(Y) + df (DxY) = Hess(f)(X.Y) +df (DxY).

We also have

Dx({Ve £.¥)g) = (DxVe £.¥)g + (Ve . Dx¥)g = {Dx Ve £.¥ )¢ + df (DxY),
which, combined with the previous computation yields the result. O

Finally, we recall an integration-by-parts formula in the present context.
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Formula 3 (Riemannian Stokes formula). Assume dM is piecewise C! and graph-Lipschitz. Then, for

all f € H2 (M) and h € H! (M), one of which is compactly supported, we have

loc

J@erim=[ (e reh= [ (5 fVehbe.

Here, the boundary dM is endowed with the Riemannian metric induced by g, and [, aps 18 the integral

loc

with respect to the associated surface measure (defined as in Formula 1). The vector field v is the unit
normal vector to M which is outgoing. It is defined almost everywhere if M is piecewise C L. In a local

coordinate chart (xp, ..., Xx,) centered at 0, and in which dM C {x, =0} and M C {x, <0}, we have
n

g’
U_Z \/Wax

With the prescribed regularity of the boundary, the space L{° (M) is defined intrinsically. We denote by
v f = (Vg f. v)g the normal derivative at the boundary, which is only L2 (M ) since M is piecewise C 1.

Note that in the above coordinate system, we have
n

9 f = ng

In particular, if f satisfies Dirichlet boundary conditions, this is 9y, f = /g"" 0y, f.

Note finally the vector field X — (X, v) v is tangential to dM, so that we may decompose a vector field
as its normal and tangential parts. In particular, we shall decompose the gradient Vg f = 9, fv + Vr f,
where Vr fgr € TOM.

A2. The Carleman estimate. We stress the fact that functions u € C °°(M) are smooth up to the boundary
of M (as opposed to functions u € C°°(Int(M))). We will first estimate the Carleman conjugate operator
in Theorem A.2 and then give the desired estimate under appropriate assumptions in Theorem A.5.

Theorem A.2. Assume g is a Lipschitz metric on M and M is piecewise C' and graph-Lipschitz. Let
U be an open subset of M such that U is compact (in the topology of M D 0M) and define & = oM N U.
Then, forany f € WhH(U), ¢ e W2®(U), u e H2 __(U) and t > 0, we have

comp

/ €% Ag (e~ u)|? + R(u) = 7° / [2Hess(0) (Ve . Veg) + (Agg)| Vel — /| Vgpl2]ul?

. / 2 Hess(¢)(Veut, Vu) — (Ag )| VeulZ + £ |Veul2 + BT (),

with boundary terms
BT (u) = —ZT/E(Vg”’ V)g(Vew, Veu)g + T/E<Vg‘ﬂ, V>g|vg”|§
= [ (ep el Veol? + ¢ [ (Vewn)e fu. gy,

and remainder R(u) satisfying

IR@)| = (ILf = 2g@lF ooy + 211 Ve floo@)) P lul} o + 3 IVe fllLoo@n I Veull 7. (69)
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Note that the last term in (68) is actually of lower order. We keep it here since it vanishes in the case
of Dirichlet boundary conditions.

Remark A.3. It is very important for our purpose to notice that all terms in this identity only involve
derivatives of order O or 1 of the metric. This will be important when we will consider stability issues
with respect to Lipschitz perturbations of the metric.

This identity suggests introducing and studying the following two important quantities, given X a
smooth vector field on M:
By g, s (X) = 2Hess(p)(X, X) — (Mg @)X |3 + fIX[3,
€0, = 2Hess(9)(Vgp, Vgo) + (Ag(/))|vg§0|§r - f|Vg‘P|§r~
Note that for a Lipschitz metric g, we have €4 , v € L2 (M) and B, , #(X) € LY (M) for any locally

loc loc
bounded vector field X.

Remark A.4. At this level, it would be very tempting to set ' = —Ag¢ + f and work with the associated
simplified expressions of Bg , +(X) and €, , r. From a conceptual point of view, this is completely
fine; see Remark A.8 below. However, since we consider the limiting Lipschitz regularity of the metric,
this change of additional function is not admissible. Indeed, the remainder term R(u) in Theorem A.2
requires the regularity Vg f € L° and f = F + Agg is already in L* and consumes one derivative of
the metric g. Having Vg F € L™ would then require g to be W2,

We define |w]|?, = [ |w|? (see Formula 1 for the notation [) for a function w and || X |17, = ['|X|3
for a vector field X.
‘We can now state the Carleman estimate.

Theorem A.5. Let U be an open subset of M such that U is compact (in the topology of M D M) and
define ¥ = OM NU. Assume that the functions (¢, f) satisfy f € WH®(U), ¢ e WX (U), |Vg<p|§ >0
on U, and there exists Co > 0 such that for any vector field X we have almost everywhere on U
Bg.o.r (X) = 2Co|X 3. (70)
ep.s = 2C0| Vel (71)
Then, setting ¢(¢) = max{1, (ming |Vg<p|§)_1}, we have the following statements:
(1) Forall t > %‘g)(”f — Ag(p||ioo(U) + %”ng”Loo(U)) and all v e CZ°(U) we have the estimate
LCo (e e vVe |2 ) + 1€ Vel 220
< 1€ Agvl2a g, + T Vevl2a s + 21 0Ve0l 2 ) Krige (72)

with Kpp = 3(“2| f Lo (z) + 31 Vegll oo ().
(2) Forall Tt > Cé—?(”f —Ag(/)”%w(u) + %”ng”LOO(U)) and all v € CZ°(U) such that v =0 on X we

have

1Co (@ [0Vl 22 ) + 1€ Vel 22) < €™ Mgl agy + 7 /E 2 pld (73)
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(3) If ¢|x is constant and —m(p) := maxy dy¢@ < 0, then setting M(¢) := maxx(—0dy,¢) > 0, we have

for all
c(p) 2 1 I/l Loo(z)
= max{ C—O(Hf — Ag§0||Loo(U) + f“vgf”LOO(U))’ T(p)

and allv e CZ°(U)
Co
le™ 85013+ M) [ 19rol} = 10 Vepla, + oleVsolag)

Tm((!’)3/ 27 2 3m((ﬂ)3/ 2
+ - el + 10 —— vle. (74)
s MR J5 ¢! ey AL

Remark A.6. In the last two statements of this result, we assume boundary conditions (either for v or
for @) on the whole boundary X. Since the integrals involved are local, we could also assume different
conditions on parts of the boundary, obtaining the associated terms in the estimates.

For simplicity, in the proof, we shall denote by
IIMIIZ},; = uVepll72 + Veull?.
the semiclassical norm (recall that |Vg(p|52, > ( here).

Proof of Theorem A.5. We first let v = e~ "?u, and apply the estimate of Theorem A.2. The latter, together
with our assumption (70)—(71) (applied almost everywhere in M to X = Vgu) implies for all 7 > 0 and
ueCx(U)

le™® Ag(e™™ w175 + R(u) = 2CoT>|[uVge|| » + 2Cot | Veull7, + BT ()
=2Cot|ull}, + BT ().

where BT (u) is defined in (68) and R(u) estimated in (69). Now, we have
IR)| < c@)(If —Dg@llZoo + %”ng”LOO)””HiIII’

which implies that if tCo > ¢(¢) (|| f — Ag@l|2 0 + 2 Vg £ Lo0), we obtain

le®® Ag(e™™ )72 = Cortllullyyy + BT (). (75)
We now consider the boundary terms. Without any assumption on the boundary, we have
BT ()] < 37| Vel Loox) IV u 1225y + T2 14 Ve @112 25+ 2 1F Lo () (1801022 + 2 12 25
and hence obtain in this case
Cotllul,, < % Ag (e u)|12,

+ (@S L) + 3t Ve@ll Loo(2) (Ve ul 225y + T2 1u Vel 2 5))-
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Recalling that u = e*?v, this implies Vou = e™@Vgv + tuVg e, and hence

le™®Vgvl|72 < 21| Vgull72 + 202 u Vgl 7> = 2lul3;:. a6)

2 2 2 2
IVgullz2 <2[le*Vgvll72 + 27 €™ vV, gl 72

The last four estimates imply

3 2 2
3Co(@3e™v||7, + Tl|e™ Vgul|7,)

= COT”“”ZTI
< 1 Agv]2, +3(c@) 1 £ oo (m) + 371 Vel oo () (16 Ve vIZ a5y + 2210Vl 5

and hence (72).
Second, we assume the Dirichlet boundary condition v|x = 0. This implies u|x, = 0 and Veu|g =
dyu|xdy, so that we obtain

BT (u) = —r/ d,0|dyul? = —r/ d,0e27 |3, v|%.
by by
Estimate (75) then reads
||et‘pAg(e_wu)||22 + /E dype™®|dyv|* > Cor||u||?qr1.

Using again (76) to come back to the variable v yields (73).
Finally, we consider the case where @[y, is constant and d,,¢ < —m(¢) < 0, in which case we obtain
from (68)

BT (u) = —21/ 8v(p|8vu|2+r/ av¢|vgu|§,—f3/ (8v(p)3|u|2+r/ doufu
= = b =
= —r/ dye|dyul? —|—r/ 8v<p|VTu|§ —r3/ (0,0)3ul® + r/ dyufu.
= = b z
Estimate (75) then reads
e Ag (7" u) |13, +1 / duldyul?—t / dv|VrulZ+1° / @vp)Jul*—7 / dvufuz Cotllul7,,
= z = = 4
and hence, using —M (¢) < dyp < —m(p) <0,

160 Ag(e=") |12, + M)t /E Vrul2 - /E dufu
= Corlullyy +mo)e 1ol + m)? [ ul

Now, we estimate

‘/Eavufu

< I lzeemllull L2cmy lldvuell L2z

I/ Il oo (zym(p)T

[PAETe>) 2
= ) ”u”Lz(E)’

T 2m(p)t

19uull3 25 +



OBSERVABILITY OF THE HEAT EQUATION AND GEOMETRIC CONSTANTS IN CONTROL THEORY 409

so that for > /|| f||Leo(x)/m (@) this term is absorbed in the right-hand side, and we obtain

3
m m
16 g (e Za + M)e [ (Frul2 = Corluly + e [+ 2 [
b Hy 2 b 2 s
Recalling that u = ¢™v and V7 ¢|x = 0, this implies Vzru = e* Vv and

€2t¢|avvlz = 2|8vu|2 + 272|8v§0|2|u|2;

1 2 1 2
-m("’)zf ezw|avv|2§—/ Byl 4+ 2O /|u|2.
4 M(p)* Js 2 /s 2 Js

hence

Finally using again (76) with the last two estimates implies (74), concluding the proof of Theorem A.5. O

Proof of Theorem A.2. The statement of the theorem is a lower bound for the L2-norm of the quantity
e™® Ag (e~ " u), which we may compute as

Pou:=e"PAg(e”"™u) = Agu —2t(Vg, Veu)g —t1(Agp)u + r2|Vg<p|§,u.
We then decompose the conjugated operator P, as
Py = Q2+ 01,
with
O1u:=-2t(Vep,Vou)g —1fu,
Oru := Agu + f2|Vg<p|§,u —1(Agp)u+tfu = Ou + Rou,

where Q 2 is the principal part of Q», that is,

Oru = Agu + r2|Vg<p|§u and Rou =1(=Agp+ f)u.
Now, we write (|| - || denotes the L?-norm for short)

2| Pou|? +2]| Rau[|? 2 || Pgu — Rou|® = [|Q1u + Oau] %,
where we estimate the remainder as

IR2ul® < ?).f = AgplZoolluel 72 (77

Hence, we are left to produce a lower bound for

1Q1u + Ozull? = [|Q1ul® + | Q2ull® + 2Re(Q1u, Qou).

Now, note that the all differential operators Py, O1, QZ involved have real coefficients. Hence, if
we consider complex-valued functions u = ug + iuy, we have ||Pyul|? = || Pourl® + || Pourll?,
lu]|> = |lurll® + |lur||® so that proving || Pyu||> > collu||? for real-valued functions u implies the
same inequality for complex-valued ones. As a consequence, we only prove the result for a real-valued
function u, and associated real inner product. We now provide an explicit computation for (Qu, Qzu),
which is the key step in the proof.
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loc loc

Lemma A.7. For all functions ¢ € WZ’OO(M), f e WI’OO(M) andu € chomp(M), we have
(Q1u, Qou) = TS/(2HGSS(<P)(Vg€0, Ve@) + (Mg 9)|Veols — /1Ve0lg) ul?
+ r/ 2Hess(¢)(Vgu, Veu) — (Ag(p)|Vgu|§, + f|Vgu|§
+ r/ u(Veu, Vg f)g + BT (u),
with

BT (u) = —2‘[/

Z:(Vgu’ V)g(Vep, Veu)e + T/;:(Vg(/)’ V>g|vg”|§r

- 73[Z<Vg‘ﬂ’ V)g|”|2|vg‘ﬂ|§ - T/ZWg”’ v)g fu.
To conclude the proof of the theorem, we now simply write
2| Pyul? + 2| Roul?* = | Q1u + O2u|® > 2(Q1u, Oau). (78)
In the estimates of Lemma A.7, the remainder term is
R3(u) = —f/ u(Veu, Vg g, [R3)| < 3 Vg f oo (| Vgull7 2 + 22 llul 7).
which, combined with (78), (77) and Lemma A.7, concludes the proof of Theorem A.2 with
R(u) = || Rau|* + |R3(u). O
For the proof of Theorem A.2 to be complete, it only remains to prove Lemma A.7.

Proof of Lemma A.7. We have

(01u, Oru) = /(—ZT(Vg(p, Veu)g — Tfu)(Agu + 1°|Vepl2u) = —t(2J +2°K + L), (79)
with

J Z/Wg‘P’Vg“)gAg“» KZ/(Vg‘PvVg”)gWg‘P@u, LZ/f”(Ag”“‘TZWg(P@M)-

We now perform one (and only one, which is the most we can do with the Lipschitz regularity of g)
integration by parts in each of these integrals. Firstly, we compute J as

J :/E(vgu,v>g(vg<p,vgu)g—/Wgu,vg((vgga,vgu)g))g.
But, we also have
(Veu, Ve ((Vgp, Veu)g))e = Dv,u((Vep, Veu)g)

= (DVgqu% Veut)g + (Vg o, DVgqu”>g

= Hess(¢)(Vgu, Vgu) + Hess(u)(Vgu, Vg @),
so that

J :/(Vgu,v)g(ng,Vgu)g—/Hess(w)(Vgu,Vgu)—/Hess(u)(Vgu,Vg(p).
=
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We then notice that
(Vgo. VgWg“@)g = d(Wg“@)(Vgﬁﬂ) = Dv,o((Vgu, Veu)g)
= (D, Vgtt, Vgtt)g + (Vgtt, Dv, o Vgit) g = 2{Dv, Vgtt, Vgit) g
= 2 Hess(u)(Vg@, Vgu), (30)

so that we have in particular

2/ Hess(u)(Vgp, Vou) = /(Vgﬁo’VgWg”@)g = _/(Ag‘P)Wg”@ +/E(Vg90»‘))g|vg”|§>-
Coming back to J, this finally implies the expression
2J = 2/2(Vgu, V)¢ (Veo, Veu)e —2/ Hess(¢)(Vgu, Vou)
+ [ e Veut = [ (Vew e Vel 1)
Secondly, remarking that Vg |u|? = 2uVgu, we write K as

1
KZ/(Vg‘P’Vg”)gWgﬁD@” = §/|Vg‘/’|§<vg‘ﬂ,vg|“|2>g~

An integration by parts yields
[ @eoP 1T = [ (Vo001 P10 [ (e, TeuPIT s

:L(Vg‘/”")g|u|2|vg‘/’|§_/|Vg§0|§(vg‘/’vvg|”|2>g_/|u|2(vg¢vvg|vg‘ﬂ|§)g-

Combining these two formulas, we obtain
2K == [ e P 150l + [ (oo )P0l = [ (Ve VelTao )P

= [ Beul V50l + [ (e v)eluPITlt =2 [ Hess(o) Tew. Vel (82
where we have used as in (80) that

(Veo, Vg|vg¢|§>g = Dv,o(Ve9, Ve9)g =2(Dv,oVep, Vep)e = 2Hess(9)(Vep, Ve o).

Thirdly, let us compute L with one integration by parts as
L= / Ju(Agu + t2|Vg<p|§u)
= [ (Vewn)s fu= [ Tg(rh + 2 [ Vool sl
:/E(Vgu,v)gfu—/f|vgu|§—|—t2/|Vg(p|§f|u|2—/u(Vgu,ng)g. (83)

Coming back to (79) and combining the computations of J, K, L in (81)—(83), we have obtained the
statement of Lemma A.7. O
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Remark A.8. We wish to compare the above proof with the more usual proofs of Carleman estimates
[Hormander 1985b, Chapter 23; Lebeau and Robbiano 1995; Le Rousseau and Lebeau 2012]. Note first
that the fact that operators and functions are real-valued implies, for u € C2°(Int(M)), that (Q1u, Qou) =
(0201u,u)=—(u, 0102u) = %([QZ, Q1]u, u). Note also that the principal symbol of the conjugated
operator Py is given by

Po(x.§) = 0(Py)(x,£) = |E¥2 — 2|Vl +2i T(Vgp. £%) g = [E2+ — T2|dp| 2. + 2iT(d@.E) g~

where g* is the dual metric on T*M, i.e., g* = (g'/), and £* is defined by (£%, X), = £(X).
Here, a computation shows that we have

{Re py.Im py}(x, &) = 47 Hess(p) (€%, %) + 4% Hess(9) (V0. Vg9).

As a consequence, the important quantity in the Carleman estimate of Theorem A.5 is
B E) 12800, = (f=Dg0)(§ 512 |Vepl3)+2 Hess(p) (6%, £°)+20° Hess(0) (Ve o, Ve)
1
= (f—Agp) Re py+5-{Re py. Im py .

The main assumption under which the Carleman estimate of Theorem A.5 holds is hence the existence of
a function F = F(x) (of the position variable only) so that

1
FRe py+ 5-{Re py, Im pp} = C(IE]” +7°). (84)

The choice of F under the form F = f — Ag is only made in order not to consume regularity of the
metric g; see above Remark A .4.

Of course, assumption (84) is stronger than the usual subellipticity of the Hormander theorem [1985b,
Chapter 23]:

{Re py,Im py} >0 on the set {Re p, = 0,Im p, = 0}.
The proof of the Hormander theorem [1985b, Section 23.3] then uses a symbol F(x, §) instead of just a
function F(x), for instance having the form
Re py

52 + 2 :

We refer to [Le Rousseau and Lebeau 2012, Section 3.1] for a related discussion regarding the

F(x.§) =

Fursikov—Imanuvilov approach to Carleman estimates.

A3. Constructing weight functions via convexification. In this section, we explain how to construct
weight functions (¢, f) that satisfy the assumption of Theorem A.5, via the usual convexification
procedure. In the present context (as opposed to the usual situation), this also requires a very specific
choice of the function f.

Lemma A.9 (explicit convexification). Let W € W2 (M;R) and G € W2 (R), and choose

¢=G(W) and f=2G"(¥)|V,V:. (85)
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Then we have
Bg.g,r(X) =2G" (V) Hess(¥) (X, X)+2G" (W) |(Vg W, X) g >+ (G" (V)| Vg V2 -G (W) A V)| X2,
oo f = G/(\IJ)Z[2G/(\IJ) Hess(W) (Vg W, Vg\IJ)—l-G”(\II)Wg\IJ|§—|—G/(\I/)Ag\If|Vg\IJ|§].
To state the next corollary, for B € 7121?3 (M) an L} section of bilinear forms on 7'M, we define

|B(x, X, X)|
[Blg(x) = sup —————.
xer.mvo X3
which yields an L7 function on M.

Corollary A.10. Let ¥ € W2’°°(M; R), A > 0, and define ¢, f as in (85) with G(t) = e*. Then, for

loc
any A > 0 and any vector field X, we have almost everywhere on M

Byg.r (X) 2 1M | X[ (A Vg W% — 2] Hess(9) g — Ag ).
Eg.0.f = 1M [Vep|2 (A|Vg 0|2 — 2| Hess(¥)|g + Ag ).
Proof of Corollary A.10. With this choice of G, Lemma A.9 gives
Beo.r(X) = 2V [2Hess(W) (X, X) + 2A[(Ve W, X) g |> — AgW|X|2 + A| Vg W |2 X 2],
together with
Egup.s =AY [2Hess(W) (Vg W, VW) + AV W + Ag WV, W[2],
which yields the sought result. O

Proof of Lemma A.9. We first have dg = G’ (¥)d V¥ and Vg9 = G'(V)V,W. We then compute the
Hessian and the Laplacian as

Hess(¢)(X,Y) = (Dx Vg0, Y)g = (Dx (G (W) Vo W), Y ),
=G/ (W)(DxVeW.Y), +G"(W)dW(X)(VeW.Y),

= G'(V)Hess(W)(X,Y) + G"(¥) (Vg W, X) g (Vo W, Y ),
and
Agp =divg (G'(W)Vo W) = G/ (W) AV + G”(II‘)|Vg\IJ|§.
In particular, we have
Hess(¢)(Vg@, Vgg) = G'(¥) Hess(W) (Ve @, Vep) + G"(W)|(Vg W, Ve )¢ ?
= G'(V)?[G' (W) Hess(¥) (Vg W, Vo ) + G (W) |V, W2 2],

together with
Ag9|Veply = G'(9)* |V W[5 (G'(W)Ag W + G" (W) | Vg W[7).

As a consequence, we obtain
Bg.g, 7 (X) =2G' (W) Hess(W)(X, X) +2G" (V) |(Vg W, X) g |?
+ (=G’ (WA Y —G" ()| Ve V[Z + f)IX]Z,
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as well as

Eg.0,7(X) = G'(W)*[2G’ (V) Hess (W) (V, W, Vo ¥) + 2G” (W) |V W3
+(C'(W) ALY+ G" (W) Ve V[Z - f) Vg W2 ].

Now, recalling the choice f =2G” (\IJ)|Vg\IJ|§, concludes the proof of the lemma. O

Remark A.11. Note that in this proof, the choice f = aG"(V)|Vy \IJ|§, yields a useful lower bound only
if @ € (1, 3). See also [Le Rousseau and Lebeau 2012, Section 3.1] for a related discussion.

Ad. Uniformity with respect to the metric. Until this point, all calculations are exact for a fixed metric.
In the present section, we prove uniform estimates in a class of metrics. For this, even though the manifold
with boundary M is not assumed compact, we will consider only open subsets U of M such that U is
compact in M (not in Int(M)). On the compact set K, the spaces W*:%°(K) are defined intrinsically,
even if the associated norms may depend on the metric or the charts chosen. We fix one of these norms
[ - lw1.00 i) for functions on M, as well as for forms on M (still denoted by || - || yyr1.00(ic))-

Now, given a reference metric g¢ and two constants D > € > 0, we consider the class

Ie,p (K, go) = {g metric in TW%II:OO(M) gllwicoey = D, €80 < g < Dgo}-

Lemma A.12. Let U be an open subset of M such that U is compact (in the topology of M D M) and
define ¥ = OM N U. Given a metric gg € TW1 (M), D >¢e >0, and a function ¥ € W2>(U) such
that |V, V|2 20 > 0on U, there exists Co > 0 and A > 0 such that for any g € Te. p(U, go), the functions
¢ =M, f =212V W|2 satisfy

Bg.p,r(X) =2Co|X|2  forall vecior fields X, (86)
Eg.0.5 = 2C0| Vool (87)
almost everywhere in U.

Note that the constant Cyp involved is explicitly computable in terms of D and €, which we do not write
for the sake of readability. Yet, if one is interested in obtaining explicit constants, the choice G(¢) = eM
of convexifying function is probably not the best one.

Proof. Denote by g* = (g"/) the metric on T*M induced by g. For g € T p(U, go), we have
%ga‘ <g*=< % g4~ With this notation, we have

1 1 1
Blvgo‘l’@o = Eld‘l’lﬁg < |VgWlg =|d V|3 < gldll’lz,g = IVgo‘I’IgO, (88)

where |a)|§* = (w, ) g~ is the cotangent squared norm. Next, using the uniform W 1> (U) bound in

I'e.D (U, go), we have

|Ag¥| = C(e. D) | V]lw2.0), | Hess(V)|g < C(e, D)[|V]lw2.00 -
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Now, the compactness of U with the assumption yields co > 0 such that |Vg0\IJ|§, o = Co everywhere on U.
According to Corollary A.10 and the above two estimates, we obtain for any A > 0 and any vector field X

Byorf (X) 2 2™ |X|Z (A Vg W[; — 2| Hess()]g — Ag W),
= APV X E (1D - 30 D))
which yields (86) when taking A large enough. Similarly, (87) follows from taking A large enough in
Eans = 2P YT pl2 (2 - 3C(E D)W i) =

We directly deduce the following uniform Carleman estimate in the class I'c p (U, go). We only state
it with the Dirichlet boundary condition here for conciseness (the case without boundary condition can be
written similarly).

Theorem A.13 (uniform Lipschitz Carleman estimate). Let U be an open subset of M such that U
is compact (in the topology of M D 0M) and define ¥ = M N U. Given a metric gg € TW1 o (M),
D > € > 0, and a function ¥ € W2 (U) such that |VgO\I/|2 > 0 on U, there exist A > 0, C1 > 0,
70 > 0 such that for ¢ = e and for any g € FG,D(U, g0), forall t > to and all v € CZ°(U) such that
v =0on X we have

CL@ 0|2, + 1€ Vev]220) < 1€ Mgy + T /Z Pl (89)

Cl(f3”erwv”i2((]) + T”enpvgovuiz([})) = ||eupAgv||iZ(U) + I/E ezrw8v§0|3vv|2- (90)

Note that in the second inequality (90), we implicitly wrote

2 2 2
I Vagol3ay = | 1Ty, d Voli,

in the left-hand side, which no longer depends on the metric g. Hence, the sole dependence on the
metric g in (90) is through Ag and 0,.

Proof. We choose [ = 2/\2|Vg\11|§, and according to Lemma A.12, the bounds (70)—(71) with constant Cy
are satisfied for A large enough uniformly in the class g € T¢_p (U, go). According to Theorem A.5, this
implies (89) with C; = %Coc(w) for all T > 7¢(g), with

(15 - Be 0l + 317 o)

T0(8) =
with ¢(¢) = max{l, (ming |Vg<p|g)_1}. Now, (88) implies that
max{1, e(r%in |eA‘I’VgO\I/|é2,O)_1} < ¢(p) < max{l, D(r%in |e“’vg0\11|§0)‘1}
uniformly for g € Te p(U, go), and, similarly

70(g) = C(e, D, ¥, go)



416 CAMILLE LAURENT AND MATTHIEU LEAUTAUD

uniformly for g € I’ D(U ,go)- This concludes the proof of (89). The proof of (90) follows again
from (88) (applied to v) and the fact that d Volg, < e~d/2q Volg (recall that d = dim M). O

Note that for the application that we have in Proposition A.14 below, it is sufficient to have some
stability results in the following sense: if an interpolation inequality or a Carleman inequality is true for
some metric go, it is still true for any metric in a suitable neighborhood. This is of course a byproduct of
our results.

AS5. Uniform interpolation estimate at the boundary. In this section, we consider a very particular case
of the above Carleman estimate to prove a local interpolation estimate in a neighborhood of a boundary
point for metrics g in the neighborhood of the constant flat metric. The manifold M considered is
[R{Trl = R" xR+ (thatis, d = n + 1) and the reference metric is go = Id. The proof follows [Lebeau and
Robbiano 1995; Lebeau and Zuazua 1998; Le Rousseau and Lebeau 2012]. Note that the above sections
prove much more than what is actually needed for this argument.

Below, we set B, = B(0,7) CR"*! and B;} = B(0,r)N IR{:’LH.

Proposition A.14. There exists € >0, C >0 and ag € (0, 1) so that for any metric g € Te p (Brn (0, 2),1d)
we have

1—ap

v ||H1(Bl+) <C (”(_8.% - Ag)v ”Lz(B;') + ”8sv|s=0||L2(Bzﬂ{0}xR"))a0 ”v”Hl (B;_)

forany v € HZ(B;) such that v|g=o = 0.

Proof. In the proof, we shall denote (with a slight abuse of notation) by x = (s, x) € Ry x R” the overall

variable and recall that all balls are centered at zero. We choose a point x¢ = (—a,0,...,0) ¢ @’f‘l. We

define the weight function W(x) = —|x — x¢|, which is smooth and satisfies ¥ < 0 and d ¥ # 0 in l_?;r.
For a sufficiently small, there exist 0 < p; < pz such that we have

BfcwicWicWwacW,oc B, with W ={¥>—p;}nRI j=102. 1)
As a consequence of Theorem A.13, there exist A > 0, C; > 0, 1o > 0 such that for ¢ = e and for
any g =1d®gelcp (E;r, Id), forall T > tp and all u € CC°°(BZ+) such that u = 0 on {s = 0}, we have

Cr @™l oy + TNVl ) S Ne™ Agull], )+ 7 /{ g Dl D)

Here, the ball, the gradient and the volume element are taken with respect to the Euclidean metric.
Moreover, the normal vector field d,, is that associated to the metric g¢ = Id ®g, and hence 9, = —d; (and
does not depend on g). The sole dependence on the metric in (92) is thus in Ay = 8? + Ay

Note that level sets of ¢ are those of W, i.e., pieces of spheres. Note also that we have ¢ < ¢(0) on
32Jr and define

@(0) > @1 :=ming > @] :=ming = e = _max o,
B Wi W2\W)

which only depend the geometric setting (not on the metric).
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We let y € C2°(R"*1) such that, with W; asin (91), y =1 on W; and y =0 on B;L\Wz, and apply (92)
tou = yv e C(?"(B;') with v € C°°(B;') satisfying v|s=¢0 = 0. We have 0,u|s=¢9 = —)|s=00sV|s=0
since v|gs=0 = 0 and hence

/{ | uplaoul? = C PO rlsmodsvlsol 2 pnmopy
s=0

Using that y =1 on W) D Bl"', we have

lle™ul} +fe™Vul? > Olle™ul} +)e™Vul2

L2(B;) L2(BF) = L2(B]h) L2(B}h)

2791
S S
Finally, we have Agxv = xAgv + [Ag, xJv, where [Ag, ] (recall Ag = 3% + A,) is a first-order
differential operator with L coefficients supported in W \ Wi, and such that ||[A e Xlg1s2 <CD
on that set uniformly for g € ¢, p (Brn (0, 2), Id). Moreover, we have ¢ < @} on W, \ Wy. Thus, we have

le™® Agul2, o < 1€ xAgI2, o + €™ [Ag. 0]

L2(B})
+ CDe%™ |v]|?

L2(B})

< 2O A v|?

L2(B})

L2(B}) HY (B

Combining the last three estimates with (92), we find that there are C, tg9 > 0 such that for all g =Id ®g €
FE,D(E;, Id), for all T > 79 and all v € C°°(B;') such that v = 0 on {s = 0}, we have

> v}

2Tp(0 2

Recalling that ¢(0) > ¢; > ¢} and after an optimization in the parameter 7, see [Robbiano 1995], this
yields the result of the lemma. O

A6. A uniform Lebeau—Robbiano spectral inequality. In this section, we give a proof of Theorem 1.16.
For this, we follow the strategy of proof of [Boyer et al. 2010, Section 2] with our uniform Carleman
estimates (Theorem A.13). The original proof of [Lebeau and Robbiano 1995] also works (see the above
Section 4) but is less straightforward in the present setting. We recall that M is the ambient compact
manifold with boundary dM, and set M = [0, So] x M, having piecewise C' and graph-Lipschitz
boundary dM = {0} x M U{So} x M U0, So] x M. We denote by (s, x) the variable in M. The metric
is g = Id ®g. Note finally that 9, = d,,, on [0, Sp] x d M, where vy denotes here the outward unit normal
to M at dM, that 9, = ds on {So} x M, and that d,, = —d; on {0} x M.

Lemma A.15. Let go € T oo (M) be a metric on M and write go = 1d ®go. Then, there exists a function
V¥ € C2(M;R) and ¢ > 0 such that

[Veo¥lgo > ¢ in M, 3 ¥ <0  on0,So] x M,
Is¥ >c¢ on{0}x (M\w), Voo =0and 053y < —c  on{So} x M.
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We refer to [Boyer et al. 2010, Appendix C] for the proof of this result in the case M C R”, and
[Le Rousseau and Robbiano 2011, Section 5] for the adaptation to the case of a manifold. With this
weight function in hand, we obtain the following global uniform Carleman estimate.

Theorem A.16 (global uniform Lipschitz Carleman estimate). Given a metric go € T, [/[%'l.oo M) and W
as in Lemma A.15, for any D > € > 0, there exist A > 0, C1 > 0, 79 > 0 such that for ¢ = P and for any
g€Te.p(M,go),forall T >t and all v € H*([0, So] x M) such that v = 0 on {0} x MU [0, So] x IM,
we have, with M = [0, So] X M and g = 1d ®g,

3 2 2
T ”erwv”L2(M) + r||engv||L2(M)

+rezw<So>(/ [950(So, )| + 72 f |v(so,~>|2)+r / 2 0)a50(0.)?
M M M\a)

< C(lle""(—&?—Ag)vHiz(M)+t/ 2701510, )| + 727950 /M |Vgu(So, ')|§). (93)
w

Proof. We use the Carleman estimates (73)—(74) together with Remark A.6 and Lemma A.12 for the

uniformity in the metric. More precisely, on the boundary {0} x M U0, So] x d M, the Dirichlet boundary

condition is prescribed and the only boundary term is +1 [, e2%99,¢|0,v|?, according to (73). That

0y <—c <0on {0} x (M\w)U][0, So] x M implies that the associated integral is dominated on that

set, whereas the only observation term on that part of the boundary is —7 [ 270099 (0, -)|d5v(0, - )|2.
Now, on the part {So} x M of the boundary, we have the observation term

r/ 62”"|VTU|§ = rezw(SO)/ |ng(So,-)|§.
b M

On the other side of the inequality, we have the two observed terms

T m(‘P)3 / 279 2 3m((,0)3/ 2 270(S0) / 2 2/ 2
— 0 —_— >C #1320 dsv(So, - So, .
S Me) )€ D E|v| > Cre M| sv(So. )"+ 7 Mlv( 0.°)]

Finally, we are left with the existence of C, 7o > 0 such that for all v € H2([0, So]x M), g € e, p(M, go),
and t > 19, we have (93). O

From Theorem A.16, we now deduce a proof of Theorem 1.16, following closely (and carefully)
[Boyer et al. 2010, Proof of Theorem 1.1].

Proof of Theorem 1.16. Given w € E i ,, take the function
sinh(s \/—Ay)
[—A,

where Ay is the Dirichlet Laplacian, Hg the orthogonal projector on ker(Ag) (in the case IM = @,

v(s): Hiw—l—sl’[gw,

otherwise Hg =0) and Hi_ =1Id —Hg, that is, v is the unique solution to

(=02 —Agv =0, v|@.50)xam =0, (v,05V)]s=0 = (0, w).
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We may now apply (93), keeping only the penultimate term in the left-hand side:

oS53 [ fucso. ) (e [ @000 )P + e [ 9,05.82),
M w M

Now, we have
/ > 01350(0, )P < &2 Par #(0) Il
[

together with (using an integration by parts, together with w € £ i s
/M IVgu(So, )5 = (=Ag0(S0,-), (S0, )12 (td Volg) < A(0(S0,+), v(S0, ) 12(wt,d Voly)-
The last three inequalities imply for all T > 79
22[|0(So, )72 = C(e2T P eOITCED a7, )+ Al0(So. 172,
and hence, when choosing 7 = max{2+v/A, 79}, we obtain
[0(So. )25 < Ce*VA0uPap@I=0SD 12,

Finally, using sinh(So¢)/¢ > So and the orthogonality of the eigenfunctions, we also have

sinh?(So/—Ag)
fM [v(So.-)I? =( N S w, M

w)
g L2(M,d Volg)

+ SEITISWIZ 2 g vy = S22
The last two inequalities conclude the proof of the theorem. O

Appendix B: Local behavior of vanishing functions

In this appendix, we give an explicit link between the different definitions of the vanishing rate of a
function.

Lemma B.1. Let f € C°(Bgrn (0, 1)) and assume that there are C, D > 0 such that we have uniformly
for 0 <r <1 the estimate

1/l L2(Bgn (0,r)) = crP. (94)
Then, we have 0% f(0) = 0 for all |a| < D — 3.
Conversely, assume f € C°(Brn (0, 1)) satisfies 3* f(0) = 0 for all |o| <k, k € N. Then we have
O4) with D =k +1+ 5.

Proof. Define k = inf{|«| : 3* f(0) # 0} € NU {oo} and, in the case k < oo, write the Taylor expansion
of f atzeroas f = Py + Ry with P homogeneous of degree k and |Ry| < C|x|Ft1. We obtain

1Pl 2oy =72 ¥ I Pell 2oy and [ Rellp2po,ry < Cr2 et

Using (94) for r small implies 5 + k > D and thus 9% £(0) = 0 for all || < D — 3.
Conversely, if 3% £(0) = 0 for all |&| < k, then we have | f(x)| < C|x[¥*! and thus

1 1 22(Bon 0,79 < CHX T L2(Bon 0,0y < CrFF1H3. O
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