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Abstract

We consider the exact controllability problem on a compact manifold 2 for two
coupled wave equations, with a control function acting on one of them only. Action
on the second wave equation is obtained through a coupling term. First, when the
two waves propagate with the same speed, we introduce the time 7, _,»_,,, for
which all geodesics traveling in €2 go through the control region w, then through
the coupling region O, and finally come back in w. We prove that the system is
controllable if and only if both w and O satisfy the Geometric Control Condition
and the control time is larger than 7, , »_.,. Second, we prove that the associated
HUM control operator is a pseudodifferential operator and we exhibit its principal
symbol. Finally, if the two waves propagate with different speeds, we give sharp
sufficient controllability conditions on the functional spaces, the geometry of the
sets w and @, and the minimal time.
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1. Introduction and Main Result

1.1. Setting and Motivation

Let (€2, g) be a €°° compact connected n-dimensional Riemannian manifold
without boundary. We denote by A the (negative) Laplace—Beltrami operator on €2
for the metric g, and P = P(x, 9;, 0y) = 3t2 — A denotes the d’ Alembert operator
(or wave operator) on the manifold R x €. We take two smooth functions b,, and
b on Q2. We consider the controllability problem for the system of coupled wave
equations

{Pul—i—b(x) ur, =0 in(0,7) x 2, (LD

Puy =b,(x) f in(0,7T) x Q.

Here, the state of the systemis (1, u2, d;u1, d;u2) and f is our control function,
with possible action on the set {b,, # 0}. Taking zero initial data, together with a
forcing term f € L((0, T) x R)), the associated solution of (1.1) lies for any time
in the space H>(Q2) x H'(Q) x H'(Q) x L>(Q) asu, € L*(0, T; H'(R)). Hence,
there is a gain of regularity for the uncontrolled variable u; (see also [1,3,4]).

In this context, the following definition states the adapted control problems,
viz. exact controllability, null-controllability, and controllability from zero. Note
that because of the linearity and the time reversibility of the system we consider,
the three statements are in fact equivalent.

Definition 1.1. We say that System (1.1) is controllable in time 7" > 0 if one of the
following (equivalent) assertions is satisfied:

e (Exact controllability) For any initial data (ul, ul, uf, ul) € HZ(Q)xH (Q) x
H'(Q) x L?(Q) and any target (i}, i3, ii{, %) € HX(Q)x HY(Q) x H(Q) x
L2(2) there exists a control function f € L“((0, T) x 2) such that the solu-
tion of (1.1) issued from (uy, uo, 01y, 0ur)|—0 = (u?, u(z), u%, ué), satisfies
@y, uz, duy, dyua)li=r = (&Y, &9, iy, it3);

e (Null-controllability) For any initial data (u(l), ug, u}, u%) € HX(Q) x H'(Q) x
H'(Q) x L*(Q), there exists a control function f € L?((0, T') x ) such that
the solution of (1.1) associated to the initial data (uy, up, do;u1, 0;u2)|=0 =
@, u, ul, ul) satisfies (u1,u2,8tu1,8,u2)|, r= (0 0,0,0);

° (Controllablhty from zero) For any target (u 1> ”2’ ”1’ %) € H 2(Q) x H! (2) x
H'(Q) x L*(Q), there exists a control function f € L>((0, T) x ) such that
the solution of (1.1) starting from rest (u1, un, d:uy, oru2)|:=0 = (0,0,0,0)

satisfies (uy, ua, dur, dua)li=r = (@9, 43, i}, it)).
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For most results proved in this article, we shall assume that the function b is non-
negative on €2, and denote by w = {b,, # 0} the control set and by O = {b # 0}
the coupling set (which is the indirect control set for the first equation in (1.1)).

A natural necessary and sufficient condition to obtain controllability for wave
equations is to assume that the control set satisfies the Geometric Control Condition
(GCC) defined in [8,38]. For @ C 2 and T > 0, we shall say that (w, T') satisfies
GCC if every geodesic traveling at speed one in €2 meets @ in a time t < 7. We
say that w satisfies GCC if there exists 7 > 0 such that (w, T') satisfies GCC. We
also set T,, = inf{T > 0, (w, T) satisfies GCC}.

Note that in the situation of System (1.1), a necessary condition is that both
sets w and O satisfy GCC (otherwise one of the two equations is not controllable).
If @ does not satisfy GCC, even the second equation of (1.1) is not controllable
(see [8,9] for a single wave equation). If O does not satisty GCC, the first equation
of (1.1) is not controllable for the same reason.

The controllability problem for systems like (1.1) has already been addressed
in [3,4,39]. In the first two articles, and in the context of symmetric systems, it is
proved that controllability holds in large time under optimal geometric conditions
on the sets w and O (with a smallness assumption on some coupling coefficients).
However, the minimal time given in these articles depends upon all parameters of
the problem (that is b and b,,). In the situation of System (1.1), it seems natural
that the control time should depend only on the geometry of the sets 2, w and O,
as it is the case for a single wave equation. In [39], the authors study System (1.1)
in the one dimensional torus. Following [15], they obtain a sharper estimate on the
control time than in [3,4] (in particular, it depends only on the geometry of 2, @
and O, and yet in general this estimate is not optimal. We can also quote the work
of [16, Chapter 7] where the authors study the simultaneous control (by a single
control function) of a system of uncoupled wave equations in one dimension.

We provide some motivations for considering control systems like (1.1).

Controllability of physical systems. Several physical systems can be described by
coupled partial differential equations: elasticity, thermoelasticity, elecromagnetism,
plate systems, etc.. The property of exact controllability for those types of systems
is not fully understood yet.

System (1.1) can be seen as a toy model for such systems. Its study is an attempt
to understand the phenomena governing the exact controllability process.

Controllability of parabolic systems. The controllability of parabolic systems
has been intensively studied in the last decade (see for instance the review arti-
cle [5]). One of the challenging questions in this area is to understand the optimal
geometric conditions on the control set w and the coupling set O needed for null-
controllability. The first positive result concerns the case where w N O # @ (see [5]
or [26]). As for the case w N O = @, little is known. The idea of [3,4] was to make
use of the transmutation method to reduce the parabolic problem to a system of
coupled wave equations. This allowed these authors to establish null-controllability
of symmetric systems under the only condition that both w and O satisfy GCC. In
particular, this includes several situations where w N O = @ (see [3,4] and the fig-
ures therein). However, in such results, w and O both need to satisfy GCC, whereas
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for parabolic systems we expect a null controllability result to hold without any
geometric assumptions on these two subsets. Concerning cascade heat equations,
the only result (to our knowledge) is proved in one space dimension with the same
strategy in [39]. The present work provides an extension of this result in general
n-dimensional compact manifolds under geometric conditions.

Insensitizing controls for the wave equation. The question of insensitizing control
for a wave equation, introduced by J.-L. Lions [32] and addressed in [15,46] is the
following. We consider the controlled wave equation

Pu =b,(x) f in(0,7T) x Q,
Uly=o = uo + 7020 in €2, (1.2)
Olt|—0 = u1 + 1121 in 2,

where the data (ug, u1) € H'(Q) x L*(Q) are fixed, and 79z0, 7121 represent
unknown noises, with

lzoll g1y = lzill2) = 1, (1.3)

and 19, 711 € R. A control function f € L2((0, T) x ) is said to insensitize the
cost functional

1 T
d(u) = —/ / b(x)|u(z, x)|* dx dr, (1.4)
2Jo Ja
if for any pair (zo, z1) satisfying (1.3), the corresponding solution of (1.2) satisfies
d d
d‘E() (u) T0=11=0 dl’l (u) T0=11=0

This basically means that for this particular control function f, the cost functional
(that is the local L? norm of the solution on () is insensitive to small variations of
the initial data. This problem can be recast as a constrained coupled control problem
of the form (1.1), to which our results will apply.

On simultaneous control. By introducing vi = u; +u3 and vy = up —ujin (1.1)
we obtain the following system

Pvi +b(x) (v +v2)/2 =by(x) f in(0,T) x 2,
Pvy —b(x) (vi +v2)/2 =by(x) f in(0,T) x Q.

The control problem considered here thus corresponds to a case of simultaneous
control as introduced by Lions [31]. Yet using this form by mixing the components
u1 and u the additional regularity of one of them, u, becomes invisible. The form
(1.1) is thus more adapted for the analysis we carry out here.

The main purposes of this article are to prove controllability for System (1.1),
to find an explicit expression of the minimal control time in the simple situation
where 2 is a compact manifold without boundary, and to describe precisely the
microlocal properties of the optimal control operator that is yielding the control
function of minimal Z?-norm.
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Fig. 1. A one-dimensional example with a particular geodesic associated with the minimal
control time T, ,»_,, = 2L — |w| on Q = R/LZ equipped with the flat metric

1.2. Main Results

Our main results are threefold. First, we give a necessary and sufficient condition
for the controllability of System (1.1). Second, we give a precise description of
the optimal control operator associated with System (1.1). Third, we give sharp
sufficient conditions for the controllability of similar systems when the two waves
propagate with different speeds.

1.2.1. Controllability of System (1.1) To state our first main result, we introduce
the adapted control time.

Definition 1.2. Given two sets w and O both satisfying GCC, we set T,,_, ©_, tO
be the infimum of times 7' > 0 for which the following assertion is satisfied:

every geodesic traveling at speed one in {2 meets w in a time #yp < T, meets
O inatime t] € (tp, T) and meets w again in a time #; € (t1, T).

Note that in general T,, .©_., # TO— w0, and that we have the estimate
max(7o, Ty) g Tys0-0 g 2Ty + To.

Fig. 1 illustrates the value of the control time in a simple one-dimensional setting.
‘We can now state our main controllability result (in the sense of Definition 1.1).

Theorem 1.3. Suppose that b = 0 on Q, and that both sets w and O satisfy
GCC. Then, System (1.1) is controllable if T > T,,_, »_. ., and is not controllable

T < Tps0s0

In particular this result holds without any assumption on the smallness of the
coupling coefficient b as opposed to [3,4].

According to the Hilbert Uniqueness Method (HUM) of J.-L. Lions [31], which
we discuss in Section 5.1 for the system we consider, the controllability property
of Theorem 1.3 is equivalent to an observability inequality for the adjoint system.
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More precisely, System (1.1) is exactly controllable in time 7 if and only if the
inequality

T
E_1(v1(0)) + Eo(v2(0)) éC/ / |boval* dx di (1.5)
0o Ja

holds for every (v1, v) € €°([0, T]; H~'(Q) x L>(Q)) N € ([0, T]; H () x
H~1()) solutions of

[Pv1 =0 in (0, 7) x €, (16)

Pv, =—b(x)v; in(0,T) x Q.
In the observability inequality (1.5), we use the notation
Ex() = vl e q) + 1801501y k€2,
where the space H*(£2) is endowed with the norm

lvllas@ = 11— A)2vll2), s ER,

and the associated inner product.

The proof of the observability inequality (1.5) is based on a contradiction argu-
ment, inspired by that of [27]. Similarly, the key tools involved are microlocal defect
measures introduced by P. Gérard [21] and L. Tartar [43], and used to solve control
problems in [9,11,27].

1.2.2. Hilbert Uniqueness Method and Description of the Control An impor-
tant feature of the Hilbert Uniqueness Method, as presented by Lions [31], lays
in the following two facts: the control one obtains, fyy s, minimizes the cost

functional || f ||i2 (0.7)x ) dMONg all f € L>((0,T) x Q) realizing a control for

System (1.1) (see Section 5); it is the optimal L2-control. Moreover, it is itself
a solution of the adjoint system (for instance System (2.12) in our situation) for
appropriate initial data, say W©.

The Gramian operator £ associated with Systems (1.1)-(1.6) is given by

T
/ / lbova|>dx dt = (LV, V),
0 Q

where vy is the solution of (1.6) associated with the initial data (v, vy, 9;v1,
0;v2)|;=0 = V. The duality bracket used above will be made precise in Section 5
(where Sobolev spaces will be shifted — see also Section 2.3). If the observability
inequality (1.5) is satisfied, then the HUM control operator is the inverse of the
mapping L. From the initial data V to be controlled, the HUM operator maps the
associated initial data W° for the adjoint system, giving rise to the control function
faum.

The second main goal of this article is to give an explicit representation of
the HUM operator following the ideas of [18]. We prove the following result (see
Theorem 5.5 and Corollary 5.6).
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1. The Gramian operator is a matrix of pseudodifferential operators of order zero.
The determinant of its principal symbol takes essentially the following form

T T 1 2
/0 /0 <b3)o<pzl><bf)o<pzz>(/ bogoada) dr dis.
n

where ¢, denotes the geodesic flow on S*Q.

2. This operator is elliptic if and only if T > T,,_, »_,,. This property provides
a second proof of Theorem 1.3.

3. ForT > T, .0, the HUM control operator is also a matrix of pseudodif-
ferential operators of order zero.

A precise statement needs the introduction of some notation and will be given in
Section 5.3. In particular, this result holds without any sign assumption on the
function b. As a consequence, this method also provides a necessary and sufficient
condition of (high-frequency) controllability for System 1.1 for any real-valued b,
stated in Corollary 5.8.

The proof of this result follows the program elaborated in [18], in the case of
the wave equation, and uses in an essential way the Egorov theorem. The informa-
tion carried by microlocal defect measures is not sufficient to prove such a strong
property of the HUM operator. Note that the third item above has several important
consequences, as described in [18].

1.2.3. The Case of Different Speeds It also appears natural to consider the
control problem for two coupled wave equations with different speeds. We thus set
P:812—AandPy :8,2—)/2Af0rsomey >0,y #1.

Let s € R. Assume that we have (u?, u%) € H'P2(Q) x HT1(Q), (u(z), u%) €
HTH Q) x H(Q) and F € LY(0, T; H*()). Then, classically, there exists a
unique solution to

] (1.7)
Pyup = F inR x Q,

[Pul b)) ur =0 inRxQ,
with the initial conditions,
(w1, dun)limo = @9, ul), (w2, dua)li—o = (U3, ud),

satisfying

u € °R, P2 Q) Ne R, HT(Q)),
ur € €°(R, H*T1(Q) N ¢ (R, H*(Q)).

Our first result is a microlocal “hidden regularity” result: in fact, the first com-
ponent of the solution of (1.7) enjoys more smoothness than expected.

Theorem 1.4. Assume that

(w1, du) =0 = (), u}) € H(Q) x HSTH(RQ).
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Then, the first component of the solution (u1, us) to System 1.7 satisfies the addi-
3
tional regularity u € ﬂ ¢* R; HS+3_k(Q)). Moreover, forall T > 0 there exists

k=0
a constant C > 0 such that

k
9, u1||L00(O,T;HS+3*k(Q)) + ||u2||L0<>(0,T;Hs'+1(Q)) + [10:uall Lo 0. 1; Hs ()

A LM

C (N W+t g2y 13l s oy Had s+ U F o7 )

(1.8)
The proof is given in Section 6.
We now consider the associated control problem:
Pui+b(x)up, =0 in(0,7T) x 2, (1.9)
Pyus = by(x) f in(,T) x Q. '

As a consequence of Theorem 1.4, for f € Lz((O, T) x ), starting from zero
initial data, we have

u € R HIQ)NE R, HA(Q), w2 € PR H'(Q)NE R, LX(Q),
leading to the following non controllability result.

Corollary 1.5. For any s < 2 any T > 0, and any open sets w and O, if we
start from zero initial data and if f € L*>((0, T) x ) we cannot reach any target
Wy (T), us(T), dur (T), dua(T)) = (Y, i, iy, i) if

@0, @l it i) e (HS“(Q) \ H3(Q)) x H'(Q) x (Hf(sz) \ HZ(Q)) x L2(Q).
In light of what precedes we define the following property.

Definition 1.6. Lets = 2. We shall say that System (1.9) is controllable (from zero)
inthe space H**! x H® intime T > 0if for any target (12(1), ﬁg, ﬁ%, 12%) e HTH(Q)x
H'(Q) x H*(Q) x L?(), there exists a control function f € L2((0, T) x §2) such
that the solution of (1.9) starting from rest (u1, us, d;u1, d;u2)|;,=0 = (0,0, 0, 0)
satisfies (u1, ua, du1, du)li=r = @", @3, i}, ii}).

This notion is also equivalent to exact and null-controllability. Note that obviously,
if s > s > 2, controllability in H*T! x H* implies controllability in H* T! x H.

Definition 1.7. For a subset U C 2 satisfying GCC and y > 0, we define Ty (y)
to be the infimum of times 7" such that every geodesic traveling at speed y in Q2
meets U inatimet < T.

In particular, with the notation above, we have
yTy(y) =Ty(1) =Ty, (1.10)

the usual GCC time of the subset U.
With these two definitions, we have the following result.
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Theorem 1.8. 1. Suppose that @ N O does not satisfy GCC. Then for any s = 2
and any T > 0, System (1.9) is not controllable in H**' x H® in time T.

2. Suppose that v N O satisfies GCC. Then, System (1.9) is controllable in
H? x H? for T > max{T,no0, Tn(y)} and is not controllable for T <
max{T 7, Tu(y)}

The proof is given in Section 6.

Remark 1.9. In fact, the following phenomena occur:

e Initem 1, there exists an initial condition that generates a singularity for u that
propagates independently of the action of the control function.

e Initem2,inthecase T < max{7T  »(1), T, (y)} there exists aninitial condition
that generates a singularity for u; that does not meet the region @ N O. The
proof of Theorem 1.8 shows that this is the only region where this singularity
can be affected by the control process.

Remark 1.10. Considering the case where w N O satisfies GCC of item 2, and the
bounds obtained for the control time, one may wonder what occurs if we lety — 1.
We have, with (1.10),

max{7T,no, Tw(y)} = max{Tyno, T} = Tuno:
maX{Tamﬁ’ T,(y)} — maX{Tanﬁ’ T,} = T o

Inthe case y = 1, controllability is not considered in the same spaces. In factitis
natural to consider controllability in H 2 % H!, thatisfora target (ﬂ(l), ﬁg, u } ﬁ%) €
H2(Q) x H'(Q) x HY(Q) x L3() as explained in the beginning of Section 1.1.
Yet for system (1.1) one can restrict the control problem to smoother targets, that
is, @, @9, i}, 1)) € H3(Q) x H'(Q) x H*(Q) x L*(Q). The minimal control
time will then be less than the time T,,_, »_,,, of Definition 1.2.

We have T, .00 = Tong = Tono- Yet, in general T, .00 < T3, a8
can be seen in the example of Fig. 2. We thus conclude that in the case where o N O
satisfies GCC, even if we have controllability in H3 x H? for all values of y > 0,
the infimum of all times for which controllability holds may not be continuous as
y — 1.

This non continuity result illustrates well the fact that the underlying geomet-
rical dynamics changes radically as y crosses 1. If y # 1 the bicharacteristics of
one wave operator, and hence the associated travelling singularities, never meet
those of the second wave operator (which moreover explains the microlocal gain
of regularity). However if y = 1 the two systems of bicharacteristics coincide,
allowing for “communication” in the coupling region that can only contribute to
reducing the control time.

Remark 1.11. An extension of these results should be possible in the case of differ-
ent Riemannian metrics yielding (partially or totally) non-intersecting characteristic
sets of the two wave operators.

The previous results show that in the case where the two waves propagate
with different speeds much stronger geometrical conditions on both w and O are
needed to achieve a positive controllability result if compared to the conditions of
Theorem 1.3 in the case of two equal speeds.
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Fig. 2. A simple one-dimensional geometry for which T, ,»_,, < T~ in the case
where w N O satisfies GCC

1.3. Comments and Outline

1.3.1. Regarding the Time 7, ,»_,,, Thetime 7,_, »_,, might be surprising at
first sight. It can be interpreted in the following way: to be able to detect the energy
of both components of System (1.6) from the observation on w of the second one
only, the polarization of the state along each ray of geometric optics has to change its
direction between two passages in the control region w. This change of polarization
arises only when this ray enters the coupling set O.

A description of the notion of polarization, as well as an insight on this geo-
metrical interpretation may be found in [13].

A comparable geometric condition already appears in the study of the decay
rates for the thermoelasticity system, see [29] and [13].

1.3.2. Comparing the Different Methods of Proofs of Theorem 1.3 In the case
of a scalar wave equation, there exist, to our knowledge, three different methods for
proving the (high-frequency) observability on a compact manifold, with optimal
conditions on the geometry and the control time. The first one, introduced by Rauch
and Taylor [38], and further developed by Bardos, Lebeau and Rauch [8], deals with
the propagation of wavefront sets and uses in a crucial way the Hérmander theorem
on propagation of singularities.

The second method, introduced by Lebeau [27], further used by Burq [9] as
well as Burq and Gérard [11], is based on microlocal defect measures and the
propagation of their support.

The last method relies on the use of the Egorov theorem (that is, the theory of
Fourier integral operators) and was recently proposed by Dehman and Lebeau [18].
Note on the one hand that the first two methods also apply (with considerable
additional difficulties) in the case of a manifold with boundary. On the other hand,
there is no analogue of the Egorov theorem in such a case, and the last method
fails to apply. However, in [18], the authors show that the FIO Egorov approach
provides additional insight on the control problem. In particular, they prove that the
HUM operator (the optimal control operator) is (essentially) a pseudodifferential
operator and they exhibit its principal symbol.

Here, we provide two different proofs of Theorem 1.3. The first one (using
microlocal defect measures) has the advantage of working with limited smoothness
(we basically only have to assume that b, € €°(Q) and b € W!*()). Moreover,
this method could be extended to boundary value problems.
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The second proof, using the Egorov theorem, has the advantage of working as
well with coupling functions b changing signs. Moreover, this method not only pro-
vides the observability inequality, but also several additional items of information
on the microlocal nature of the HUM control operator.

Finally, note that a proof based on wavefront sets might be possible with the
use of the polarization wavefront set of Dencker [17].

1.3.3. The Case of an Open Domain 2 C R” Naturally, the same problem
can also be adressed on a bounded smooth open set 2 C R” (or a manifold with
boundary), with (for instance) Dirichlet conditions on the boundary. The method
of proof using microlocal defect measures may also work in this setting. However,
one of its key points is a propagation result of the microlocal defect measures
(analogous of Lemma 3.3 of the present article) up to the boundary (see [9,11,27]
for scalar equations and [13] for systems). This technical point needs more care,
and is the goal of an ongoing work.

1.3.4. Approximate Controllability Here, we do not touch the subject of approx-
imate controllability. It is deeply related to the question of unique continuation for
systems. This topic is widely open and we believe that the tools developed in the
present article are not well suited for such a study.

1.3.5. Application to Parabolic Systems The “control transmutation method”
allows one to transfer controllability results for certain types of equations to other
types through appropriate transforms; we refer the reader to [33,35-37,40]. The
name “control transmutation” was coined in [33]. For systems it was used in [3,4]
and we can follow their approach here.

As a corollary of Theorem 1.3, we can obtain several null-controllability results
for cascade parabolic (or Schrodinger) systems (for all positive time independently
of the control time in the hyperbolic case), in cases where the control region w and
the coupling region O do not intersect. However, in such results, w and O have to
satisfy GCC, whereas for parabolic systems we expect a null-controllability result
to hold without any geometric assumption on these two subsets.

Note that the controllability results for hyperbolic systems in the recent work [2]
(obtained with different methods) yield similar results concerning parabolic systems
via the “control transmutation method”.

1.3.6. Application to Insensitizing Controls We first recall that the problem of
insensitizing controls is equivalent (see [15] or [46]) to the fact that the observability
inequality

T
E_1(v1(0) < C / / bl dx dr
0 Q
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holds for every (vq, v2) € €°([0, T1; H~'(Q) x L2(Q)) N €1 ([0, T]; H () x
H~1()) solutions of

Py =0 in(0,T) x Q,
Pvy = b(x) v; in (0, T) x €,
(v2, 9:v2) ;=7 = (0,0) in Q.

Since Theorem 1.3 also holds for b < 0, O = {b < 0} (changing v; in —v;), we
directly obtain the following result.

Corollary 1.12. Suppose that both w and O satisfy GCC, and that T > T,_, 0_ 4.
Then for all (ug,u1) € HY Q) x L*(Q), there exists a control function f €
L?((0,T) x Q) for System (1.2) that insensitizes the functional ® defined in (1.4).

Since GCC is necessary for both sets w and O, the geometric conditions obtained
here are optimal. Note that the only known results to our knowledge are the one
dimensional case, see [15], and the case where O N w satisfies the multiplier con-
dition of Lions, see [46].

1.3.7. Outline The outline of this article is the following. In Section 2, we give
some notation, define the tools used in the main part of the article and recall some
basic well-posedness results.

In Section 3, we prove that the observability inequality holds if 7 > T, . 0 _s (.
Conversely, we prove in Section 4 that the observability inequality does not hold
inthecase T < T, s -

In Section 5, we develop the Hilbert Uniqueness Method. We first prove the
equivalence between controllability and observability in Section 5.1 and we define
the HUM control operator in Section 5.2. Then, we give the explicit characterization
of the HUM operator in Section 5.3.

Finally, in Section 6, we provide proofs for the positive and negative results
concerning the case of coupled waves with different speeds.

2. Preliminary Remarks, Definitions and Notation

We define the manifold M = R x 2 and its restrictionto (0, T), My = (0, T) x
Q = {(t,x) € M such that r € (0, T)}. We also write T* M7 as the restriction of the
cotangent bundle of M to (0, T'), thatis T*My = {(t,x,t,n) € T*M,t € (0, T)}.
Setting |n|,2c = g.(n, n) as the Riemannian norm in the cotangent space of Q2 at x,
we define

S*M = {(t,x,T,m) € T*M, |t* + Inl; = 1),

the cosphere bundle of M, and similarly $* M7 its restriction to (0, 7). We denote
by  : S*M — M the natural projection, which also maps S* M7y onto My. We
shall also use the associated cosphere bundle in the spatial variables only,

S*Q = {(x,n) € T*Q, |n> = 1/2}.
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2.1. Symbols, Operators and Measures on the Cosphere Bundle

Here, we follow [10, Section 1.1] for the notation. We denote by H k(X el )
or H]’;C(X; C/), with j= ‘1 or2and X = Q, M, or M7, the usual Sobolev space
for functions valued in C/, endowed with the natural inner product and norm. In
particular, the L?(X; C/) inner product is denoted by (-, -) L2(X:CJ)-

We define S7 (T*Mr; C/*J), with j = 1 or 2 as the set of matrix valued poly-
homogeneous symbols of order m on My with compact support in M. We recall
that symbols in the class S;’{lg(T*R”‘ C/*J) behave well with respect to changes
of variables, up to symbols in Sg;lgl(T*]R" CJ/*J)y (see [23, Theorem 18.1.17 and
Lemma 18.1.18]).

For any m, the restriction to the sphere

e (T*Mr; C7%) — 62°(S*Mr; C©7Y),  a — alsiuy, (2.1)
is surjective. This will allow us to identify a homogeneous symbol with a smooth
function on the sphere.

We denote by Wi (Mr; C/*/), with j = 1 or 2 the space of polyhomogeneous
pseudodifferential operators of order m on Mr, with a compactly supported kernel
in Mt X Mr: one says that A € lIJthg(MT; C) if
1. its kernel K (x, y) € 2'(M7 x Mr) is such that supp(K) is compact in M7;
2. K (x,y)is smooth away from the diagonal Ays, = {(t, x; ¢, x); (t,x) € Mr};
3. for every coordinate patch M7, C My with coordinates M7, > (f,x)

«k(t,x) € My, C R andall ¢y, ¢1 € €°(Mr,) the map

e (K—l) Arc* (¢hou)
is in Op(S;’flg(R”H x Ry,

For A € \Ilgflg(MT; C/*J), we denote by 0,,(A) € nglg(T*MT; C/*J) the
principal symbol of A (see [23, Chapter 18.1]). Note that the principal symbol is
uniquely defined in Sgﬁg( T*Mr7; C/*J) because of the polyhomogeneous structure
(see the remark following Definition 18.1.20 in [23]). The application o, enjoys
the following properties

Wi (M Ci*iy - Sphe (T*Mr; C/*J) is surjective.

e ForallA € \IJ (MT, (C/Xf) am(A) = Oifandonlyif A € \Il (MT, C/x).
e Forall A e \I’”}’I (M7; CI¥0), 0 (A*) = o, (A).

e Forall A € \Dphg(MT, C/*Jy and A, € \IJ (MT, C/*J), we have A Ay €
WM (s CIXT) with

phg
Omy+mo (A1A2) = Om, (Al)amz (Az).
e Forall A; € \I]phg(MT’ C) and Ay € ' 2 (Mr; C), we have [A}, A2] =

A1Ay — AyAy € WL Y(My; C) with

o Oy

phg

1
Um1+rn2—l([Al’ Ar]) = l_.{o'ml(Al)v Umz(AZ)}~
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Here, {a1, a»} denotes the Poisson bracket, given in local charts by

{a1, a2} = 9:a10;a2 — 9,a10:a + Z(ag,alaxlaz — Oy, a10gaz).
[

o IfA € \I/r')”hg(MT;ijj), then A maps continuously H*¥(Mr; C/) into

H*m(M7; C/) (resp. H{g (M7 (Cf:) into H{;;m (M7; C/)). In particular, for
m < 0, A is compact on LS(MT; C/).

Given an operator A € ‘I’gf]g(MT; C), we define Char(A) = {p €
T*M, o (A)(p) = 0}.

At places we shall need to consider pseudodifferential operators acting on €2 yet
depending upon the parameter ¢ € (0, 7') with some smoothness with respect to ¢.
Letk € NU{oo}, wesay that A; € %k((O, T), Op(Sg;lg(R” X R”))) if A, = Op(ay)

witha, € €%((0, T), S, (R" x R™)). Next we say that A, € €*((0, T), W)} (Q))
if

1. its kernel K;(x,y) is in €X((0,T), €°(Q2 x Q \ Aq)) where Aq =
{(x,x); x € Q}

2. forevery coordinate patch 2, C 2 with coordinates 2, > x — x(x) € QK C
R” and all ¢, ¢ € €>(Q,) the map

ws g (k1) A Gow
is in €% ((o, T), Op(Sij, (R" x R”))).

In particular we shall use the following form of the Egorov theorem.

Theorem 2.1. Let A; € €° ((0, T), \Ifrl)hg(Q)) with real principal symbol a; ; and
P e \I!I’)'Lg(Q), m € R. Define S(s', s) as the solution operator for the Cauchy

problem
8,u—|—iA,u =0, u|t=.§‘ = uo,

that is, u(s") = S(s’, s)ug. Then there exists Q; € ‘5"0((0, T), lllgl’lg(Q)) such that,
forallo, N € R, we have

S(t,0)PS(0, 1) — Q; € € ((0, T, LOH (Q), H”*N(Q))) ,

and the principal symbol of Q; is given by q;, € €*°((0,T), S}’)’flg(T*Q)) with
q:r = p o xo. where p(s,t) = xs.:(po) is given by the flow of the Hamiltonian

vector field associated with ay ;:

d
d p(s,t)ZHa“(p(sat))v lo(t7t)=100
s

The proof can be adapted from that given in for instance [45, Theorem 0.9.A]. The
notion of smoothing operators appearing in the statement of the above theorem is
made precise in following definition.
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Definition 2.2. (Smoothing operators) Let A : 2'(2) — 2'(R2) be a linear oper-
ator and k > 0. We say that A is k-smoothing if A € L(H*(RQ2); H1R(Q)) for all
s € R. We say that A is infinitely smoothing if A is k-smoothing for all k > 0.
Moreover, we say that A € RF(Q) if A € L(HY(); HTK(Q)) for all s > 0.
We set R®(R2) = =0 R¥(Q).
Note in particular that k-smoothing operators are in R¥(L2). Moreover, for

k > 0, operators in \IJI;J‘ (€2) are k-smoothing.
We recall that —A denotes the Laplace operator on €2, and that we have

—Ae \Ilghg(Q), with o2 (=A)(x, 1) = [n]2.

It will also be useful to define a function A € €°°(T*M) such that

i x T m=(IT P2 for (rx. T n) € T*M, with (jt>+[n)? =
M, x,7,n) = C >0 for (¢, x,7,n) € T*M, with (|r|2+|n|§)% <1
(2.2)

This gives x A" € Sie(T*M; C)if m € Z and x € €°(M).

Finally, we define M (S*M7; R) to be the set of real valued measures on
S* My, M (S*Mr7) the set of positive measures on S* Mz, and M. (S* M7; C>*?)
the set of measures with values in non-negative hermitian 2 x 2 matrices. For
we M(S*Mr; R) (resp. o € M (S*Mz; C*>?))and a € %CO(S*MT; R) (resp.
ae ‘QO(S*MT; C2%2)), we shall write

(W, a)s«py =/S*M a(p)u(dp), (reSp- (W, a)sspy =/S* tr{a(p)u(dp)}),

Mt
for the duality bracket. The same notation will also be used fora € Sgh o (T*M7; R)

(resp. a € Sghg(T*MT; C?*2)) according to the identification map (2.1).

Observe that the Laplace operator is not coercive since —A(1) = 0. This can
be cumbersome in places. As a remedy, we introduce more convenient spaces and a
scalar product. Let (e;) jen be a Hilbert basis of eigenfunctions of —A, associated
to the eigenvalues (k) jen. In particular, we have ko = 0 and ¢g = 1//]€2I.
Following the notation of [18], we set

L3(Q) = 1> ajej. (aj) € £
jz1
= [f c LZ(Q),/Qf(x)dx - o] = I L*(R),
with
Mof = (\/%/Qf(X)dX) eo = (f,e0)p2(gpe0. and Tl f = jf —Tlof.

Note that we have

My € Wy ().



128 BELHASSEN DEHMAN, JEROME LE ROUSSEAU & MATTHIEU LEAUTAUD

since TTp maps 2/ (R2) into €>°(R2), that is has a "> kernel (this is true in fact in
a more general setting of functional calculus, see [44, Chapter 12]). Hence

My =Id—T € \yghg(sz), with oo(IT4) = 1.

We also define H{ () = I H*(Q) for s € R, and in particular H} (Q) =
HY(Q)NLA(Q)ifs 2 0.
We shall often use the selfadjoint operator A = 4/ —A, classically defined by

A= Z\/’C—j(f, eprei, DR) = H'(Q).

jeN

In particular, we have Leg = 0 and A is an isomorphism from Hfr“ (2) onto H jr ().

We shall denote by A leL(H 1(Q); Hi“ (2)) its inverse. Moreover, according
to [41] (or [42, Theorem 11.2]), we have

S \Il;hg(Q), with o1(A)(x,n) = nlx, (x,n) € T*Q\ 0.

We denote by (¢/'*),cr the group on H* () generated by i . Note that ¢/'* preserves
the spaces HJ ().
The decomposition (splitting) of the operator P into P = —L_ L_, with

1 1
L+:781—)» and L_:T8,+A,
1 1

will also be useful in the following. Even though L4 is not a pseudodifferential
operator on M 1 we shall write

b =o01(Ly) =1 —nlx, €-=o1(Lo)=1+nl, (2.3)

and refer to these functions as “the principal symbol of L and L_".

2.2. Some Geometric Facts

In local coordinates, we write g;; for the metric g on the tangent bundle T'<2.

Forv € T*Q we set |[v], = (g (v, v))?, that is, vl = (Zij(gx)ijvivj)% in local
coordinates.

As a metric on the cotangent bundle T*, g is given by g%/ inlocal coordinates,
with (g'/) = (gij)~!. Note that we keep the letter g for this metric by abuse of nota-

1 1
tion. For 7 € T;*Q we have |5, = (gx(n, m))?, thatis, [n]x = (X;;(e) ninj)?
in local coordinates.

For all v € T2, we can define v* € 7,°Q uniquely by g, (v, w) = (v*, w)
for any w € T, 2, which reads in local coordinates v;‘ => ; (gx)ijv;. Note that
vl = [v¥]s.

I Observe that £+ and £_ do not satisfy the proper estimate in the cone |t| = C|n|y.
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2.2.1. Geodesics We start by defining geodesics on 2 associated with the metric
g. Withk(x,n) = %|n|§, (x,n) € T*Q\ 0, we have the (maximal) integral curves
s> L(x,n) € T*Q\ O:

d
o tem = H (GGem). Lo, ) = (x.n) € T"Q\ 0, (2.4)

with the Hamilton vector field Hy givenby H = (V,k, —Vk) inlocal coordinates.
In particular, if £ (x, ) = (x(s), 1(5)), we have £-x;(s) = > i (8x(s))"n;(s), that
is n(s) = (%x(s))*. Note also that the value of k is preserved along this integral
curve as

d
Ek 0 Lsls=sg = Hi(k)(&so) = {k, k}(&sy) = 0.
Let SQ = {(x,v) € TR, |v|y = 1}. For (x,v) € S22, we consider the curve
(x(s), v(s)) given by
(x(s), v($)™) = & (x, v).

Note that we have %x(s) = v(s). In particular, %x(O) = v and moreover
W) ) = 10 3 = 2k(x (), v($)*) = 2k (x, v*) = o[} = L.

We call the curve s + x(s) on 2 the geodesic originating from (x, v) € SQ at
time s = 0. We have (x (1), %—f(t)) € SQ: the traveling speed of the geodesic is
unitary.

2.2.2. Bicharacteristics of the d’Alembert Operator The principal symbol of
the operator P (x, d;, dy) is given by

o (P)(t, x, T, 0) = p(x, T, 1) = —T* + 0|2,
for(t,x,7,n) ERx QxR x TQCT*M. (2.5)

We denote by H, the associated Hamiltonian vector field. In local coordinates, we
have

p=—ltP+> g¥nin; and H,= (Ve ,p,—Viip).
iy

Note that fora € nglg(T*M; C), we have Hya = {p, a}. We shall make use of the
Hamiltonian flow map ¢, that is the (maximal) solutions of

d
35 s(P) = Hp ($5(0)), dolp) = p = (t0, X0, 70, &) € T"M\0. (2.6)

Let I" be an integral curve of (2.6). First notice that p is constant along I" since
H,p = 0. In particular, the flow ¢ preserves Char(P). Moreover, as g is inde-
pendent of time 7, we have d; p = 0. Writing ¢ (p) = (t(s), x(s), T(s), n(s)), this
implies that T is constant along I". As df/ds = —27tp we have t(s) = —219s + 1o.
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Setting ¢y (x0, no) = (x(s), n(s)) we see that it is corresponds to the flow
associated with the Hamiltonian |7i|;25- Consequently, by Lemma B.1 we have
@s(x0, m0) = &24(x0, 10). We thus obtain

@5 (p) = (—2708 + 10, T0, {25 (X0, 70))- 2.7

Let A # 0 and M, be the map such that M, (x, n) = (x, An), that is a multiplication
by A in the fiber. As k is homogeneous of degree 2 we have M, o s = {5 o M) by
Lemma B.2 for A > 0. If g # 0 with t = —27ps + 9, then, using Lemma B.3 as
well, we find that

¢s(p) = (¢, 70, L1—1 (X0, M0))
70

= (t, 10, M|ty © &(19—1) sgn(zo) (X0, M0/1701))
= (t, 10, M_z, 0 &4y (x0, —10/70))- (2.8)

As is done classically, we call bicharacteristics the integral curves for which
p = 0. Then |n|§ = |7|? is also constant along bicharacteristics. Observe then
that (2.6) defines a flow on the manifold

Char(P) N S*M = {(t,x, 7, &), |t|* = 1/2 and |n|> = 1/2}.

Let (¢(s), x(s), T, n(s)) be abicharacteristic curve of p with (z(0), x(0), 7, n(0)) =
(t0, X0, T0, 10) and 7| = \/%

As we take 1) 7# 0 here and % = —219 # 0, we can use the variable ¢ to
parametrize the bicharacteristics. Setting y(¢) = x(s) and £(¢) = —n(s)/10, with
(2.8) we see that (y(t), §(t)) = &r—1, (X0, —1n0/70)- As |no/T0lx, = 1, we see that
t > y(2) is the geodesic curve issued from (xo, vo) at time ¢y, where vj = —%770.
Consequently, the projection of the bicharacteristic curves solution to (2.6), with
p = 0, onto €2, yields geodesics on €.

Conversely, if t — y(¢) is a geodesic issued from (xg, vo) at time fy, it is the
projection of such a bicharacteristic curve going through (o, xo, 70, —Tovg) With
0 = i\%'

Now, we can rewrite the geometric condition given in Definition 1.2 in terms
of bicharacteristics of the operator P.

Definition 2.3. The time 7,,_, »_,,, is the infimum of times 7 > 0 for which the
following assertion is satisfied:

forany py, = (t4, X, Tx, Nx) € Char(P) N S* My, there exists sg, 51, 52 € R
with 0 < 7(sg) < t(s1) < t(s2) < T, such that we have

T(¢so(px)) € (0, T) X w, 7(s;(ps)) € (0,T) x O, and
(95, (p)) € (0, T) X w.
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2.2.3. Bicharacteristics of the Half-Wave Operators The set Char(P) N S*M
has two connected components,
Char(P) N §*M = (Char(L*) N $*M) U (Char(L™) N $*M)
={t=1/V2and ||y = 1/V/2}U{r = —1/v2 and |5, = 1/+/2}.

We now denote by qﬁ;‘: the bicharacteristic flow associated with £+ defined in (2.3),
that is, the maximal solutions of

d
58 () = Hey (#5°() . #5(p) = p € T*M\ 0, with p € Char(£).

As we have 0,4+ = 0 and 9;£4+ = 1, the flow (]ﬁsi can be written under the form

o, T, x,m) = (t +5,7, 05 (x, ),
where <,osi is the flow associated to the Hamiltonian FA(x, ) with A(x, n) = 1]y,

that is,

d
afﬂf(x,n)=H¢h(¢f(x,n)), PG, = (x,n) eT*2\0.  (2.9)

Note that (p;t is the Hamiltonian flow associated with the operator FA. In particular,
by Lemma B.1 we have

= (x,n) = o (x, ). (2.10)
From Lemma B.1 (with F () = F+/2«) we also deduce that
PEC ) = Cryp (), (x, ) € TFQN 0. @.11)

We also have the following property.

Proposition 2.4. Let py = (19, 9, X0, no) € Char(P) N S*M, with sgn(tg) = =+,
that is, po € Char(¢%). Then, for t = ty — 2tos we have

b5(p0) = B, (p0) = (1. T0, i, (x0, M0)).
Proof. By (2.11), we have

b1y (00) = B2, (p0) = (0 — 2708, T0, 97, (X0, 10))
= (to — 2708, T0, {+270/Inlxs (X0, M0))-

As |n|x = =£10 here, by (2.7), the result follows. |

With the flows (p?:, we now define the adapted minimal time for waves with

positive/negative frequencies, Tj;(’)»w’ and we provide a characterization of the

minimal control time T, , »_ .

Definition 2.5. The time 7+

. . . . 0= O*)w
following assertion is satisfied:

is the infimum of times 7" > 0 for which the



132 BELHASSEN DEHMAN, JEROME LE ROUSSEAU & MATTHIEU LEAUTAUD

for any (x, n) € $*Q, there exists 0 < 7y < #; < tp < T such that we have
boofog,(x,n) #0,  boftog;(x,n) >0, byoFog, (x,n) #0,

where 7 : $*Q — Q is the natural projection.

Proposition 2.6. We have T" =T

0>0-0 — ‘o>0-0 — Ty 00

Proof. Let T > ch—)@—no and let (x, n) € T*Q\ 0. We set (x1, 1) = @7 (x, n).

Then there exists 0 < 19 < t; < tp < T such that

boof ogl(x1.m) #0, boFogl(x1,n) >0, byofogl(x,n) #0.
By (2.10) we have ¢ _,(x, 1) = ¢~, o (x, 1) = <pt+(x1, n1), which yields
byoT o w}_to(x, n) #0, bomw 0‘/’;—11 (x,n) >0, byomo (p;_tz(x, n) # 0,

withO < T —th < T —t1 <T—1t) < T.HenceT > Tr

0o—->0—w
T 2T . »,, WhichgivesT ~ , =~ < T;—>O—>w' The opposite inequality is

. . . - _ +
proven similarly. Weobtain 7, =T " _ .

Also, with the same argument, using Proposition 2.4 we obtain 7", ==

implies

+
Tw—)(’)—)w =To>0-0 =

The previous proposition is important in what follows. In fact we shall base part
of our analysis on the flows . With Definition 2.5 and Proposition 2.6 we thus
have a precise characterization of the geometrical control condition of Definition 1.2
in this context.

In what follows, for concision, we shall omit the projection 7 when composing
functions on Q with the flows ¢¥, that is, we shall write b o <p,f (x, n) in place of
bomo q)f(x, n).

2.3. Reformulation of the System in Symmetric Spaces

As one can see, work in asymmetric spaces can be awkward. We thus set

w; = (1 — A)_%vl, wy = v2. Having (v1, v2) as the solution to (1.6) is then
equivalent to having (wy, w>) as the solution of

Pw; =0 in (0, T) x €,
(2.12)

Puy = —b(x) (1 — A)2w; in (0,T) x Q,

as P and (1 — A)_% commute. Hence, System (1.1) is exactly controllable in time
T if and only if the inequality

T
Eo(w1(0)) + Eo(w2(0)) = C/ / |bowal* dx dr (2.13)
0 Q
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is satisfied for all (w1, w2) € €°([0, T]; L*(2; C?) N €1 ([0, T1; H~1(Q; C?))

solutions of System (2.12). Note that the observability inequality (2.13) corresponds
also to the exact controllability of the following system

Pzi+(1—A)b(x)z2=0 in(0,T)x Q,

Pzy =by(x) f in(0,T) x ,

with initial and final data in H'(Q; C?) x L?(; C?) (see Section 5.1 for details).

1

Connexion with System (1.1) is obtained by setting z; = (1 — A)2u and z2 = u».

To prove the well-posedness of System (2.12), we introduce the space
H = L2 C?) x H'(2;C?),

endowed with the natural inner product.

(2.14)

Proposition 2.7. For any (w(l), wg, w}, wé) € J and any T > 0, System (2.12)
with

(wla w3z, al‘wlv atw2)|l=0 = (u)?, wga wiv w%)5
has a unique solution (wy, wy) € €°(—T,T; L*(Q2;C*) N € (—T,T; H!

(2; C2)), depending continuously on (w?, wg, w}, wé), that is

sup  {Eo(wi(1)) + Eo(wa(1)} < C(T) (||w?||iz(m +lwily -1 g
te(=T,T)

w2 gy + 103121 g))

(2.15)
System (2.12) can be written as the first-order system
W + AW =0, (2.16)
where # = "(wy, wy, 8wy, 0, w7) and the operator &7 is given by
0 0 —Id 0
0 0 0 —1d
g =1 _A 0 o0 0 , D(o/) = H'(Q;C* x L*(Q; CY).
bA—A)? —A 0 0
(2.17)

The Lumer—Phillips Theorem [34] can be applied to (2.16) for positive and negative
times ¢ since the operators AgId £.o7 are maximal monotone for Ao sufficiently
large (due to the cascade structure of the system). Hence —<7 generates a strongly
continuous group that we shall denote by (et )teR-

In places, we shall also write System (2.12) in the form

PW =0, W= (w,w),
with

P = (; (1))) € Wi (M; C¥?),  and B = b(x)(1 — A)2.

According to [41] or [42, Theorem 11.2], we have B € \Ill;hg(Q; C), with principal
symbol o1 (B)(x, n) = b|n|s.
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3. Observability for 7 > T, .0»_.,

In this section, we prove the following theorem.

Proposition 3.1. Suppose that T > T, _.o_. .. Then, the observability inequal-
ity (2.13) holds for any €°(0, T; L*>(2; C*))NE€' (0, T; H~(Q; C?))-solution of
(2.12).

The positive controllability result of Theorem 1.3 is then a direct consequence of
Theorem 3.1.

To prove Proposition 3.1, we follow the compactness—uniqueness method of [8,
9,38], which consists of two steps. First we prove the observability inequality (2.13)
in a weaker form, with additional compact terms on the right hand-side. This allows
one to handle high frequencies. Second, we use a uniqueness argument to handle
low frequencies and conclude the proof of the observability inequality (2.13).

3.1. A Relaxed Observability Inequality
We shall prove the following result.
Proposition 3.2. Suppose that T > T,,_, ©—,,. Then, the observability inequality
Eo(w1(0)) + Eo(w2(0))

T
=C (/ / |bowal* dx df + E_1 (w1 (0)) + E—1(w2(0))) (3.1
0o Ja

holds for any €°(0, T; L>(Q; C*)) N €10, T; H~1(Q; C?))-solution of (2.12).

Proof. We proceed by contradiction and suppose that the observability inequal-
ity (3.1) is not satisfied. Thus, there exists a sequence (wll‘, wé)keN of €°(0, T; L?
() NE 0, T; H1(Q))-solutions of

Puk =0 in (0, T) x €,
! L , (3.2)

Pwy +Bw; =0 in(0,7T) x £,

such that
Eo(wh(0)) + Eo(w5(0)) = 1, (3.3)
T
/ / lbowk|? dx dt — 0, k — oo, (3.4)
0 Q

E_1(wh(0) + E_j(wh(0)) - 0, k - . 3.5)

According to (3.3) and the continuity of the solution with respect to the initial data,
the sequence (w’l‘, w’z‘) is bounded in L2(M7; C?). According to (3.5), we have
(wh(0), wi(0), 3wk (0), dwh(0)) — (0,0,0,0) in L2(Q; C?) x H~1(Q; C?).
The continuity of the solution with respect to the initial data yields

(w}, w5) = (0,0) in L*(M7: C?).
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As a consequence of [21, Theorem 1], there exists a subsequence of (Wk)keN =
(wh, wh)ren (still denoted (W¥)peny = (wk, wh)ien in what follows) and a
microlocal defect measure

M1 M12 * 2x2
=(* € M, (S*Myp: C2¥2),
(lm 142 ) +(5 Mr )

(according to [21,43], see also [10, Proposition 5], this measure is intrinsically
defined on $* M7) such that for any A € \IJphg(MT; C2*2) (recall that symbols are
compactly supported in time ¢ here, see Section 2.1),

Jim AW W) 240y = /S .., oo (Prp). (3.6)

Testing the measure u on different operators A, the limit equation (3.6) can be
equivalently written as

. k k
kli{[(;lo(Awl, wl)LZ(MT;(C) == (l’Lla UO(A))S*MT )
. k k
Jm (Aws, w3) 2p50) = {12, 00(A)) seary (3.7

lim (Awf, wé)L2(MT;C) = (12, 00(A)) s+ 1 >
k—o00

forany A € \l' (MT OC).
The followmg lemma gives the properties of the three measures 1, o and
12, and is a key point in the proof of Proposition 3.2.

Lemma 3.3. (Properties of the measure )

1. Suppose that the sequence (W*) e satisfies (3.2) and (3.5). Then, we have
ni, u2 € My (S*Mr), supp(p;) C Char(P), supp(uz) C Char(P). More-
over, supp(u12) C supp(u1) N supp(uz) C Char(P). Finally, these three
measures satisfy the equations

<I’Ll HPa)S*MT = 07

<M27 )S*M - - (Im(MIZ)v 2b|n|xa>S*M7— 5
<Im(l’“2) Hpa)s*MT (/‘LL bln'xa>S*MT s
(Re(u12), Hpa)g., =0.

(3.8)

foranya € Sphg(T*MT, O©).
2. Moreover if the sequence (W*) .y satisfies (3.4), then we also have supp(u2)N

7 10, T) x w) = @ and supp(iL12) N 7710, T) x w) =

The proof of this lemma is given in Appendix B.2.

We shall prove below that the first and the last equations in (3.8) yield a “free”
propagation result for the measures 1| and Re(ue12). In particular, since @2 = 0
on (0, T) x w),and T > T, 0 = To, this will give Re(u12) = 0.

The most important equation in (3.8) is the third one that is to be viewed as a
transport equation for the measure Im(u12).
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ta — 11

to — t1

O o.(p) w Q

Fig. 3. Geometrical situation inthe case T > T,, ., »_,,

We already know that the supports of the three measures are subsets of
Char(P)NS*Mrp. Letus pick px = (2, X, Ts, 0x) € Char(P)NS*My. According
to Definition 2.3, there exist 0 < fy < t; < tp < T such that

Gro—1.(0x) € TW0, T) X @), -1, (px) € 70, T) x O0),
b1, (0x) € 710, T) x w).

We take three open subsets 6y, 01, 6, C S* My, satisfying

Pj =¢lj,,*(,0*) €bjforj=0,1,2, (3.9)
7(6) C (0, T) xw, 7®)CO,T)x0O, 7)) O,T)xw

This geometrical situation is illustrated in Fig. 3.
We now choose a function e € €>°(S*Mr) such that

supp(e) C @y —1(60) N 01 Ny —,(02), e =0, and e(p)) =1. (3.10)

Note that the set ¢;, 4, (0p) N 01 N ¢y, —1, (62) is open since ¢, : S*My — S*Mry is
bicontinuous and is nonempty since it contains pj, according to (3.9).

Now, we apply the third identity of (3.8)toa = eo¢s € €, >°(S* Mr) (which can
be extended as a symbol, namely i_la(t, X, r/i, n/i) € S&llg(T*MT; R), where
X is defined in (2.2)) for s € (t] — 12, 1] — 19), as a consequence of (3.9)—(3.10).
From the third equation in (3.8) we obtain

- (I’Lla b|77|x €0 d)S)S*MT = <Im(M12)7 Hp(e o ¢S)>S*MT

d
= <Im(/t12), 3¢° ¢s>

S*Mr

d
=4 (Im(p12), € 0 ¢s) gy -
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Integrating this equation on the interval (t; — 2, t; — fy) gives

11—t
- / <M17 b|’7|x €o ¢S>S*MT ds = (Im(MIQ)’ € o ¢t1—l‘0)s*MT
1 —1t

—(Im(u12). € 0 Gy )y, - (Bo11)

Moreover, from (3.10), we have supp(e o ¢;,—1,) C 62 and supp(e o ¢y, —1,) C Op.
Since w(60p), (6h) C (0,T) x w and w(supp(u12)) N (0, T) X @ = @ from
Lemma 3.3, the right hand-side of (3.11) vanishes, and we obtain

=ty
/ (1, bInlx e o ¢g)gepy, ds = 0.
t

1—1h
In this expression, the measure w1 and the functions |5|y, b and e o ¢ are non-
negative on the interval (1] — 1, ] —tp). We thus obtain, forany s € (t; — 2, 1] — o),
(m1,blnlx e o ¢s>s*MT =0,

and in particular for s = 0 € (11 — 2, 11 — fp) we find
(m1, bnlx e>S*MT =0.

We have b(r(p1)) > 0since 7(p1) € (0, T) x O, and e(p;) = 1. Hence we have
that

w1 vanishes in a neighborhood of p;. (3.12)

We can now prove that 1] is identically zero on this bicharacteristic. This is a direct
consequence of the first equation of (3.8): applied to a o ¢, in place of a as long as
supp(a o ¢s) C S*Mr, it yields

d d
0= <M17 Hpao ¢5)S*MT = <,U«], Ea © ¢s>5*MT = a (u1,a O¢S>S*MT .

This directly gives

(11,0 0 ¢s)sepry, = (1, @)y, foralla € Syt (T*My; ©),
for all s € R such that supp(a o ¢5) C S*M7. (3.13)

From the argument above, there exists a € Sl;llg(T*M 7; C) with a small support in
aneighborhood of p; and a(p1) = 1, suchthat (1, a)g«ps, = 0. Takings = 1] — 1,
in (3.13) then yields

(I‘Ll’ ao ¢11—I*)S*MT 5

with a o ¢, 1, (ps«) = 1. This implies that x| vanishes in a neighborhood of p.
Here p, was chosen arbitrarily in S*M7. We thus have i = 0 on S*Mr.
The third equation of (3.8) then becomes (Im(mz), H pa) = 0 for all

S*Mr
a € Sp_hlg(T*MT; C). The same analysis directly yields the propagation of the

measure Im(zt12). This, together with supp(Im(12)) N 710, T) x w) = @
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gives Im(up2) = Oon S*Mr,as T > T,,0—-, = T,. Similarly, we obtain
Re(u12) = 0 on S* M7 with the last equation of (3.8). Finally, the second equation
of (3.8) now reads (,uz, HPa)S*MT =0foralla € S};llg(T*MT; C). This implies
w> = 0 on S*My as we already know that supp(u2) N =1 ((0, T) x w) = ¥ from
Lemma 3.3.

Since u = 0, we have

(wk, wk) — (0,0) strongly in L2 (M7; C?). (3.14)

Let us take x € ¢°°(0, T; C), multiply the second equation in (3.2) by x (1 —
A)_lwlz‘ and integrate on (0, T') x 2. After an integration by parts in time, this
gives

T T
/ /X|(1—A)—%a,w§|2dxdt+/ /a,xatw’g(l—A)—lw’gdxdt
0 Q 0 Q

T T
+/ /XAwlz‘(l—A)_lwlz‘dxdtz/ /XBw’;(l—A)—‘w’gdxdz.
0 Q 0 Q

In this expression, we have
T
/ / dxdwh(1 — AT wh — 0 since d,x8,(1 —A) " € \Ill;llg(MT; ©),
0 Ja

T
/ / xBwh(1 = A)T'wk — 0 since x(1 - A) "B e \yp—hlg(MT; 0),
0 Q
and

T
/ / xAws (1= A)Twh — (2, X) s my = 0.
0 Ja

As a consequence, we obtain, for all x € €>°(0, T; C),

T 1
/ / x1(1 = A)"29,w5* — 0.
0 Q

This, together with (3.14), yields, forall 0 < ¢] < & < T,

/82 Eo(wh (1)) dr — 0.

The same method with the first equation of (3.2) also gives f;lz Eo(wll‘ (t))dt — 0.

Hence, Eo(wé () + Eo(w]f (t)) — 0 for almost every t € (&1, €2). Picking such a
time, say 73, the (backward) well-posedness result of Proposition 2.7 for the Cauchy
problem (3.2) with data given at 73 gives

Eo@} (0)) + Eowh0) = € (Eo(wl (1)) + Eo(w§ (1))

This yields Eo(u)/f(O)) + Eo(wlz‘(O)) — 0, gives a contradiction with (3.3), and
concludes the proof of the proposition. O
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3.2. End of the Proof of Proposition 3.1

With the relaxed observability inequality of Proposition 3.2, we are now able
to handle the low-frequencies and conclude the proof Theorem 3.1. The main point
here is a unique continuation result for solutions of the elliptic problem associated
with System (2.12). The idea of reducing the observability for the low frequencies
to an elliptic unique continuation result and associated technology are due to [8].
Here we follow the expository lectures [12].

We first define for any 7 > 0 the set of invisible solutions (see [8]) from
0,T) x w:

NT={(¥ = (w?, wg, wll, w%) € 7 such that the associated solution of (2.12)
satisfies wy (¢, x) = O forall (t,x) € (0, T) x w}.

We have the following key lemma, which is proved at the end of this section.
Lemma34. For T > T,,_,©_, we have N(T) = {0}.

As for the proof of the relaxed observability inequality of Proposition 3.2 we
proceed by contradiction. We suppose that the result of Theorem 3.1 is false. Thus,
there exists a sequence (w]]‘, wé)keN of €°(0, T; L2(Q)) N €0, T; H~1(Q))-
solutions of (2.12) such that

Eo(w}(0)) + Eo(wh(0) = 1, (3.15)
T

/ /|bww'2‘|2dxdt—>0. (3.16)
0 Q

Equation (3.15) and Proposition 2.7 imply that the sequence (w’f, wlﬁ)keN is
bounded in LZ(M7;C?%). Hence, there exists a subsequence (also denoted
(w'l‘, wé)keN in what follows) weakly converging in L*(M7p; C?), towards
(wi, w2) € L>(M7; C?). From (3.16), this limit satisfies, forall 7 € (0, T), wa|e =
0, and is moreover a solution of (2.12). Hence, we have (w;(0), w3 (0), 9, w;(0),
0, w2(0)) € N(T). According to Lemma 3.4, this yields (wy, wz) = (0, 0). Also,
the imbedding .2 — H~'(Q)? x H~2()? is compact. This yields

E_1(wf(0)) + E-1(w5(0) — E_1(wi(0) + E_1(w2(0)).
The relaxed observability inequality (3.1) hence yields
1= C(E-1(wi(0) + E—1(w2(0))),

which contradicts the fact that (wy, waz) = (0, 0), and concludes the proof of the
Proposition 3.1. O
It only remains to prove Lemma 3.4.

Proof of Lemma 3.4. First, Proposition 2.7 implies that /(T is a closed subspace
of 7. Second, applying the relaxed observability inequality (3.1) to an element of
N(T) gives
1713, = Eo(w1(0)) + Eo(w(0)) £ C (E_1(w1(0)) + E_1(w2(0))).
(3.17)
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Using the compactimbedding .7 — H~1(Q)?x H ~2(£2)?, this implies that A/ (T")
has a finite dimension, and is thus complete for any norm. Moreover, setting § =
%(T T ©0—e) > 0, weremark that (3.17) is also satisfied by all # € N (T —§).

Taking # € N(T) implies that, for all & € (0, §), we have e *“ ¥ € N(T — §).
We also have, for A sufficiently large, according to Section 2.3,

1 1
o+ ) =(1d —e YW = —(Id —e 7Y hg + )W
& &
- Ao+ )W inA,
e—0t

as (Ao +.97) "W € D(</). As a consequence, the sequence (% (Id —e_m%)W)DO
is a Cauchy sequence in A/ (T — §), endowed with the norm || (Ao + )V e As
all norms are equivalent, the sequence (%(Id Y 4 )g>0 is thus also a Cauchy
sequence in N (T — §), endowed with the norm || - || 5, which yields &/ # € 7.
Hence, we have N (T) C D(«/). Denoting by 7/(1‘) the solution of

N + AW =0, Wieo=W,
with # € €'([0, T1; /) N €°([0, T1; D(<7)),

from semigroup theory, we remark that we have
— AW =0, W |1—o e N(T) if W e N(T).

In fact, as wy(¢t,x) = O for all (r,x) € (0,T) x w, the same holds for 9, w,.
Consequently &/ N (T) C N(T).

Since N(T) is a finite dimensional subspace of D(/), stable by the action
of the operator 7, it contains an eigenfunction of /. There exist © € C and
W, € N(T) such that &%}, = p#,. Writing #,, = "(w{, w9, w], w}), this is
equivalent to having

1 0
e Dt
Wy = MW,
—Aw? = pwy,

—Awg + b(x)(1 — A)%w? = /Lw%.

This system implies

AwY = — 2w,
[ Wi = TR (3.18)

—Awd 4 b(x)(1 — A 2w = —p2wd.
We first prove that w(l) = 0 on Q. If not, the first equation gives i = i/k with
k € Sp(—A) C Ry and w‘l) is an eigenfunction of —A associated to «. Hence,
taking the L2(Q)-inner product of the first line of (3.18) with (1 — A)%wg, and
that of the second line of (3.18) with (1 — A) 5 w(l), we obtain

/ b()|(1 — A) 2wl dx = 0.
Q
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Since b 2 0 and b does not vanish identically, this proves that (1 — A)%w? =0
on O. As (1 — A)%w? is an eigenfunction of the Laplace operator vanishing on
O, a unique continuation result (see for instance the classical reference [6,7], the
book [47] or the exposition article [25]) yields (1 — A)%w(l) = 0 on . Hence
w(l) =0on Q.

Moreover, # € N(T) yields wg = 0 on w. This proves that wg = 0 on €,

as w(z) is an eigenfunction of the Laplace operator as a consequence of (3.18). This
concludes the proof of the Lemma 3.4. O

Remark 3.5. Note that elliptic unique continuation properties such as those used
here are not known in general for 2 x 2 elliptic systems. For these types of general
systems, such a result holds if w N O # @ [26, Proposition 5.1]. However the case
® N O = () remains open in general.

Here, the cascade structure of System (2.12) allows us to bypass a more involved
unique continuation theorem. We use that the eigenvalues and eigenfunctions of

the operator
—A 0
b1 —A): —A)"

are (kj,"(0, ¢;)) jeN, where (k, ;) jeN are the eigenvalues and eigenfunctions of
—A. This is a very particular feature of cascade systems with twice the same elliptic
operator on the diagonal.

4. Lack of Observability for T < T, .0_.,

In this section, we prove the following theorem.

Theorem 4.1. Suppose that T < T,,_, ©—s . Then, there exists a bounded sequence
(wh, wh)pen of €000, T; L2 N €10, T; H~1(Q)?)-solutions of (2.12) sat-
isfying

lim infi o (Eo (W} (0)) + Eo(w5(0))) = 1, @1
(wh, wh) = 0in L2(M7; C?), '

such that the sequence (wlﬁ)keN is pure and its microlocal defect measure |1 sat-

isfies

(w2 10l =0, (42)

forany x € €2°(0, T).

We refer to [21, Definition 1.3] for the definition of a pure sequence. As a direct
consequence of this theorem, we have the following non-observability result.
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Corollary 4.2. If T < T,,_, ©_«, the observability inequality (2.13) does not hold.

The negative controllability result of Theorem 1.3 is then a direct consequence of
Corollary 4.2 and HUM.

Proof of Corollary 4.2. Suppose that the observability inequality (2.13) holds
for some constant C > 0, for all solutions of (2.12). Then, for the sequence
(w’f , w’z‘)kEN given by Theorem 4.1, we have, for k sufficiently large,

1 T
5 < Eo(wh(0)) + Eowh(0)) < K/O / lbowi|?dxds, K >0. (43)
Q

With the sequence (w]f, wlz‘)keN being bounded in the energy space, we have, in
particular

/ |bowh (2, x)[>dx < Cp, forsome Co > 0, andallk € N, 7 € [0, T].
Q

This yields, for any ¢ € (0, %),

T e T—¢
/ /|bww]2‘|2dxdt=/ /|bww§|2dxdt+/ /|bww]2‘|2dxdt
0 Q 0 JQ 5 Q
T
+/ /Ibww/2‘|2dxdt
T—eJQ

T—¢
< 28C0+/ / |bowh > dx dr
e Q

T
§28c0+/ /|xbww§|2dxdt,

with x € €2°(0, T) such that x = 1 on (¢, T — ¢). We fix & such that 2¢Cp = g

and obtain
/ /|b w2| dxdt<—+/ /be w2| dx dz.

According to (4.2), this gives

r 1
/ / lbowh*dxdr £ —,

for k sufficiently large. This yields a contradiction with (4.3), and concludes the
proof of the corollary. O

We shall use the following lemma in the proof of Theorem 4.1. A proof is given
in Appendix B.3.

Lemma 4.3. For any bicharacteristic curve I' of the d’Alembert operator P, there
exists a pure sequence (W) ey of €°(0, T; L2(2))NE1(0, T; H™1(Q2))-solutions
of Pwk = 0 such that

{lim infi— 00 Eo(w*(0)) = 1, 4.4)

wk =~ 0in L2 (M7; C),

and the microlocal defect measure of (W*)en is supported in T.
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Fig. 4. Geometrical situation in the case T < T, , ()_,,, with m(I") N ((0, T) x w) # @

We now prove Theorem 4.1.

Proof of Theorem 4.1. Since 7 < T,,_, »_,, Definition 2.3 gives the existence
of px = (0, x4, T4, 1) € Char(P) N S*M such that the following condition holds:

Forany 0 <ty <t <t < T, wehave m(¢(px)) ¢ (0,T) X w,
or (¢, (px)) € (0,T) x O, or 7w(dy,(ps) ¢ (0, 7T) X w.

We set

4.5)

I' ={¢s(px), s € [0, T1}

We now construct the sequence (wll‘, w’z‘)keN.

First, if 7 ()N ((0, T) x®) = ¥ (whichonly occursif T < T,), we take w¥ =0
for all k € N and (w’z‘)kEN as given by Lemma 4.3. In this case, (4.2) is clear as
supp(u2) C I'and 7 (I") N ((O, T) x a)) = () (this is a classical non-observability
result for a single wave equation [8,9,11]).

Second, if 7 (I")N ((0, T)x w) # (), we choose (w’l‘)keN as given by Lemma4.3.
In particular, according to Lemma 4.3, this gives liminfz_, (Eo(wll‘(O)) +
Eo(wh(0))) = 1forall€°(0, T; L2()NE (0, T; H~'(Q))-sequence (wh)en.
We also pick some £y € (0, T') such that 7 (¢4, (0x)) € (0, T) x w. The geometrical
situation is sketched out in Fig. 4.

We choose w'z‘ to be the unique (forward and backward) solution of

Pwk = —Buwt in (0,7) x Q,

4.6
(wlzc, 3zw§)|t=z0 = (0,0) on 2. (4.6)

In particular, the well-posedness of the wave equation yields w’z‘ e €°0,T;
L2(Q)NE0, T; H'(Q)) and

k k k
||w2||L2(MT) = CllBwj ||L2(0,T;H—1(gz)) = Cllwy ||L2(MT)’
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as B =b(1— A)%. Since (w]f)keN is bounded in L?(M7r; C) from Lemma 4.3, the
sequence (w'f, wlz‘)kEN is bounded in LZ(My; C%). Moreover, the well-posedness
of the wave equation in €°(0, T; H~1()) N €' (0, T; H~%(Q)) also gives

1w Ity < CIBw 20,7120y S Clwllg-1ay) = O,

since wll‘ — 0in L3(M7; C). Finally, the sequence (wl, wz)keN satisfies all the
conditions (4.1).
Since (w’f, w’z‘) — O in LZ(MT; (C2), and because of [21, Theorem 1], there

exists a subsequence (still denoted (W¥);cny = (w]l‘ , wé)keN) and a microlocal
defect measure

M1z K2
(Mr; C**2),

— (ﬁl I’le) EMJ,_(S*MT,(CZXZ),

such that for any A € lIJphg

lim (AW N Wk)LZ(MT;(Cz) = (M, UO(A)>S*MT .
k— 00

Moreover, () is the microlocal defect measure associated with the sequence
(w’f)keN. As this sequence is (a subsequence of a sequence) chosen by means
of Lemma 4.3, we have supp(uu1) C I'. Observe now that the sequence (W*)ien
satisfies all the assumptions of the first part of Lemma 3.3, which gives uy €
M (S*M7), supp(r2) C Char(P), and supp(ii2) C supp(ni) C T'. Finally
these three measures satisfy the equations

(1. Hpa)g. ), =0,

(Mzs H a)S*M = - (Im(l’Ll2)s 2b|’7|xa)S*MT ) (47)
(Im(MIZ) H a)S*M <M11b|n|xa)S*M7~ )
forany a € Sphg(T Mr; C).

We denote by C the connected component of ' \n_l ((0,T) x @) that contains
' Nz~ 1(0, T) x w) (indicated by a thick line in Fig. 4). We have ¢,,(p4) € C. In
the present case, Condition (4.5) gives

7(M) N0, T) x ») N (0, T) x O) =@ (4.8)

Moreover, condition (4.5) yields the existence and uniqueness of such a connected
component.

The end of the proof consists in showing that supp(uz) C I' and that C N
supp(i2) = @. For this, we first prove that i, vanishes identically on 7z ~! ((to —
2e, 1y + 2¢) X Q)) for ¢ > O sufficiently small. Then, a propagation argument
with (4.7) gives supp(uz) C I and that u, vanishes on C.

Let us take ¢ > 0 with 2¢ < min(#y, T — ty), to be chosen below. The well-
posedness for the wave equation (4.6) gives

||w2||L2((to —e,lp4e)xQ) = C||Bu)] ||L2(t0 —e&,fo+e; H™ 1(52))
<Ol = A 2b(1 = A2 w12y —eoser )
_1 1
< Clix(1 = A)"2b(1=A) 2wl | 2y 26101200y (49)
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for some x € €>°(tg — 2e, to + 2¢) satisfying 0 < x < land x = 1 on (fp —
&, to + ¢). In this last expression, we have x (1 — A)’%b(l — A)% € \I—lghg(MT; ©),

with principal symbol og (X(l — A)_%b(l — A)%) = xb. As a consequence, we
have

_1 L k2 212
XL = 87350 = ATk e ps2ereey = (110 X2 )S*MT. (4.10)

Since 771((0, T) x w) is an open set in S* M7, containing ¢, (0«), there exists
& > 0 such that

¢s(ps) € 7710, T) x w), foralls € (tg — 2¢, 1o + 2¢). “4.11)
For this choice of ¢, we have

supp(e1) N1 ((tg — 26, 10+ 26) x Q) € TN~ ! (1 — 26, 19 + 26) x Q)
= {¢s(px), s € (to — 26, 19 + 28)}.

According to (4.11), this last set is contained in ' N7z =1 ((0, T) x o), i.e:
supp(u) N~ ((tg — 2e,t0+26) x Q) C TN~ 1 (0, T) x w).

From (4.8), we then obtain supp(t1) N7 ! ((tg — 2, to +2¢) x Q) N ~1((0, T) x
O) = §, which gives

supp(i1) Nt~ (supp(x)) N ™" (supp(b)) = 0.

This, together with (4.10), gives

(1= 87751 = A) 2wkl 22260050 = O-
Using (4.9), we now obtain [[w5 [l 12(y—e.qo+e)xg) — 0. and thus
supp(ua) Nt~ (o — &, 1o + &) X Q) = 0. (4.12)
As supp(u12) C I', the second equation of (4.7) yields

(2. Hya)g, ), =0 (4.13)

for any a € S];Sg(T*MT; C) such that ¢ = 0 in a neighborhood of I". As in the
proof of Proposition 3.2, this gives the invariance of the measure p, along the flow
¢ away from I". Together with (4.12), this also yields

supp(u2) C I (4.14)

The second equation of (4.7) also gives (4.13) for any a € Sl;hlg(T*MT; C)

such that @ = 0 in a neighborhood of 7 ~1((0, T) x O), as b is supported in
O. Once again, this gives the invariance of the measure 1, along the flow ¢
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on S*Mrp \ P ((O, T) x 5) Together with Equation (4.12), this gives, with a
propagation argument,
supp(uz) NC = @. (4.15)
Finally, Equations (4.14) and (4.15) together with the definition of C give
supp(u2) N~ (0. T) x w) = 1.

This implies (4.2) as b,, is supported in @, and concludes the proof of Theorem 4.1.
i

5. The Hilbert Uniqueness Method and the HUM Operator

5.1. Controllability and Observability for Cascade Systems

In this section, we prove the equivalence between controllability and observ-
ability for the systems under view. This result is classical for waves [19] and was
further developed by Lions [31], who coined the name HUM. For completeness,
we provide the details of this result in the case of our cascade wave system. To also
fit the setting of Section 6 below, where waves with different speeds are studied,
we give this equivalence for the following control system with y > 0 and o = 0
(see also Section 1.2.3):

’Pu1+(1—A)3b(x) =0 in(0,T) x Q, )

Pyuy =by(x) f in (0, 7T) x .

Proposition 5.1. Let s € R. Assume that System (5.1) is well-posed in the space
H =T Q) x HY(Q) x H () x L3(), that is

(ut, w2, w1, dyuz) € G010, T HOH (@) x H'(Q) x H'™7(Q) x L*(Q).
Then, it is controllable in time T > 0 in this space if and only if the observability

inequality

T
Eo—su1(0) + Eo(v2(0) < C /O 16021122 dt (5.2)

holds for all solutions (vy, v2) to

o ) (5-3)
Pyvy +b(x) (1 -=A)2v; =0 in(0,7T) x Q,

[Pv1=0 in (0, T) x ,
assumed to be well-posed in H® 5 () x L2(Q) x H*~1(Q) x H~Y(Q), that is
(v1, v2, dvr, dv2) € €010, TT; HO () x LX) x H7*71(Q) x H™'(Q)).

Remark 5.2. Note that we have s = 1 and o = 0 in the duality between Systems
(1.1) and (1.6). We have s = 1 and o = 1 in the duality between (2.14) and (2.12).
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As a preliminary of the proof we first present some duality framework. Accord-
ing to Definition 1.1, we shall only consider zero initial data: (u#1(0), u2(0), 9;u1(0),
d:u2(0)) = (0,0,0,0). Firstly, we suppose that the data (v1(0), v2(0), 9;v1(0),
d;v2(0)) for System (5.3) and the control function f in (5.1) are smooth. Taking
the inner product of the first line of (5.1) with v, we obtain

—((1 - A)%bu% UI)L2(MT) = (Puy, UI)L2(MT)
= (u1, Pv)) 2y + @ (1), v1i(T)) 2
—(u (1), 3tU1(T))L2(Q),

after an integration by parts. Similarly, taking the inner product of the second line
of (1.9) with v, we find

(bo [, v2) L2(mp) = (Pyu2, v2) 12 (my)
= (Mz, Psz)LZ(MT) + (atMZ(T)v vZ(T))Lz(Q)
—(u2(T), 3 v2(T)) 12(q2)-

Summing the last two identities and recalling that (vy, v;) satisfies (5.3), we obtain
the duality identity

(f bov2) 2 aty) = @ttt (T), 01(T)) 120y — @1 (T), 3v1(T)) 12
+(0ru2(T), UZ(T))L2(Q) — (u2(T), atv2(T))L2(Q)-
Secondly, using a density argument, together with the well-posedness assumptions,
we see that we have
(f, ba)UZ)L2(MT) = (Opu (T), Ul(T))HS*fT(Q),HG*S(Q)
—(I/tl (T), 8;1}1 (T))Hx—a+1 (), H°—s—1(Q)
+@ru2(T), v2(T)) 12y — (W2(T), 3v2(T)) y1(Q), H-1 ()-
(54)

For the proof below we also introduce the following continuous map
S L>(M7) — H°THQ) x HY(Q) x H*™7(Q) x L*(Q), (5.5)
f'_) (u17u29alulvalu2)|l=T7 (56)

where u = (uy, u») is the solution to (5.1) with zero initial conditions.

Proof of Proposition 5.1. Controllability = observability.

We start by assuming controllability, that is that S is surjective. The open map-
ping theorem then yields that S(B L2( MT)(O, 1)) is a neighborhood of (0, 0, 0, 0).
Then, for some 1 > 0 we have

BHS*UJFIXHIXHS’UXLZ(O? 7]) - S(BLZ(MT)(O’ 1)),

where B (0, ) denotes the open ball of radius r centered at O in the space H. By
linearity, this yields

BHs—rr+le1><Hs—rr><L2(0, 2) C S(BL2(MT)(O’ 27)_1))
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Now, take V = (19, v3, v, v)) € HO™(Q)x H (Q) x H* 71 (Q) x L?(Q). With

the Riesz representation theorem, we choose U = (u(l), ug, u %, u%) e H°t(Q)x

HY(Q) x H7(Q) x L*(Q), such that |U || grs-a-+1Q)x 51 (2)x Hs-o () x 12(2) = 1
and

.0 0 1
<I/l1 » Ug >HS—G'(Q)’HU—S(Q) - <I/l1 » Up >H.V—G+I(Q)’Ha—x—l(g)
1 0 0 1
T2, v2)12@) — (U2, V) @), H (@
= ”V”H"*S(Q)XHI(Q)XHU’S’I(Q)XLZ(Q)'

Then, take f such that S(f) = U and || f || .2y < 2n~!. By (5.4), have

1
(Eg—s(i(T)) + Eo(v2(T)))2 = IV go-s@)x H (@) x HT—51(Q) x L2(2)
= (/2 bov2) 12(My)

< 2y 1Pov2ll 20ty < 2077

1bwv2l 20ty
where (v, v2) is the backward solution of System (5.3), associated with the final
data (v, v2, 0rv1, 0;v2)|;=7 = V. This yields the observability inequality

Eo—s(1(T) + Eo(2(T)) = Clibwvall7ayy, -

for all backward solutions of (5.3). Changing ¢ in T — ¢ in System (5.3) yields
Inequality (5.2).

Observability = controllability.

Given U = ¥, u,ul,ul) € H=°1(Q) x HY(Q) x H7°(Q) x LX(Q),
we define the following functional

1
J(V) = Ellbwvzlliz(MT)— ((u% V) o @), o (@) — (1) v11>H»v—a+l(§z),Hff—s—1(Q>
10 0 .1
+(uy, v) 2y — (Uy, v2>H1(Q),H*1(Q)) ;

where (vy, vp)(t, x) is the backward solution of (5.3) with the data V =
(v?, vg , v}, v%) at time + = T. This quadratic functional is continuous, strictly
convex and the observability inequality (5.2) (after having changed t in T — ¢
in System (5.3)) implies that it is coercive. Hence, J admits a unique minimizer
V= (y(l), yg, y%, yé), satisfying the Euler equation

1 .0 0 1
0= (bwyz, bwvz)Lz(MT) - ((I/tl » U )Hs—a (),H 5 (RQ) —<M1, V1 >Hs—a+1 (), H°—-1(Q)
1 .0 0 1
(U3, v2) 12(0) — (U3, v2>H1(Q),H*1(Q)) :

where (v, v,)(#, x) is the backward solution of (5.3) with the data V at time
t = T.In view of (5.4), this means exactly that f(¢) := b, v, (t) realizes a control
for System (5.1). O
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5.2. The HUM Operator

Here we use some of the notation and results of the proof of Proposition 5.1
where a control is defined. It is in fact of minimal L? norm. We shall associate an
operator to this control.

We set the map

Q:H°S(Q) x L*(Q) x H* 7 Y(Q) x H'(Q) — L*(My),
(Wi(T), v2(T), ;01 (T), 0;v2(T)) = byva,

where v = (v1,v2) is the solution to system (5.3) with final condition
WI(T), v2(T), i (T), dv2(T)) € H*5(Q) x L*(Q) x H* "1 (Q) x H1(Q).
We define the natural duality bracket

0 1.0

0.0 1 1 0 1.1
(uij,ur,uy, u ,v,v,v,v)> :<u,v>
< 1» U, s ), (V)5 03, V1, 03)) R P ——

0 .1

N <M1’ vl >H —o+l o5l
5 (Q),Ho=5~1(Q)

1.0 0,1
+(uy, Uz)Lz(Q) o <u2, v2>H1(Q),H*‘(Q) '
between the spaces H* 71 (Q) x H'(Q) x H 7 (Q) x L2() and H* 5 () x
Lz(Q) x H°~1(Q) x H~(Q).

From (5.4) we have

1OV 224,y = (S0 OOV, Vi, V= @i(T), va(T), d01(T), d02(T))

We set L7 = S o Q (the Gramian operator). If the observability inequality holds,
it reads (change t in T —¢t)

I Q(V)”LZ(MT) 2 C| V”HU*S(Q)XHI(Q)XHG*J‘*I(Q)XLz(Q)'

Then this yields the invertibility of L7 by the Lax-Milgram theorem, which allows
one to define the HUM operator:

Hr =Ly, (HUM)

that maps continuously A~ +1(Q) x H' () x H* 7 (Q) x L*(2) onto H” ~* () x
L2(Q) x H° 57 1(Q) x H Q).

For a final data U = ¥, u, ul, ul) € HS=7F1(Q) x H'(Q) x H ™7 (Q) x
L%(Q) we can define fyyy = Q o Hr(U) which is a control reaching the target
U at final time T for system (5.1):

Sfaum =So0QoHr(U)=S0Q0 (S0 Q)" (U)=U.

The identity (5.4) yields that fz ¢ is precisely the control built in the second part of
the proof of Proposition 5.1. The Fenchel-Rockafellar convex-optimization theory
[20] implies that, actually, fypas is the unique minimizer of the cost functional

||f||iz(MT> among all controls f € L?*(Mr) for System (5.1).
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5.3. Microlocal Characterization of the HUM Operator

In this section, we develop a precise analysis of the Gramian operator associated
with the observation system (2.12). More precisely, we prove that this operator is
a matrix of pseudodifferential operators of order zero. We also analyze its elliptic-
ity properties, providing a second proof of Theorem 1.3, together with additional
microlocal properties.

Here we actually follow the program developed by Dehman-Lebeau [18], of
which the reader can find very nice illustrations in [28].

We shall make an intensive use of the Egorov theorem as given in Theorem 2.1.
We shall also use smoothing properties of some very particular Fourier integral
operators; these results are collected in Appendix A.

5.3.1. A Simplified Model: A System of Coupled Half-Wave Equations In this
section, we consider the control problem for two coupled half-wave equations
(@ —iMuy — xbuy =0 in (0,T) x Q, 57
0 —iMux =by f in (0, T) x . ’

This system is much simpler than System (1.1). This section will, however, help
the reader to understand the key aspects of the microlocal characterization of the
HUM operator without the additional technical difficulties that one faces when
addressing the full wave system (1.1). That analysis is postponed until the next
section. Note that the coefficient 5—11 is chosen here to fit the setting of System (1.1)
(see Section 5.3.2 below) and has no importance here.

The first-order system (5.7) is well-posed for initial data (u#1(0), u2(0)) €
H*($; C%) and a right hand-side f € LY(R; H*(Q)), giving rise to a unique solu-
tion (u1, uz) € €O (R; H*(Q; C?)) N €1 (R; H*~1(Q; C?)) (see for instance [23,
Chapter 23.1]). Note that there is here no gain of regularity in the state space (as
opposed to the full wave-system (1.1)). The associated observation problem is the
following

(8 —iX)v; =0 in(0,7) x Q,
(3 —iMvy + 5:bv; =0 in (0, 7) x €, (5.8)
(v1(0), 12(0)) = (g, h) € L*(Q; C?),

together with the observability inequality

T
g7 + 1172, < C / 1bowv2l}2 g, dr- (5.9)
0

In this setting, similar to what is done in Section 5.1, the controllability of Sys-
tem (5.7) is equivalent to estimate (5.9) for all (g, k) € L2(2:; C?) and (v, v2)
associated solutions of (5.8).

We recall that the flow (got+ )¢eR, used in the statement of Theorem 5.3, is defined
by (2.9).
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Theorem 5.3. We have

T
‘/0 ”b UZHLZ(Q) (gT (g h) (g h))LZ(Q (CZ)»

where QT € L(L*(2; C?)) is the Gramian operator of (5.7).
Moreover, there exists G € \llghg(Q C2*2), and Ry an infinitely smoothing
operator on Q2 such that
+ +
gT = GT + RT’
where the principal symbol of GT is

o0(Gy) =
lfOTb20<p, (jobogo ) dt l.fszo(thr(f’bogo*da) dr 0 252
4 w o 2i JO Yo 0 o c Sphg(T*Q’C X )

T T
—2 Jy B og" (jobogo{fda) dr [y b3 ogfdt
In particular, we have

det(00(G7)) =

1 T ,T t 2
= (by 0 @) (b2 0 9) bogfdo) dtde e Sy, (T*Q).
8.Jo Jo o e

The next corollary both proves the observability of (5.8) and characterizes
the HUM operator. The connection between the HUM operator (g; )_1 and the
construction of the control of minimal L?-norm for the present simplified half-
wave model can be done as in Sections 5.1-5.2. This is left to the reader. Recall
that the time 7" is defined in Definition 2.5.

wo—->0—w

Corollary 5.4. Assume that both w and O satisfy GCC and that T > T
Then, we have the following properties:

phg(sz, C?*2) is elliptic.
2. The operator gT is coercive on LZ(Q; (Cz):

w—0O—w'

1. The operator G ew

T
A ”bwv2”i2(9) dr = (g;—(gv h)7 (gv h))LZ(Q (CZ) = C”(g h) ||L2(Q (CZ)’
(5.10)

forall (g, h) € LZ(Q; C2) and (v1, v2) associated solutions of (5.8).
3. The operator QT is invertible in L(L%(Q)). Its inverse (g;)*l, the HUM
operator, can be decomposed as (QT) I — A'; + R7 where Rt € R®°(Q)

and A+ € Sghg(T*Q C?*2), with principal symbol
o0(AT) = det(ffo(GJTr))_l
Jy baoeld 2% 7 o ba o (fo bo ‘/’+d‘7)

3 Iy biowt (yboeido) did f] 20wt (fobogo+da) dt
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4. In particular, the HUM operator (g;)—‘ is an isomorphism of H* (; C?) for
all s 2 0 and we have

WF (G5 (f, 9) = WF (£, 9).

Recall that the notation R°° was introduced in Definition 2.2. The definition of
WF* (1), foru € 2'(2), is for instance given in [30, Definition 1.2.21]. The wave-
front set of a couple, or, more generally a k-tuple (f1, f2, ..., fi) € 2 (Q; Ck), is
defined by (see for instance [17])

k
WE' (fi, fa - f) = | WE(f)). (5.11)

j=1
Corollary 5.4 is proved at the end of this section.

Proof of Theorem 5.3. Let us recall that the group ¢’ is defined at the end of
Section 2.1. The Duhamel formula in (5.8) gives the explicit representations

vi(t) = " g + Mog.

. 1 r,
v (t) = T, h + Toh — ;/ (el(’_”))‘l'hrbvl(cr) + Hobvl(cr)) do.
tJo
Developing this last expression, we have in particular,
, 1/t A
v (t) = T Lh — T/ UM be!® 1 gdo + R,(g, h),
1Jo

where

R[(gs h) =
1 1 . 1 4
Moh — Ztl'lobl'log + EA_I(ell)‘ — DI bMog + Enobrl(el“ — DI4g.

Recall that A~! € L(H$(Q); Hi™ () is defined at the end of Section 2.1.
Hence, R; is a continuous family of infinitely smoothing operators, since Iy €
L(H*(R); C) for all s € R and b and ¢'"* preserve the regularity.
Now, let us compute the observation

T T
/0 ||bwU2||iz(Q) dr :/0 waeltkl—l+h

1

de. (5.12
2i ( )

b el't)nl—[ ! —l‘(T)»b iGld Il R h 2
» + | e e'%"do T11 g+ Ri(g, h)
0

LX)

Acpording to the Egorov theorem (see Theorem 2.1), for any N € N, we have
e 1M peioh R,N e ¢ (]R, \Ilghg(Q)), with principal symbol b o ¢ (x, 17), where

RY is a continuous family of N-smoothing operators. Hence, the operator

t . .
B = / e 1% bel* do (5.13)
0
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is in €° (R, lllghg(Q)) up to a continuous family of N-smoothing operators, and we
have

t
Go(B,“L)(x,n)=/0 bogt(x,ndo, (x,n) e T*Q.

Coming back to (5.12) and developing the inner product, we obtain

T T
2 _ —ith2 ith
/0 ||bwv2||L2(Q)dt_/0 (H+e ble H+h,h)L2(Q) de
1 T

_ZO

1 [T . .
+2—i/0 (H+(Bt+)*l'[+e_”}‘b5)e”’\l'[+h,g)

—ithyp,2 ith +
(I'I+e b2ei ™M1, B H+g,h)L2m)

L2(Q)

e o
+4—1/0 (H+(B;r)*H+e ”*bf)e”AHJrBl*HJrg,g)

T
[ (R ),

dt
L2(Q)

where R; is a continuous family of N-smoothing operators.

Setting
+ _
Gr =
T . : T » :
ik n+(f,+)*n+le e L B T dr g o n;(Bt*)*n+e Hhpge Ty de
— A o e b2 T, B T dr Jo Tpe b2 e 1 dr ’

we find GJTr € q/ghg(sz,@“), since, according to the Egorov theorem,

e pleit* ¢ ‘-Ifghg(Q) with principal symbol b2 o ¢, (x, n). The pseudodifferen-
tial calculus directly yields the principal symbol

+
oo(Gr) =
2
%fOTbgjowf (féboqz;rdo) dr %fOTbgjo(p:r (\fébow;rdc) dt c SO (T*Q (szz)
—3 Iy B2 out (Jbowdda) dr 1T b2 ot de phg ’ ’
27 Jo bw o \Jobo¢sdo Jo Pw o P

‘We have thus obtained

T
/0 ”bwv2”iz(9) dr = ((G-]t + RT)(gv h)a (ga h))LZ(Q;(CZ) ’

where Ry is an infinitely smoothing operator.
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Computing det(ao(G;)), we find

T T 2
det(ao(G“TL))zi(/ b2 o0 @ dz)(/ biogo;r(/bowado) dt)
0 0
1 2
——(/ b2 o ¢, (/bo%da) dt)
H 2
/ / (b20¢tl)(b20(pt2)</ bog0+d0) dry dty
0
_Z/O /0 (bzogoll)(bzogatz)(/o bO(pada)
n
X(/ bog0+d0) dry dny.
0

Given a function f(t1, ;) defined on the square [0, T1%, we notice that its mean
value is equal to that of its symmetric part with respect to the diagonal:

T T ToT
/ / f(t1, 1) dn dt2=/ / §(f(f1,t2)+f(f2,l1)) dty dey.
o Jo o Jo

2
Applying this remark to the function (¢1, #2) — (b2 oy, )(b2 opy, )( bog0+da) s
we obtain

T T 1
4det(oo<G;>>=/0 /0 <b2o<pt,)(b2w,2>—[(/o bosogda)
%) 2
+(/ bogogda) dry dry
0
T T
—/ / (bzowtl)(bzowtz)(/ bocpada)
0 0 0
15
X(/ bo(padd)dl‘ldl‘z
0
1 T T 2
=—/ / (b20<ptl)(bzoq)t2)</ bo<p+da) dty do.
2Jo Jo "

2

This concludes the proof of Theorem 5.3. O
Proof of Corollary 5.4. Let us first prove Item 1 Take p = (x, ) € S*Q. Since
T>T/ o, thereexists 0 < 11(p) < 112(p) < 12(p) < T such that

ﬂ(wtl(p)(/))) € w, ﬂ(‘ﬁiz(p)(p)) €0, ﬂ(w;(p)(,o)) € w.

Since the functions b and b, are continuous this yields

det(a0(G7))(p) =

1 T T 5
g/o /0 bz o ¢, (0) (b3 0 97 (p)) (/ bog] (p)do-) dty dtr > 0.
n
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With the manifold $*Q being compact, we have det(oo(GJTr)) > C > 0on S*Q.
The matrix ao(GJTr) has a non-negative trace and positive determinant, and is hence
positive definite. Hence, G}' is elliptic.

The proof of Item 2 consists in two steps (using a compactness—uniqueness
argument as in Section 3 for the proof of Theorem 1.3). The first one is the following
high-frequency observability estimate:

T
/0 ”ba)v2”i2(g) dt = (g; (8, h)1 (gv h))LZ(Q;(C2)

2 Clg W2y =l WIE o (514)

2(2;C?

forall (g, h) € L?(€2; C?) and (v1, v2) associated solutions of (5.8).

Using the Garding inequality for the operator G ‘}' € \I’ghg(Q) (see for
instance [44, Chapter 2] or [14, Chapter 4]), this gives the existence of C, C' > 0
such that, for all (g, h) € L%(Q; C2),

+ > 2 al 2
(G (& M 2@en Z ClE Mg = ClEMIE |

Recalling that R7 is 1-smoothing, that is in particular Ry € E(H_I(Q; (CZ);
Lz(Q; CZ)), we have for all ¢ > 0,

C//
|(Rr (2, 1), (&, ) 2@icn | = — NG, W1 e + 1@ Mg
and hence

(GF (8. ), (8. M) 2.2 = (GF (8. h). (8. h)) 2.2
+ (Rr (8, h), (8, M) 2.2
> (C—e)lg W72 g2

C/// 5
- (C/ + —) (g MW" 4 ~
€ H™2(:C?)

Taking ¢ sufficiently small concludes the proof of (5.14).
The second step of the proof of Item 2 follows Section 3.2. We consider

N(T) ={(g,h) € L2($2; C?) such that the associated solution of (5.8)
satisfies v (¢, x) = O for all (z,x) € (0, T) X w},

and prove that N(T) = {0} for T > TJ_) O Indeed, a proof similar to that
of Lemma 3.4 yields that N'(T) is a finite dimensional subspace of H L@, c?

using (5.14), stable by the action of the operator

(—i)\ 0 )

1 . .

Zb —IiA

Hence, it contains an eigenfunction of this operator, (@1, ¢2):

‘ —iAQ1 = (g1, (5.15)

Lo —irgy = pgs.



156 BELHASSEN DEHMAN, JEROME LE ROUSSEAU & MATTHIEU LEAUTAUD

In particular, u is then an eigenvalue of the skew-adjoint operator —i X and thus
w € iR. Taking the L?($2)-inner product of the first line of (5.15) with ¢», and that
of the second line of (5.15) with ¢, we obtain

[ i(Ap2, 901)L2(Q) = —u(yp, fﬂl)LZ(Q),
%(‘PL (pl)LZ(Q) — (A2, 901)L2(Q) = u(g2, ‘PI)LZ(Q)-

Adding these two lines yields

be1, 91120y = 0.

Since b = 0 and b does not vanish identically, this proves that ¢; = 0 on O. As
the first equation of (5.15) gives that —Ag; = u2¢), @1 is an eigenfunction of the
Laplace operator vanishing on O, a unique continuation result (see for instance the
classical reference [6,7], the book [47] or the exposition article [25]) yields ¢; = 0
on .

Moreover, (g, h) € N(T) yields ¢ = 0 on w. This proves that ¢, = 0 on
2, as ¢ is then also an eigenfunction of the Laplace operator. This is similar to
Remark 3.5. We then obtain N (T) = {0}.

Inequality (5.14) is the analogue to the weak observability inequality of Propo-
sition (3.2). Using the same contradiction argument as in Section 3.2 concludes the
proof of the observability inequality (5.10).

The proof of Item 3 is inspired by [18, Theorem 4.1]. First, g; is a bounded
selfadjoint and coercive operator and is hence invertible according to the Riesz
Theorem. Second, since G}' € \I/ghg(Q, C?%2) is elliptic, there exists (see for

instance [23, Theorem 18.1.24]) a parametrix AJTr € \Ilghg(Q, C2*2) such that

ATGE =1d+R, with RewI;j?;(sz,(CM) and oo(AT) = oo(GH) ™.
(5.16)

Hence, using the decomposition G; = G5 + Ry, with Ry infinitely smoothing,
we have

ATGH = AF(GE + Rr) =1d+R + A} Ry,

where A'}'RT is infinitely smoothing. Applying the operator (g}' )y le L(LA(RQ))
to this identity, we obtain

G =AF = (R+ AFR@GH ™.
Observing that the operator (R—l—AJTr RT)(Q;)’1 isin R concludes with (5.16) the

proof of Item 3 (recall that the precise definition of R is given in Definition 2.2).
Finally, Item 4 is a direct consequence of Item 3. O
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5.3.2. Characterization of the HUM Operator for Coupled Wave Equations
The method used in this section follows that of Section 5.3.1. Yet the proof is more
involved. In fact, here, there is a possible interaction between waves with positive
and negative frequencies. For the same reason, some of the remainders that we shall
obtain along the proof will only be 1-smoothing in this case, whereas we obtained
infinitely smoothing remainder terms in Section 5.3.1. Note that for a scalar wave
equation, such remainder terms are also 1-smoothing only. This can be improved
by taking a time dependent control function b, (¢, x) vanishing at all orders at times
0 and T (see [18, Theorem 4.1]). Due to the coupling of two waves in System (1.1)
we shall see that the remainder terms that we shall obtain cannot be better than
1-smoothing, even if b, is chosen time dependent.

Recall that proving the observability inequality (1.5) for the adjoint system (1.6)
is equivalent to proving the L> — L? observability inequality (2.13) for solutions
of System (2.12):

Pw; =0 in (0, 7T) x 2,
(5.17)

Pwy = —b(x) (1 — A)Zw;, in(0,T) x <.

The symmetric setting of this system is, once again, simpler to handle, and we shall
therefore work with L> — L? data. In the framework of Section 5.1 this corresponds
to the case s = 1 and o = 1 and the associated control system is (2.14).

Given the following initial data

(w1(0), w2(0), 3w (0), Bw2(0)) = (wf, w), w}, wh) € L*(Q; C?)
x H~ (9 C?

for System (5.17), we shall split them into their positive and negative parts follow-
ing [18]. Concerning the state wi, we set

1 -
g+ = 5 (H+w(i) :F l)\. 1H+w%) S L2+(Q)9 80 = How(l) € C’

g1 = Mow] € C, (5.18)
so that
w0 =wl=gr+g-+g, dwi0)=w =ir(gs—g-)+gl.

In this splitting, the expression of the solution of System (5.17) is particularly
simple:

wi(t) =e'tg, +e g +1g1 + go. (5.19)

We proceed to the same decomposition for w, and set

1
5 (mwg ¥ irlmw;) eL2(Q), ho=TwdeC,

hy = Tow} € C, (5.20)

h4
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so that
wa0) = w) =hy +h_+ho, dwr(0) =wl =ir(hy —h_)+hy.

In this splitting, the expression of the solution of System (5.17) through the Duhamel
formula is

wy(t) = ™hy + e "™h_ +thy + hg

t
—rl/ sin((7 — )W 4b(1 — A) 2wy (0)do
0

¢ 1
—/ (t —o)IIphb(1 — A)2w(0)do. (5.21)
0

We denote by ¥ the linear mapping

i HY(Q; CY) x BN (Q; CH — HI(Q;ChH
W, w3, wi, w3) > (g4, hy. g—. ho),

corresponding to the splitting (5.18)—(5.20). Note that this mapping is onto but not
injective since constants are lost. Note also that the order in (g4, Ay, g—, h_) is
important since we collect together data corresponding to the same wave frequen-
cies. We also denote by X the linear mapping associated with constant functions

o HY(Q; C?) x H~'(Q; C?) —» C*
W), wd, wi, w}) > (g0, ho. g1, 1),

corresponding to the splitting (5.18)—(5.20). Finally, we denote by X the isomor-
phism corresponding to the splitting (5.18)—(5.20):

¥ HY(Q;C?) x HTN(Q; €Y — HL(Q; CY x C*
Woz(w(])v w(2)7 wlla w%) = (EJ"WO’ EOWO):(g-'ra h+a 88— h—7 80, hOv 81, h])'

We recall the natural duality bracket

o o0 1 1 0 0 1 1 1 0 0 1
(l/l,u,u,u),(w,w,w,w)> =(u5w)2 _<u7w>
< 1> %2, %15 %2 1 2 1 2 " 1 1/L*(2) 1 1 HY(Q),H-1(Q)

1 0 0 1
+(u,H, w — <u , W > s
(2, W3)12(@) 2 2 g, H@)

as used in Section 5.1 describing the Hilbert Uniqueness Method. In the case s = 0,
the transpose operator of X with respect to this duality bracket

2*LA(QCH x C* - H' (2 C?) x LA(Q; CY),
is given by
0 0
<E*H’ w >* = (H, EW9)12 .chxct
forall H € L7 (2; C*) x C*, W e L*(Q; C*) x H~1(Q; CH).

We can now state the analogue of Theorem 5.3 for full wave systems, providing
a characterization of the Gramian operator (in the wave splitting (5.18)—(5.20)).
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Theorem 5.5. Denoting by W° = (w(l), wg, w}, w%) the initial data for Sys-

tem (5.17), we have

T
/O Ilbwwzllizm) dr = (QTEWO, EWO) (5.22)

L2 (@:CHXCH’

where L1 = $*Gr ¥ € L(L*(Q; CH) x H1(Q; C?); H'(Q; C?) x L*(2; CY)) is
the Gramian operator of (5.17), and Gy € E(L?|r (Q2; C*) x C*) is its representation
in the splitting (5.18)—(5.20).

Moreover, there exist Gr € \Ilghg(Q; cH n ﬂ /.’,(Hfr(Q;(C“)), Rr €
seR

m L(HY(2; (C4)) a l-smoothing operator, R% € L(C*, and Ry € ﬂ E((C4;
seR seR
Hi(Q; (C4)) such that Gr on Li (Q; C*) x C*is given by (a 8 x 8 operator matrix)

Gr + Rr Rr

gr = ( ~ 0 ) (5.23)
Ry Ry

The principal symbol of Gt is (a 4 x 4 symbol matrix)

_(00(GH) 0
U()(GT)—(O T OO(GT)), (5.24)

with 00(GF) € S0 (T*Q, C2),
00(Gy) =
AT <pffdo)2 dt £ [ b2 o g (J3bowkdo) di
T3 Jy b o (JybovEdo) dr [ b ot ar
(5.25)
In particular, we have
det(0p(Gr)) = det(00(G7)) det(a0(G 7)),

with

1

T T
det(oo<G¥)>=§ /0 /O (b2 0 97 (b7 0 97)
%)

2
x (/ bo <p;—Ldo) dtydiy € S, (T*Q).
141

From (5.22), if the operator L7 = X*Gr X is invertible then the HUM operator
‘Hr is precisely its inverse (see Section 5.2). The following corollary provides
the microlocal structure of Hz within the splitting framework. In particular, this
provides a second proof of the observability of System (5.17) under the appropriate
geometric conditions.
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Corollary 5.6. Assume that w and O satisfy GCC and that T > T, _,©_ . Then,
we have the following properties:

1. The operator Gt € \Ilghg(Q, C*%) is elliptic.

2. The operator Gy is coercive on L%_(Q; C* x C*:

T
2 _ 0 0
/O 1bow2ls g df = (GrEWP, EW )Li o

> 02
= CIZW ”L%r(Q;(C“)x(C“

> ' (5.26)

||i2(Q;C2)><H_1(Q;(C2)’
for all WO e L2(Q: C?) x H™Y(Q:; C2) and (wy, wa) associated solutions of
System (5.17).

3. The operator Gy is invertible on E(L%_(Q; C* x C%. The HUM operator
(in the splitting (5.18)—(5.20)) is its inverse G U and can be decomposed on
Li(Q; C*) x C* as (the 8 x 8 operator matrix)

gl = Ar + St St
Py )
where St € RS9 € L(C*. 8 e () LCH HL(Q:CY) and A7 €
seR
Sghg(T*Q, Cc*Hn m L(HY(Q; C*), with principal symbol
seR

+y—1
oo(AT) = UO(GT)_I — (GO(GT) 0 ) .

0 00(Gy)™!

4. In particular, the HUM operator g;l is an isomorphism of Hj_(Q; (C4) x C4
forall s 2 0 and we have

WF ((Gr) "' =W = WF (EWD).

Recall that the definition of the H®-wavefront set of a k-tuple is given in (5.11).

Note that in Theorem 5.5, we do not use any sign assumption on the coupling
term b, but only that b is real valued. As a consequence, we can state in this more
general case a criterion for the high-frequency controllability of System (1.1).
Compare with Theorem 1.3.

Definition 5.7. We say that (w, b, T') satisfies the Polarization Control Condition
(PCCQ) if, for any p € S*Q, there exist 0 < tljE < 1‘2jE < T such that

t

2
(pt? (p) € w, ga%i(p) € w, and / bo <p;:(p) do # 0.

n

In particular, this requires that both w and the set {b # 0} satisfy GCC. Note that
if b = 0, we have that (w, b, T) satisfies PCC if and only if @ and O := {b > 0}
both satisfy GCC and T > T,,_, ©o_.,. With this definition, we have the following
result.
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Corollary 5.8. 1. The weak observability inequality

T
/O 1bowall7 g 4t Z CIWV 1722w -1 i)

02
_”W ||H71(Q;(C2)><H’2(Q;(C2)’

holds for all W° € L?(Q; C*) x H™(Q; C?) and (w1, w») associated solu-
tions of System (5.17), if and only if (w, b, T') satisfies PCC.
2. Suppose that (w, b, T) satisfies PCC and that no eigenfunction (¢1, ¢2) of the

operator
_A 0
b1 —A) —A )"

satisfy ¢2|, = 0. Then, we have the observability inequality

T
2 02
/0 ”bwaHLZ(Q) dt Z C”W ”LZ(Q;(CZ)XH’I(Q;(Cz)’

forall WP € L*(Q2; C2) x H=1(2; C?) and (w1, wa) associated solutions of
System (5.17) (that is System (1.1) is controllable).

Note that the additional unique continuation assumption is valid in the following
two particular cases

e b=>0onQand{b > 0} # @ (see Section 3.2 and Remark 3.5);
e wN{b# 0} # @ (see [26, Proposition 5.1]).

The question seems to be open in the general case.

Proof of Theorem 5.5. Here, we mostly follow the proof of Theorem 5.3. In fact,
several additional terms appear in the calculations that we have to deal with.

In the matrix Gr, given in (5.23), each one of the four blocks is a 4 x 4 matrix
of operators (or simply scalars numbers). In a first step, we check that all blocks
have the announced form, excluding the first block. In a second step, we shall focus
on this first block that contains all the high-frequency of Gr. We wish to compute

fOT |1boywr ||i2(9) dr and to cast it in the form of the right hand-side of (5.22), that
. . _ 0
is (QTH, H)Li(Q;C“)x(C‘*)’ with H = XV
Focusing on (5.19)~(5.21), we firstremark that (ITow2 (1), €0) . 2(q) € € (R; C).
Hence, for all # € R, the map
H=3W > (Mowa(1), e0)12(q)

is an infinitely smoothing operator. As a consequence, it suffices to carry out our
computation with w; replaced by

t
Myws(t) =™ hy +e " h_ — 17! / sin((r — o)W)TLb(1 — A)?
0

% (eiokg+ ey 4og +g0) do,
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that is, ignoring the components along ep, which contribute to the smoothing oper-
ators in the expression of Gr in (5.23). In the previous expression, the term

¢ 1
= / sin((t — VT b(1 — A} (01 + go) do,
0

is in °°(R x £2) since the functions g; = g1eg and gg = goeo are smooth. As a
consequence, we have

T
/0 ”bwaHiZ(Q) dt
T T ) .
=/ (ReH, H) 20 dt+/ waemm—|—bwe”“h_bwk’1
0 0

dr. (5.27)

t , , 2
X / sin((t — o)W Lb(l — A)? (e“”g+ + e—“’*g,) do‘
0

L2()

Now, we focus on the first block of the operator matrix in (5.23), thatis a4 x 4 matrix
of operators on €2, that yields the bilinear form applied to (g4, hy, g—,h_) =
E+(w(l), wg, w} w;). It is associated with the last term in the expression (5.27),

given by

T . . )\'—1 t . . 1
/ wa (elt)thr + e_”)hth/ (el(t—(f))» _ e_l(t_g))\.) H+b(1 _ A)i
0 L Jo

. . 2
x (8’6kg+ —i—e_“’)‘g,) dd)

L2()

We only compute the first two lines of this matrix (as operatingon (g4, Ay, g—, h_))
and denote by Gr (-, -) the associated term in this matrix. The computation of the
last two lines is similar and is left to the reader.

Let us start with the (simpler) second line. We have

T
_ itA it
Gr Gy ) = [ (b bod™h)  at

T
- ( / e~ p2el™dr by h+) ) (5.28)
0 L2(Q)

Next, we compute

T
_ ith —ith
Gr(hy, ho) —/0 (ba)e hy, bye h—)LZ(Q) dr

T
— (/O\ elt)»bz)elt)L dr h+, h_) . = (RTh+, h_)LZ(Q), (529)
L
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for some 1-smoothing? operator R, according to Lemma A.1 (see Appendix A).
Similarly, we compute

T . et t )
_gT(h_’_, g+) — / (bwelf)hh+’ ba)_/ (el(t—U)A
0 2i 0

—e*f(l*””) M, b(1 — A)2 e do g+) dr

L2(Q)
T . 1 [t
:/ (bwelt)»h+’bw_./ (el(lfa))u
0 2i Jo

_efl.(lfo'))n) 1—[+beiﬂkdo, g+ + Rtg-‘,—)

El

LX)

for some continuous family of 1-smoothing operators R;, since (1 — A)% — A€
WY, () and [b, ] € WY, ($2). We obtain

Grhy, g4)

T 1 t . . . .
_ / (2_1—[+ (/ ezakbemkdo_) H+efztkbieltkh+’ g+) dr
0 l 0 LZ(Q)

T t
1 . . . .
_/ (7H+ (/ e—mkbe—lakdo,) H+€”Abz’€”)‘h+, g+) dr
0 l 0 LZ(Q)

+ Rrhy, g4) 12

where Rt is again a continuous family of 1-smoothing operators. In the central term
of the right-hand side, we notice that fot e 7*be~7*do is a continuous family
of 1-smoothing operators® according to Lemma A.1. With the Egorov Theorem
(Theorem 2.1), we define as in (5.13) the pseudodifferential operators

t . .
Bf = /O T be™ M do € W (), (5.30)
with principal symbol
t
o0(BE)(x, ) =/O bogZ(x,n)do, (x,n) € T*Q.

‘We now have

- o
Gr(hy, g4) = (2—/ M B Ty bl e'™ di h+,g+)
/o L2(©)

+ (Rrhy, g4) 120 (5.31)

2 This smoothing term can be made infinitely smoothing if b, is chosen vanishing at
infinite order at t = 0 and r = T (see [18]).

3 1t seems to us that no particular choice of b (except b = 0) can improve this smoothing
property.
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where R7 is a continuous family of 1-smoothing operators. Similarly, we compute

Gr(hs, g-)

T t
. 1 . . .
— _ / (bwelt)nh_'—’ bw?/ (el(ffo’))» _ e*l([*(f))») l—[+befl<7)»g_ + R[g—) dr
70 rJo 12(@)
1 T o . ) )
= (?/ I, (/ e'“*be’“do) e ™p2ei™dr by, g_)
L Jo JO LZ(Q)

1T ro : . .
— (27/ jy i (/ e+zakbeﬂa)»do,) l—[+eztkbieztk dr hy, g_)
tJo JO L2(Q)

+ (Rrh4, 8-)12)-

According to Lemma A.1, the operator [j ¢/“*be’*do is a continuous family
of 1-smoothing operators, and so is the first term in the right-hand side of this
expression. The second term is also a continuous family of 1-smoothing operators,
using Lemma A.2. We thus obtain

Gr (s, g-) = (Rrhs, 8-) 12 (5.32)

where Ry is 1-smoothing.
We have already computed the second line of the first block of the matrix Gr.
Let us now compute the first line. First, we have

2

dr,
L2(Q)

T
Gr(g+, 8+)=/0

t
bw%/ (ei(tfa))»_efi(tfa))») M, bel™ g, +Rygy
L Jo

and we notice that, according to Lemma A.1, bw% fot e U= bel®* do is a
continuous family of 1-smoothing operators. Hence, we have (with a continuous
family of 1-smoothing operators R;)

2

dr,

T
18+, 8+) =/ %
0 ! L2(Q)

1 r. . ~
ba)_/(; et(l—a))xn+beta)xg++Rtg+

1 T . .
=7 (H+/ (B Te™ " be™ Ty B diTly g4, g+)
0 LX)

+ (RT8+, 8+)12(0) » (5.33)

as in the proof of Theorem 5.3.

Then, the operator arising in the term Gr (g4, h) is the adjoint of that of
Gr(hy, g+), given by (5.31).

Next

Ty Aot ,
QT(g+, h) = / (e’“bf)—,/ (el(t—a)k _ e—t(t—a)k)
0 2i Jo

L ioa
xIib(1 — A)2e'do gy, h_ dt
L2(Q)
1

T t
= — (e”kbz)e”)‘/ e M be'*do g+ Rigy, h_) dr
21 0 0 Lz(Q)
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since [y e "=7*I1 be'"* do is a continuous family of 1-smoothing operators
according to Lemma A.1. Lemma A.2 then yields

Gr(g+,h-) = (Rrg+, h-)2(q) (5.34)

for Rt some 1-smoothing operator.
It only remains to compute

Gr(g+,8-)
T Afl t . X L.
_ _/0 (b"’f/o (ez(r—a)x _ e—z(t—o)K) MLb(l — A)Zei%*do g,
A_l t . . 1 .
by (ez(tfa))» _ e*t(rf(r)k) M, b(1 — A)fefm)‘d(r g_) dr
2i 0 LZ(Q)

T t t
=/ (bw—./ TN, bt do g+,bw—,/ e =M, be M o g_) dt
JOo 2i 0 20 JO LZ(Q)

+ (Rrg+.8-) 120

after having used twice Lemma A.1. This can be rewritten as
! Ui U ihp
Or(8+.8-) =/ bos-¢'"" B g4, bos-e”"" B g d
0 21 21 LZ(Q)

1 r . 1 .
=2 (/0 (B, )*e”’xbg)z—ie”ABt+ dr g4, g_)

Using Lemma A.2, we finally obtain

L2() .

9r(8+.8-) = (Rrg+, 8-)12(0)> (5.35)

for Rt some 1-smoothing operator.

Finally, combining (5.28), (5.29), (5.31), (5.32), (5.33), (5.34) and (5.35), we
obtain the first two lines of the first block in (5.23) (that is the term G + R7), with
symbols according to (5.24)—(5.25). The last two lines can be computed similarly.
The determinant of 09 (G 7) is then given by Theorem 5.3. This concludes the proof
of Theorem 5.5. O

Proof of Corollary 5.6. The proof of Corollary 5.6 is very similar to that of Corol-
lary 5.4, although more technical. The proof of Item 1 is the same as that of Item 1
in Corollary 5.4.

Then, the observability inequality of Item 2 is again proved in two steps. The
ellipticity of G together with the Garding inequality first yield the weak observ-
ability estimate

T
by df = ( WO, ZWO)
/0 ” a)w2||L2(Q) gT Li(Q;C4)XC4

> CI=W)? —C'I=W)? ,
2 CIEWIE: .0t et — €l ”H;%m;@)x@

(5.36)
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for all W0 e L2(Q;C?) x H-1(Q; C?) and (w;, wy) associated solutions of
System (5.17). Then, the proof of the observability inequality (5.26) assuming the
weak observability inequality (5.36) is already done in Section 3.2.

Next, to prove Items 3 and 4, we first remark that Gr is invertible on
E(L%r(Q; C* x €%, as for the proof of Item 3 in Corollary 5.4. This yields in
particular that the operator Ly := Gr + Ry € L(H}(; C*) (for any s € R)
is invertible in E(LEL(Q; C*)). Let us show (by induction) that its inverse L;l in
E(L%_(Q; C* is in L(HT (L2 C*) for any s > 0. This is true for s = 0. Now,
suppose L}l € L(Hf;l(Q; C*) and take f € HY(2; C*). Hence the equation
L7u = f has a solution u € Hi_l(Q; C%), satisfying

Gru= f — Rru € H5.(; Ch,

since Rt is a 1-smoothing operator preserving any HY . Using the ellipticity of the

operator G € llfghg(SZ, C*%), proved in Item 1, this yields u € H*($2; C*), and

hence L;l e L(H(; C*)). By induction, we have
L;' e L(HS(2;CY), foralls 2 0. (5.37)

Now, we come back to the description of the inverse operator G, Uof Gr in
L',(L%F(SZ; C*% x C%), which takes the form

Gl = ([\T ST)
=\ = w0 |-
! St St
for some Ar € L(L2(22; CH), S € £(C*), and Sp € L(C*; L% (2; C*)). Now,
writing Gr G, '=1d yields, in particular
A P < p.. ¢0
LAt + RTS; = Id[,(Ler(Q;(C“)) and L7St + RrS; = OE(C“;L?(Q;C“))'
The first of these two identities together with (5.37) yields
Ar = L;' — L7'RrSh € L(HY(Q; CY), foralls = 0. (5.38)
Similarly, the second expression together with (5.37) gives
St =—L7'RrSp € () LC% HL(Q: CY).
seR

We finally prove that A7 takes the form claimed in the statement of the corol-
lary. Since G € \Ilghg(Q, CH™%y is elliptic, there exists (see for instance [23,
Theorem 18.1.24]) a parametrix A7 € \Ilghg(Q, C2*2) such that

ArGy =I1d+R, with Rewlgg(sz,c“”) and oo(A7) = 0o(Gr) L.

Applying this parametrix to the equation (G7 4+ Rr)Ar + Ry S’; = Id yields

Ar = At — ArRr AT — AT Rr S} — RAT.
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Then, the operator — A7 RT S; — R[\T € R*® and Ar RT[\T e R! according
to (5.38) and as Ry is 1-smoothing. This concludes the proof of Item 3 and the first
part of Item 4.

Finally, the second part of Item 4 (the wavefront set identity) is a consequence
of the pseudodifferential nature of the principal part of the operator G- I O

Proof of Corollary 5.8. The key point here is that Condition PCC is equivalent to
the fact that p > det(og(G7))(p) does not vanish for p € $*Q. If PCC is satisfied,
then the operator G is elliptic and we can follow the proof of Corollary 5.4.
Similarly Item 2 only concerns the low-frequency problem and its proof follows
Section 3.2.

Conversely, if PCC is not satisfied, there exists vy € S*Q such that
det(00(G1)(v9)) = 0. Hence, there exists a vector v € C*\ {0} such that

00(G1)(vo)v = 0. (5.39)

After a linear change of coordinates in C*, we may assume that v = (1,0, 0, 0).
Consider now a sequence (wé )keN of scalar functions on €2 such that

lim [lwfll 2@ =1 wi—0 inL*(;0),

k—o00
and (wlg)keN is pure and admits the microlocal defect measure §(y ;) =y, (such
a sequence is constructed in Appendix B.3, see Equation (B.5)). The vectorial

sequence (u*) ey given by uk = H+w]6v = (H+wé,0, 0, 0) satisfies (since
How’(j — 0 because of the weak convergence)

im ("2 =1, u¥ =0 inL*(;CY, (5.40)
k—00 ’
is also pure, and admits the microlocal defect measure

w 000

S O O
S O O
S O O

We compute

k k
lim (gT(” )(” )) = lim ((Gr + Rp)u* ub) 12 o 0o
k—00 0(C4 OC4 Li(Q;C4)XC4 k—o00 L+(Q,(C )
= lim (GTuk, Mk)LZ(Q.(C4),
k—o00 ’
since R7 is 1-smoothing. Moreover, we have
(Gruk,ub) 2oty — / trlo0 (Gr) ()i (dp).
$*Q
Writing 0o(Gr)(p) = 0ij(p), for i, j € {1, 2, 3, 4}, this yields

(Gru®, ub) 2.0y = (Bug: 011) geg = 011 (V0).
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Also, condition (5.39) then gives o7 (vo) = 0 for j € {1, 2, 3,4}, so that

l/tk I/tk
(QT( ),( )) — 0, ask— oo.
Oc+ Ocs LI(:CHxCH

In view of (5.40), this disproves the observability inequality

> 2 al 2
GrH. H) 2 @ctyecs 2 CUHIZ guenye = CNHI gy o

forall H € L2 (Q; C*) x C*,

Recalling Theorem 5.5, this concludes the proof of Corollary 5.8. O

6. Coupled Waves with Different Speeds

Here we consider a constant coefficient y > 0, y # 1 and the following system

6.1

Pu; +b(x)u; =0 in(0,7T) x 2,
Pyuy =by(x) f in (0,7) x Q,

with P = 32 — A as in the previous sections and P, = 3> — y2A.
We start with the proof of Theorem 1.4 and we then provide a proof for Theo-
rem 1.8.

Proof of Theorem 1.4. First, we split the second equation in System (1.7) into

PyH+M2=H+F inRxQ,
(M ua, & Tun)limo = (Myud, Tyul) € HITH(Q) x HL(Q),

and the null-frequency part

Py Touy = Tl F inR x Q,
(Moua, 3 Moua)li=o = (Mou3, Moul) € C2.

Since Py, Ilgus = 8,21'10142, we have explicitly
t
Moua(t) = Houg + tToul +/ (t —s)oF(s)ds, (6.2)
0

and hence IMous € €1(R; C). Similarly, we decompose u1 as u1 = Iouj + Iyu;.
We have

Pllgu; = —Ilgbuy inR x €,
(Mouy, 3 Mour) =0 = (Mou!, Tou}) € C2.



Controllability of two coupled wave equations on a compact manifold 169

As uy € €L(R: H*(RQ)), we obtain a}noul = —Tlpbus € €' (R: C), and hence
Mou; € €°(R; C). We again split [T, u; into TT u; = v; + wy, with

Pv; = —T14+bTguy inR x Q,
(1, BvD)li=o0 = (M4, Myul) € HIP(Q) x HIT(Q),

and

[Pwl — MybMyus  inRxQ, 63

(w, drwi)li=o0 = (0, 0).

We have, directly, v; € €°(R; H{™(Q)) N €' (R; HIT(R)), since 14 bTTgus €
¢O(R; HX(Q)) for all k € N.
We now focus on w; = IT;wj. We use the splitting introduced in Section 5.3.2

1 ,
hy = E(1'[+u2 —ix"Mud) € HITY(Q),
1
h = E(n+ug +ix ') € HITY(Q),
so that we have the explicit Duhamel formula for IT u;
Mux(s) = e hy +e 57 h_
+%(yx)‘1 /S (e"“—")” — e—"(HW) I, F(o)do
l 0

= & (hy + Fi(s)) + e 7 (ho + F_(s)),

where
1 s
Fi(s) = - (rA)! / e VML F(o)do € CO(R; HET'(Q),
L 0
1 s
F_(s) = —T(yk)_l/ VML F(0)do € €O(R; HIT ().
l 0
The Duhamel formula for (6.3) gives
t . .
Diwi(t) = —/ ( =% _ e—'<’—m) I, bT1 s (s) ds

lt)»/ e—lS)nl—[ b lsy)u(h++F+(s))+e—iS)/)\(h_+F_(S))) dS
0

+e*”*/ ¢ b ( ISV (hy + Fy(s) + e 57 (h_ + F_(s))) ds
0

t t
ztk/ 67”)\1-[ betsyl ds h iIA/ efis}nl-[_i_beisy)LF_’_(s) ds
0

(=)

t
ztk/ e 1sAl-[ be™ isyA ds h_ eitl/ e_iS)”Here_iSy)”F,(S) ds
0 0

‘
—I—e_”)‘/ M be* M ds hy + e_”)‘/ M be VM F(s) ds
0 0
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t t
+e—ztA ezskl—[+be—zsyk ds h,—f—e_”)‘/ etsA I—I+b€—zsyA F_(s)ds.
0 0
(6.4)
The data i are in H_f_‘” (£2), therefore, using Lemma A.1 (with [11 b € \Ilghg(Q)),
all the corresponding terms above belong to ¢°(R; Hi+2(52)). Similarly, using
Lemma A.3, all terms including Fy above also belong to €O(R; Hf“z(Q)). As
a consequence, we have w; € ¢ (R; H j+3(§2)). Differentiating with respect to
time expression (6.4) and using again lemmata A.1 and A.3, we obtain d;w; €
¢OR; HIP(Q)).
Recalling that u; = Ilou; + v; + w; and using the regularity properties of
each of these three terms, we obtain u; € €°(R; H3(Q)) N € (R; H*2(Q)).
Coming back to the equation

3uy = Auy —buy € €°R; HTH(Q)) N €1 (R; H (),

3
we finally obtain u; € ﬂ EF(R; H PR (Q)).

k=0
Estimate (1.8) comes from the estimates of lemmata A.1 and A.3 applied to all

terms in (6.4). ]

The next result shows that the situation becomes worse if @ N O does not satisfy
GCC. In this case one cannot hope to obtain control in any Sobolev space.

Proposition 6.1. Assume that @ N O does not satisfy GCC. Then, for all s > 0,
there exists (u(l), u}) e g5t (2) x HS(K2), such that the solution to System (6.1) for
all T > Oandall f € L*((0, T) x Q), along with the following initial conditions,

(ur, du)li—o = @, u}), (u2, du2)li—=o = (0, 0)
satisfies
(1 (T), du1(T), ua(T), duz(T)) # (0,0,0,0).

Remark 6.2. 1. This result proves the first item of Theorem 1.8 using the invari-
ance of (6.1) byt +—> T —t.

2. The result stated above can be improved in many ways. The case of two different
metrics, g1 and g», can also be addressed with the ideas of the proof, assuming
only that n — (g1 — g2)x (1, 1) is a nondegenerate quadratic form everywhere
on Q. Here we restrict ourselves to the simple situation g, = y2g1, y # 1 for
the sake of exposition.

Proof of Proposition 6.1. We recall that the operators L, L_ are defined in Sec-
tion 2.1.

As @ N O does not satisfy GCC there exists a bicharacterisitic that never
meets 7~ (@ N O) in T*M. Without any loss of generality let us assume that
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We have

Pyuy = bo(x) f, (u2, u2)li=0 = (0, 0).

Extending f by zero outside [0, T'] we have supp(uz) C {¢t = 0}. For ”(1) and u{ to
be defined below we introduce w and v in the following way:

Pv = _b(x) uz, (U9 alv)|l:0 = (Os 0),
Pw=0, (w dwl—o= @ u).
The linearity of the equations yields #; = v + w.

Study of w. Since P is elliptic at (¢, x, 1, 0) we have
(t,x,1,0) ¢ WF(w) Vit,x. (6.5)

Let pg = (0, x0, 70, 7o) € I' N {r = 0}. We choose* ”(1) e H1(Q) such that
{(x0, R% o)} = WF(uY). We then set u} = irul € H*(Q).

We set z = L w and because of the precise choice we made for (u(l), u%) we
observe that z|;,—¢ = 0. It follows that

L z=—-Pw=0, z[;=0=0,
which gives z = 0 (see for example Theorem 23.1.2 in [23]) and therefore
Liw =0, W= = u(]).

In a local chart we consider x (t, n) a symbol of order 0 with support in V and
equal to one in V/, for V' € V neighborhoods of {n = 0}. Then (I — op(x))L+ is
a pseudo-differential operator of order one in all variables [23, Theorem 18.1.35].

We have (1 — op(x))L+w = 0 which, by (6.5) and choosing V sufficiently
small, implies

WF(w) C Char(L).

Since (xg, 10) € WF(w|;=0), by Theorem 8.2.4 in [22] we have that (0, xo, 7, 19) €
WF(w) for some 7 € R and necessarily T = 19, that is, pg € WF(w). Since
Pw = 0, the singularity propagation theorem of Hérmander [24, Theorem 26.1.1]
implies that

' ¢ WFE(w). (6.6)

4 To choose ”(1) we can invoke the constructive approach of Theorem 8.1.4 in [24] that

yields at first a distribution with {(xg, ]R*+ no)} as its wavefront set. Since €2 is compact, this
distribution has finite order and belongs to H? (2) for some o € R, by the Paley-Wiener
theorem. Finally, we can apply an appropriate power of the Laplace operator, an elliptic
pseudo-differential operator on €2 (according to [41] or [42, Theorem 11.2]) that preserves
the wavefront set, to yield the proper function in the Sobolev space H* +1 ().
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Study of v. As supp(buy) C {t = 0} we have
v=0in{r <0). 6.7)

From P,u; = b,(x) f, we have WF(u;) C Char(P,) U WF(b,(x) f) by Theo-
rem 18.1.28 in [23]. As I does not meet 7~ (@ N O) and I N Char(P,) = 0 we
find

T NWFE(buy) c TN Y O) Nz (@) = 0. (6.8)

The singularity propagation theorem of Hérmander [24, Theorem 26.1.1] implies
that WF(v) \ WF(buy) is invariant by the hamiltonian vector field H),. Since I" is
invariant by H), and with (6.8) and (6.7) we obtain that

I N WF(®v) = 9. (6.9)

Conclusion. From (6.6) and (6.9) we find that ' C WF(u). It follows that
(uy, 0su1, up, d:up) cannot vanish at the final control time 7. In fact it would first
imply up = 0 in {r = T} where it satisfies Pyuy = 0. Second, we would have
Pu; =0in{r = T} implying u; = 0 in {t = T}, which obviously does not hold.

O

To conclude the study of System (6.1), we prove an “almost converse” of The-
orem 1.4 and Proposition 6.1. We prove the controllability of System (6.1) in the
space (H3(Q) x H*(R)) x (H(Q) x L*(RQ)), if o N O satisfies GCC.

Proposition 6.3. Assume that w N O satisfies GCC and that T > max{T,no (1),
T,(y)}. Then, System (6.1) is controllable in the space H3(Q) x HX(Q) intime T
in the sense given in Section 1.2.3.

Remark that T, (y) is the time needed to control the second component of
System (6.1), which is directly controlled, whereas T,,n» (1) is the time needed to
control the first component of System (6.1).

Note also that for T < T,,(y), the second equation is not controllable. Similarly,
if T < T »(1) the first equation is not controllable: one can find a bicharacteristic
curve I that does not meet 7 ~! (@ N O) in the time interval [0, T'] and the same
construction as in the proof of Proposition 6.1 applies. We thus obtain the second
item of Theorem 1.8.

Proof. According to Proposition 5.1 (case s = 2,0 = 0) and Theorem 1.4, the
result is equivalent to proving the observability inequality

T
E_5(v1(0)) + Eo(v2(0)) = C/O IIbwszIiz(m dr, (6.10)
for all (vi,v2) € (F°R; H72(Q) N ¢ (R; H3(Q))) x (€°(R; L2(Q)) N

¢ (R; H~'())) solutions of (5.3). Setting w; = (1 — A)~'v;, wy = vy, this
observability inequality is equivalent to proving

T
Eo(wy (0) + Eo(w(0) £ € /0 w222 g dr ©6.11)
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for all (wy, wa) € €OUR; L2(Q; C?)) N €1 (R; H~1(Q; C?)) solutions to

[Pwlzo in (0, T) x Q, 6.12)

Pywy = —b(x)(1 — A)wy in(0,T) x Q.

Recall that System (6.12) is well-posed in this space, according to Theorem 1.4.
As in Section 3, we prove (6.11) in two steps with a compactness—uniqueness
strategy. The first step is to prove the relaxed observability inequality

Eo(w1(0)) + Eo(w2(0))
T
<cC (/ / |bywa|* dx dr + E_; (w1 (0)) + E_1(w2(0))) , (6.13)
0 JQ
for all (wy, wp) € €OR; L2(22; C?) N €' (R; H~1(2; C?)) solutions to (6.12).
‘We proceed by contradiction and suppose that the observability inequality (6.13)

is not satisfied. Thus, there exists a sequence (wll‘, w’z‘)keN of %O(O, T; LZ(Q)) N
€'(0, T; H~'())-solutions of (6.12) such that

Eo(w} (0)) + Eo(w5(0)) = 1, (6.14)
T
/ / lbowh*dxdr — 0, k — oo, (6.15)
0 Q
E_1(wX(0)) + E_ 1 (wk(0)) - 0, k — oc. (6.16)

According to (6.14) and to (6.16), together with the continuity of the solution with
respect to the initial data given by Theorem 1.4, the sequence (w’f , w’z‘ ) is bounded
in L2(M7; C?%), and converges to zero in H~Y(Mr; C?). It follows that

(w}, w5) = (0,0) in L*(M7: C?).

As a consequence of [21, Theorem 1], there exists a subsequence of (wll‘, wlﬁ)keN

(still denoted (wk, wk )keN 1n what follows) and two associated microlocal defect
1> Walke
measures

w1 € My(S*Mr),  p2 € M (S*Mr),

such that for any A € \IJI())hg(MT),

kl_i)rr;O(Awlf, w]f)Lz(MT;(c) = (1, 00(A)) a1y »

lim (Awh, wh)12,.0) = (12, 00(A)) g, -
k—o00

Note that in this case (as opposed to the case y = 1 treated in Section 3) we
shall not use the coupling of the two waves and the associated measure (i13.
The first equation of (6.12) yields, as in Lemma 3.3 that

supp(u1) C Char(P), and (/Ll, Hpa) 0, (6.17)

S*My —
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for any a € 5!

phg(T*MT; C). Moreover, (6.15) gives

supp(p2) N7t~ (0, T) x ) = 0.

This gives, for any x € €2°((0, T) x (O Nw)),

(1= A)2x Pk, x Pyw) a0y — <M2, p§|n|;4x2>sw =0.
T

Using the second equation of (6.12), we now have
0= lim ((1- A)2xb(1 = Awh, xb(1 — Mywh) 24,0
—+00 ’

212
= (1. x2b > .
(1. x .

As a consequence, we have
supp(u1) N7 =10, T) x O Nw) = 3.

This, together with the free propagation of | given in (6.17), and the assumption
that O N w satisfies GCC, implies that | vanishes identically on (0, T) x €, as
soonas T > T,~o(1). Hence, we have w’l‘ — 0in LIZOC(MT).
It remains to study w. We have P, w§ = —b(x)(1 — A)w¥ — 0in H3>(Mr)
(Mr7). This yields supp(u2) C Char(P)).
(M7),0 < x4, such that

: k . 2
since w; — 0 in Li.

0
Let ¢ > 0 and choose x; € Sphg

e x1 = linaneighborhood of Char(P,) N (e, T — &),

e x1 = 01in a neighborhood of Char(P),

and let E; € ‘llghg(MT) an operator such that og(E1) = yxi. There exists a para-
metrix Q € \IJ[;lzg(MT) such that (see for instance [23, Theorem 18.1.24]),

QP =E| +R, R € \IJI;;;O(MT). (6.18)

Applying this parametrix to the first equation of (6.12) gives
g1wl + Rwf = 0.

In particular, we have Elwll‘ — 0in H .(M7) forall s € R.

Consider now y3 satisfying the same properties as x1 with, moreover, x; = 1 on
a neighborhood of supp(x2). Let &7 € \Ilghg(MT) an operator such that og(E,) =
X2-

Writing w’z‘ = (1 - Ez)w§ + Ezwlz‘, we directly have (1 — Ez)wlz‘ —- 0
in L2 ((,T — &) x M) as supp(uz) C Char(Py,). Below, we shall prove the

loc
following convergence.
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Lemma 6.4. P, Eowk — 0in H! (M7).

This implies that (142, H, (Xa)>S*MT = (u2, [x2|*H,p, (X"))swr = 0 for x (1) €
¢>X(e, T —¢)andforanya € S[;qlg(T*M 7). Hence, the measure i, satisfies a free
propagation relation along the bicharacteristic flow of P, fort € (e, T — ¢). Since
e > 0 is arbitrary and since supp(uz) N 7~ '((0, T) x w) = ¢, the measure 1
vanishes identically on S* Mt as soon as T > T, (y). This proves that (w’l‘, w’z‘) —
(0,0) in L (M7; C?), and, following the end of the proof of Proposition 3.2,

loc

that Eo(wk(0)) + Eo(w4(0)) — 0. This yields a contradiction with (6.14), and
concludes the proof of the relaxed observability inequality (6.13).
We conclude the proof of (6.11) as in Section 3.2. We define the set of invisible
solutions
N(T) = {W:(w(l), wg, w}, w%) € ¢ such that the associated solution of (6.12)
satisfies wp (¢, x) = 0 for all (t, x) € (0, T) x w}.

As in Section 3.2, proving that N'(T) = {0} implies that (6.11) is true. Again,
proving that A(T) = {0} is equivalent to proving that there is no eigenfunction

(91, ¢2) of the operator
—A 0
b(x)(1 —A) —y?A

such that ¢»|,, = 0. Indeed, letting 1« be the associated eigenvalue, we have
—y2A@2 +b(x)(1 — Mg = pnga, and ¢2]on, = 0. (6.19)

This yields in particular (I — A)¢1|one = 0. As —A¢@; = e, the function
(1 — A)g; is an eigenfunction of —A, vanishing on the nonempty open set O N w,
and thus vanishes identically (see for instance [6,7,25]). Hence, we have ¢; = 0.
Coming back to (6.19), and using the same argument, we obtain ¢, = 0. Finally,
this proves that A(T') = {0}.

Note that a quantitative version of this unique continuation result is proved
in [26, Proposition 5.1]. This concludes the proof of the observability inequal-
ity (6.11), and hence that of Theorem 6.3. |

Proof of Lemma 6.4. We have

P, Bowh = BaPyuwk + [P, Exlwh = —E2b(x)(1 — A)wk 4 [Py, Ex]uh.
(6.20)

We write
Eob(x)(1 — Awk = Eab(x)(1 — A)Ejwh + Eab(x)(1 — A)(1 — Epwk.

Since the supports of x2 and 1 — x1 are disjoint the operator E>b(x)(1—A)(1—E1)
is regularizing and since & w’l‘ — 0in Hj} (M7) forall s € R then the same holds
for Eb(x)(1 — A)w'l‘. For the second term in (6.20) we write

[P,, Exlws = [P,, B2]E3wh + [Py, E2l(1 — E3)uwh,
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where B3 € \I—'ghg(MT) is an operator such that og(E3) = x3 with yx3 satisfying the

same properties as y» with, moreover, x» = 1 on a neighborhood of supp(x3). We
then have [ P,,, E2]E3 regularizing. Since (1 — 33)11)]2( — Oin leoc((s, T—e)xM)

as supp(u2) C Char(Py) and [P, E;]is of order one, we find that [ P, , Ez]u)’zC —
0in ngcl((s, T — &) x M). This concludes the proof. O
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Appendix A. 1-Smoothing Properties

In this section, we state and prove three lemmata concerning the 1-smoothing
properties of some families of operators. These properties are used in a crucial way
in the proofs of Theorems 5.3, 5.5 and 1.4.

The proofs given in this section are elementary and are inspired by [18]. These prop-
erties, however, deeply rely on the Fourier integral operator property of propagators
of type e/,

Lemma A.l. Let s € R, y,8 € R such that y # 6, and b € \Ilghg(Q). Then, the
operator defined by

t
A(t) = / e~ be' dz,
0

satisfies A € €O°(R; L(H*(Q), H*TY(RQ))). In particular, for all t € R, A(t) is
1-smoothing.

Lemma A.1 can be seen as a corollary of Lemma A.2, and hence we omit its
proof. We chose to state Lemma A.1 separately since in the main part of the article,
regularizing properties are most often used under this simpler form.

Lemma A.2. Let s € R, y,8 € R such that y # 8. Let also b € \Ilghg(Q), and

consider m, i € €9 (]R, \L’ghg(Q)) two continuous families of operators. Then, the
operator defined by

t Z Z
A(t) :/ (/ m(O‘)dU) efiz}/)»beizé)\ (/ rh(o.)do.) dZ,
0 0 0

satisfies A € €O°(R; L(H*(Q), H*TY(Q))). In particular, for all t € R, A(1) is
1-smoothing.
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The next lemma is only used in the proof of Theorem 1.4 and is proved at the end
of this section.

LemmaA.3. Lets e R, T >0, y,8 € Rsuchthat y # 6. Let also b € \Ilghg(Q),
and suppose that F € L'(0, T; H* (). Then, the function defined by

t . z
F(1) = / eI pelioh ( / F(o)da) dz,
0 0

satisfies F € €°(0, T; H*Y(Q)), and

17 W zoeo,7; 141y = CIF llLio, 7519, (A1)
for some C =C(s, T, y,5,b) > 0.

Proof of Lemma A.2. We first notice that A(r) € €°(R; L(H*())) since all
operators in A(tz) preserve the regularity. It suffices to prove that LA(¢) €
€°(R; L(H*(R))). For this, we compute

t Zz Z
—iyMA®) = —iyk/ (/ m(a)da) e 12V peizdh (/ n~1(o)d0) dz
0 0 0
t Z z
— / ( / m(a)do) (—iyX)e 7V peidh ( / m(o)do) dz
0 0 0
t Z z
+/ [(—iyk), (/ m(a)da)i| eI peltoh (/ rh(o)da) dz,
0 0 0

and we notice that the last term

/[ [(—iy,\), (/Zm(a)do)i| eI pelidh (/zrh(a)
0 0 0

do) dz € €°(R; L(H (Q), H* (R))),

since [(—iy,\), (f(fm(a)da)] = —iy [§ [om@)]|do € CO(R, WY, (D). As

a consequence, we can write, for some R, € €°(R; L(H*())),

t Z Z
—iyrA(t) =/ (/ m(a)do) 3, (e )pelOH (/ na(a)da) dz + R;.
0 0 0

After an integration by parts, this gives

t Z z
—iyrA@t) = _/ (/ m(o)da) eI p 9 (/7% (/ rh(o)da) dz
0 0 0
t Z
—/ m(z)e 1 el (/ nﬁ(a)da) dz
0 0
t
B / (/ Z m(o>d0) e~ be! i (2) dz
0 0
Z Z t
+ [(/ m(o)da) e pelidh (/ ﬁz(o)dc)] +R,.
0 0 0
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Except for the first term in the right hand-side of this expression, all terms are clearly
in €O0(R; L(H*())), so that we can write, for some R, € €°(R; L(H*(RQ))),

—iy A1)
t Z Z

= _/ (/ m(o)do) eI p o (/M) (/ n&(a)do) dz + R,
0 0 0

t Z z

= _/ (/ m(o)do) eI p(ish)e! P (/ m(a)da) dz+ R,

0[ 0Z 0

= [, ([ meorte)

m(o)do ) (i81)e 12 bt ( / Zﬂz(a)dc) dz
0

t Z 4
—/ (/ m(a)do) e YD, (i5))]e (/ rh(a)da) dz + R;.
0 0 0

Again, we notice that the central term in the right hand-side of this expression is in
EO(R; L(H*(R))), since [b, (i51)] € WO (Q). Asa consequence, we can write,

5 phg
for some R; € €°(R; L(H*(R))),

—iyLA()

t Z Z ~
=_/ (/ m(o)do) (i8))e ™17 peldh (/ rh(o)da) dz+ R,
0 0 0
t ~
:—iSAA(t)—/ [(/Z m(cr)da) , (iax)} eI M peitdh (/Zna(o)da) dz+R,.
0 0 0

This gives

i(8 — y)AA()

t 4 ~
- _/ [(/Zm(o)do) , (iSA)] eIV pel2oh (/Zna(cwda) dz+ R,
0 0 0

and in particular (8§ — y)AA(r) € €°(R; L(H*(S2))). This concludes the proof of
Lemma A.2. m|

Proof of Lemma A.3. The definition of .% directly gives .# € €°(0, T; H*())
(with the associated estimate). We hence only have to check that A.# €
€°(0, T; H*(S2)). For this, we compute

t Z
—iyxy(t)z/ (—iyh)e T peldh (/ F((r)dcr) dz
0 0

z t
- [e—"mbe"ﬂ“ (/ F(a)da)]
0 0
t Z
— / e 1 po, [e"Z“ ( / F(a)da)} dz (A.2)
0 0
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after an integration by parts. Furthermore,

_/ e—tz)/)nbaz |:etz8)L (/ F(o)dcr)] dz
0 0
t . z
= —i5/ eI ppeldt (/ F(o)da) dz
0 0

t
_/ e—lZ)/)LbelZ(”LF(Z) dZ
0

— —iSAT (1)

r . z
—i8/ eIV, A]e!P0H (/ F(a)do) dz
0 0

t . .
- / e I bl F (7) dz. (A.3)
0

Putting (A.2) in (A.3), we obtain

t
iy — AT (1) = e i1V *peit ( / F(o)da)
0

—i8 / e I D, A ( / F(cr)da) dz — / e E(D) dz. (A4)
0 0 0

The first and the last terms in (A.4) are in € €°(0, T; H(Q)) as z — €%+ ¢
€O(R; L(H*(R))). Finally the second term in (A.4) is also in €°(0, T; H*(RQ))
since [b, A] € ‘I’Shg(Q)- Estimate (A.1) comes from the L*°(0, T'; HS(£2)) estimate
of (A.4). O

Appendix B. Proofs of Some Technical Results

B.1. Some Facts on Hamilton Flows

For a function g (x, &) defined on 7*X, with X a smooth manifold, the Hamilton
vector field associated with g is given by, in local coordinates, H; = (Vxg, —Vgq).
The Hamiltonian flow y; is then given by

d
EXS(X»S) =Hy (xs(x,8)),  xo(x,§) = (x, ),
for (x, &) € T*X \ 0. We have the following lemmata.

Lemma B.1. Let F : R — R be a smooth monotonous function. For (x, ) € T*X
the map s = XF/(qx,6)s (X, &) is the flow associated with the Hamiltonian F(q).
In particular, for i # 0, the map s +— Xy is the flow associated with the Hamil-
tonian |1q.
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Proof. We have Hp(,) = F/(q)Hq. Let (x, &) € T*X. As q is constant along the
flow s > xs we have also g(xs(x,8)) = q(x,8),s € R. Weset u = F'(q(x, §)).
Hence,

d d
X/,LS( ) = /’L Xt(x §)|t:p,s = MHq (Xu.s(xs 5)) = HF(q) (Xus(xv é)) ,
which yields the result. O

Lemma B.2. Let A # 0 and M), be the map such that M, (x, &) = (x, Af), that is
a multiplication by A in the fiber. Assume that q(x, &) is homogeneous of degree k,
that is, g o My, = AXq for > > 0. Then

M, o xh-15 = X5 © M.
In particular, if k = 1, the operators M) and xs commute.
Proof. Let (xg, &) € T*X \ 0. We set (x(s), £(s)) = xs(x0, &) and
y(s) = Mj. 0 xyu1,(x0. §0) = (6, 25) (1),

We have, in local coordinates,

%m) = (A"—I%x, A";—Sé) (1)
= (M 'Veq(x 6, —24Vig(x, ) (F)
= Hy(x,26)(As)
= Hy(y(s)),

by homogeneity. As y (0) = M, (xo, &) we obtain y (s) = x5 o M) (xo, &). |

Lemma B.3. Let o be the map such that o (x, &) = (x, —&). Assume that q is such
that g o o = q, then

00 X5 = X-500.

Proof. Observe first that V,g o 0 = V,q and Veg o 0 = —Vggq. Let (x9, &) €
T*X \ 0. We set

y(s) = o (x—s(x0, &0)) -

We have, in local coordinates,

d . d _ v v
EV(S) = _UEXI(XOvSO)|t:—s = —0 ((Veq. —Vaq) (x—s(x0. §0)))

= (=Veq, —=Vxq)(x—s(x0, §0)) = (Veq, =Vaq)(y (5)) = Hy(y (5)).

As y(0) = (xo, —§0) we obtain y (s) = x5 o o (x0, &0)- m
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B.2. Proof of Lemma 3.3

The fact that the measures @1 and w, are real and non-negative is a direct con-
sequence of the first two equations of (3.7), tested on selfadjoint non-negative
operators. Note also that the measures 11 and po are microlocal defect measures
associated with the scalar sequences (u)k )keN and (wlz‘)keN respectively.

Let us prove that supp(uz) C Char(P). Proving that supp(m) C Char(P) fol-
lows the same steps. Recalling that the symbol A € phg(T*M C) is defined

in (2.2), there exists A_, € W2 (M;C) that satisfies o_»(A_p) = A~2. Take

ace SO (T Mp;C)and A € WO (M7; C) as an associated operator. The second
equatlon of (3.2) gives

phg
phg
(A1~\,2Pw]2(, wIZC)LZ(MT;(C) = —(AA72BU)]1(, wIZC)LZ(MT;(C)'

Since AA_ B e W
we obtain

phg(MT, C), we have AA _ szl — 0in L?>(M7; C) so that

(A]\_QPU)%, wlzc)Lz(MT;(C) — 0.

The second equation of (3.7) then gives

0= <u2, ai_zp) = (U2, ap) sy, -

S*My

which is satisfied for all a € Sghg(T*MT; C) if and only if supp(u2) C Char(P).

Now, let a € SOh (T*M7p; C) and take A € \I/ (MT, C) such that 0p(A) = a.
Then, we have

(Aw, Aws) 120y = (A*AWY, W5) 20y.0) = <’“2’ |a|2>S*M '
T
Similarly, the Cauchy—Schwarz inequality gives

[(AwY, Awd) 20001 = AW 20,0 IAWS I 220070

- (<,le’ '“'2>S*M,); (<M2 '“'2>S*M,);

This finally yields for all a € phg(T”‘MT ©),
2

b a = 9 a K a K
‘{m aP )y | S e tal) frial)

and hence supp(i112) C supp(u1) N supp(p2).
Next, we define the operator

P B*
Q= (0 P ) Wiig (M, €2,
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where B* denotes the adjoint of the operator B. Remark that, for all

A A N
.A:( 11 12) phg(MT’(Cz 2)

Apy A
we have
[A11, P14+ A12B — B*Ay [Alz,P]—B*Azz)
AP — QA) =
(AP = Q4 ([Azl, Pl+ AnB [A2y. P]
Wi (Mp, C¥2), (B.1)

Hence, we have
(AP — QAW* € L*(Mr; C?),
together with
APWE = 0.
In particular, these last two identities yield
QAWK e L?>(M7; C?). (B.2)

For smooth data W |;_o, we can integrate by parts and have

(QAW", Wk) - (AW", PW") =0,
L2(M7;C?) L2(M7;C?)

since the operator A has a kernel with compact support (and hence the boundary
terms at times 0 and 7" vanish). A density argument together with (B.2) then gives

(QAW", Wk)LZ(MT-(CZ) =0 for all Wk € L2(MT; (C2). Hence, we have

0= ((AP — oAWK, Wk (B.3)

)L2<MT;<CZ> '
As a consequence of (3.6), (B.3) and (B.1), we obtain

1 _ 1 _
0:/ " ,i{anﬂp}-%bln\x(alz az1) ;-{012,17} binlxax (ﬁl ”12)(dp) ’
S*Mrp laz1, p} + Dinlraz +lax, p} Hiz2 K2
with aj; = o_ 1(A,1) j.1 = 1,2. Since the application A — o_1(A) is from

phg(MT) onto S, phe (T*MT, C), this is equivalent to

(w1, Hari, P})S*MT =0,
(2, Flazz, pY)g.y,, + QiIm(u12), blnlxaz)sep, =0, (B.4)
(1, binle @2 = a20)) sepr, + (12, Hazt, Pl gy, + (Fi2s Harz, pl)gey,, =0,

for any ajy, ar, aiz, az € Sl;llg(T*MT; C). Taking successively ay; = a2 and
az1 = —aj in the last identity of (B.4) yields
1
<RC(M12), —{ann, P}> =0 and
! S*Mr

(m1, bInlxar2) sy, — (Im(ur2), {aiz, p}) s=p, = 0.
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These equations together with the first two identities of (B.4) give (3.8), which
concludes the proof of the first part of the lemma.
Moreover, (3.4) yields

0= lim (|by 2w, wk .=<,b2> ,
kin(‘)lo(l wl wy wZ)LZ(MT,(C) M2 |be| S My

which directly gives 7 (supp(p2))N ((0, T) x a)) = @asup = 0and {b, > 0} = w.
This concludes the proof of the second part of the lemma as supp(i£12) C supp(u2).

B.3. Proof of Lemma 4.3

A proof of this lemma can be found in the semiclassical setting in [9, Section 4.2]
(see also [11]). We can parametrize the bicharacteristic I as

TNz~ (Mr) = {¢s(00), s € (0, T)},
with
po = (0, xg, 70, no) € ' N {r = 0}.

We have rg = |n0|)2(. Let us assume that 7yp > 0. The case 79 < O can be treated

similarly. We set
vy = (xo, i) € S* Q.
170!

There exists a local chart (Uy, «) of Q2 such that xo € U,. We denote by (yo, &)
the coordinates of vg in this chart.

We choose ¢ € €2°(R") such that supp(y) C «(Uy), and = 1 in a neighbor-
hood of yg. Next we define

VK (y) = Cok 3™ Wy (y), with p(y) = y - & +i(y — y0)* and Co > 0.
Now, we set
wf = 1Kk € €2 (Q). (B.5)

We have wg — 0in L2(R), limy_, oo ||w](§ lz2(q) = 1 for an appropriate choice of
Co. Moreover, a classical computation on (V%) ren shows that (wé)keN is pure and
admits the microlocal defect measure m = 8(x, )=, -

We set w’l‘ =1 kwg € and let w* be the solution of

{ Puwk =0 in (0,7) x €, B.6)

Wk, dwh)li=o = (wf, wh) on Q.

For the sequence (w*) reN, (4.4)is satisfied. Werecall that L, L_, A... are defined
in Section 2.1. Setting z¥ = L w*, we have L_z*¥ = 0 and

1 1
Zklt:() = (l—atu)k — Awk) |[:() = —u)]f — )\,wg =0.
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Therefore, zX = 0 in Rt x €, that is w* solves the first-order equation

Liwf=0 in(0,7T)x <,

wk|,—o = w(lj on Q. (B.7)

System (B.7) is well-posed, and the sequence (wk)keN is bounded in L*(Mr)
(see [23, Section 23.1]), weakly converging to zero and hence admits a microlocal
defect measure p (up to a subsequence).

Now, we prove that supp(11) C T'. Since w* solves (B.6), the measure /. is preserved
along I" which is also a bicharacteristic curve of £;. = t — |n|x. Hence, it suffices to
prove that any point (0, x, 71, n1) € Char(P) N S*M different from (0, xg, 79, 79)
is not in supp(u).

Leta € Sghg(T* 2; C) be a zero-order homogeneous symbol, with compact support
near x1, such that @ = 1 in a conic neighborhood of (x1, 1) and @ = 0 in a conic
neighborhood of (xg, 19). Taking A € lllghg(Q; C) such that 0g(A) = a, we have

Awk — 0 in L3(Q),

since m = 8y, y)=v,- We shall now use the flows ¢;" and ¢;", defined in Section 2.2.
We define the tangential polyhomogeneous symbol®

gt x,n) = a(pt,(x.n) € SF((=T,T) x T*Q; C),
which satisfies
Hy,q=0,
q0,x,n) =alx,n).

We denote by W?—((—T, T) x Q; C) the set of tangential operators of order m. We
take Q € \D%((—T, T) x €2; C) such a tangential operator satisfying oo(Q) = q.
The commutator [L 4, Q] satisfies [L, Q] € \118-((—T, T) x ; C) with principal
symbol ll.{€+,q} = %Hz+q = 0. Hence, we have [L4, Q] € \117_-1((—T, T) x
Q; C). Now, we compute

LiQu* =[Ly, Qlw* — 0 in L*(My),
Qwk|—g = Awf — 0 in L2().

Then, applying the hyperbolic energy inequality to this first-order system, we obtain
1Qu* o 22 < € (IAWhl 2@ + ML+, 0¥l 22080y ) = O-

Finally, let r € Sghg(T*M ; C) be such that r = 1 in a neighborhood of

O, x1, 71, m),r = 0 for |n]y < %, and r has a compact support in the time

variable 7, included in (—%, ). Taking R € \Jlghg(M; C) such that og(R) = r

5 For tangential symbols Sjm-((—T, T)x T*Q; C) and associated operators \Ilg’l-((—T, T)x
Q; C), we refer to [23, page 94 (bottom)]. Here, ¢ stands for the parameter upon which the
symbols depend.
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the operator R Q is in the class \I—'ghg(M; C), according to [23, Theorem 18.1.35].
Moreover, RQ is elliptic at (0, x1, t1, n1) since (0, x1, 71, 11)q (0, x1,11) = 1
and we have

IROQW* Il 2atyy < CHOW Il L2041,y — O.

As a consequence, (0, x1, t1, n1) ¢ supp(u). The invariance of u along the bichar-
acteristic flow finally gives supp(n) C I', which concludes the proof of Lemma 4.3.
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