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Abstract We analyse the structure of semiclassical and microlocal Wigner
measures for solutions to the linear Schrodinger equation on the disk, with
Dirichlet boundary conditions. Our approach links the propagation of singu-
larities beyond geometric optics with the completely integrable nature of the
billiard in the disk. We prove a “structure theorem”, expressing the restriction
of the Wigner measures on each invariant torus in terms of second-microlocal
measures. They are obtained by performing a finer localization in phase space
around each of these tori, at the limit of the uncertainty principle, and are shown
to propagate according to Heisenberg equations on the circle. Our construc-
tion yields as corollaries (a) that the disintegration of the Wigner measures is
absolutely continuous in the angular variable, which is an expression of the
dispersive properties of the equation; (b) an observability inequality, saying
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that the L?-norm of a solution on any open subset intersecting the boundary
(resp. the L2-norm of the Neumann trace on any nonempty open set of the
boundary) controls its full LZ?-norm (resp. H'-norm). These results show in
particular that the energy of solutions cannot concentrate on periodic trajecto-
ries of the billiard flow other than the boundary.

Mathematics Subject Classification 35Q41 - 93B07
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1 Introduction
1.1 Motivation
We consider the unit disk
D={z=(x,y) € R?, |z|2=x2-|—y2 <1} Cc R?

and denote by A the euclidean Laplacian. We are interested in understanding
dynamical properties of the (time-dependent) linear Schrédinger equation

2
uli—o = u® € L2(D) (1.2)

%g—b;(z, )= (—lA—l-V(t, z)) u(z,t),teR, z=(x,y)eb, (1.1)

with Dirichlet boundary condition u]3p = 0 (we shall write A = Ap when
we want to stress that we are using the Laplacian on L?(ID) with that boundary
condition; we shall also write A for the Laplacian on the whole R? but this will
be specified in the text). We assume that V is a smooth real-valued potential,
say V € C*® (R x D; R). We shall denote by Uy (¢) the (unitary) propagator
starting at time O, such that u(-, ) = Uy (1)u? is the unique solution of (1.1)—
(1.2).

This equation is aimed at describing the evolution of a quantum particle
trapped in a disk-shaped cavity, u(-, t) being the wave-function at time ¢. The
total L2-mass of the solution is preserved: [[u(-, )|l 2p) = ||”0||L2(1D>) for
all time ¢ € R. Thus, if the initial datum is normalized, ||u°|| 2@ = 1, the

quantity |u(z, 1)|?dz is, for every fixed ¢, a probability density on I; given

Q C D, the expression:
[ oz
Q

is the probability of finding the particle in the set 2 at time ¢. Having

fOT Jq lu(z, )]?dxdt > co > 0 for all solutions of (1.1) means that every
quantum particle spends a positive fraction of time of the interval (0, T') in
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the set 2. A major issue in mathematical quantum mechanics is to describe
the possible localization—or delocalization—properties of solutions to the
Schrodinger equation (1.1), by which we mean the description of the dis-
tribution of the probability densities |u(z, t)|>dz for all solutions u. A more
tractable problem consists in considering instead of single, fixed solutions,
sequences (u,,),eN of solutions to (1.1) and describe the asymptotic properties
of the associated probability densities |u, (z, 1)|?dz or |u,(z, t)|*>dzdt. This
point of view still allows to deduce properties of single solutions u# and their
distributions |u(z, t)|2dz, as we shall see in the sequel.
It is always possible to extract a subsequence that converges weakly:

/ ¢z, 1) |un(z, 1)|?dzdt —> / ¢(z, t)v(dz, dt),
DxR DxR
for every ¢ € C.(D x R),

where v is a nonnegative Radon measure on D x R that describes the asymptotic
mass distribution of the subsequence of solutions (u,). One of the goals of
this paper is to understand how the fact that (u,) solves (1.1) influences the
structure of the associated measures v.

As an application, we aim at understanding the observability problem for
the Schrodinger equation: given an open set 2 C D and a time 7 > 0, does
there exist a constant C = C(£2, T') > 0 such that we have:

T
/ / lu(z, 1)|*dzdt > cuﬁnizm), for all u°® € L*(D)
0 Q

and u associated solution of (1.1)—(1.2)?  (1.3)

If such an estimate holds, then every quantum particle must leave a trace
on the set Q2 during the time interval (0, 7'); in other words: it is observable
from © x (0, T). This question is linked to that of understanding the struc-
ture of the limiting measures v. Indeed, estimate (1.3) is not satisfied if and

only if there exists a sequence of data (ug) such that ||u2|| 2oy = 1 and
fOT Jo lun(z, 1)|?dzdt — 0, where u,, is the solution of (1.1) issued from u.
After the extraction of a subsequence, this holds if and only if the associated
limit measure v satisfies

T T
/ /v(dz, dt)y =T, / / v(dz,dt) = 0.
0 JD 0 Q

The question of observability from €2 x (0, 7)) may hence be reformulated as:
can sequences of solution of (1.1) concentrate on sets which do not intersect

@ Springer



Wigner measures and observability for the... 489

Q x (0, T)? From the point of view of applications, it is of primary interest to
understand which sets €2 do observe all quantum particles trapped in a disk.
Moreover, the observability of (1.1) is equivalent to the controllability of the
Schrédinger equation (see e.g. [39]), which means that it is possible to drive
any initial condition to any final condition at time 7', with a control (a forcing
term in the right-hand side of (1.1)) located within 2.

It is well-known that the space of position variables (z, ¢) does not suffice to
describe the propagation properties of solutions to Schrédinger equations (or
more generally wave equations) in the high frequency régime. One has to add
the associated dual variables, (¢, H) € R? x R (momentum and energy) and
lift the measure v to the phase space, that is, the space of variables (z, ¢, &, H):
this gives rise to the so-called Wigner measures [60]. We shall hence inves-
tigate the regularity and localization properties in position and momentum
variables of the Wigner measures associated with sequences of normalized
solutions of (1.1). They describe how the solutions are distributed over phase
space. We shall develop both the microlocal and semiclassical points of view.
These are two slightly different, but closely related, approaches to the prob-
lem: the semiclassical approach is more suitable when our initial data possess
a well-defined oscillation rate, whereas the microlocal approach describes the
singularities of solutions, independently of the choice of a scale of oscillation,
at the price of giving slightly less precise results.

Our study fits in the régime of the “quantum-classical correspondence prin-
ciple”, which asserts that the high-frequency dynamics of the solutions to (1.1)
are described in terms of the corresponding classical dynamics; in our con-
text the underlying classical system is the billiard flow on ID. A well-known
expression of the correspondence principle is that the Wigner measures are
invariant by this flow.

Of course, one may consider similar questions for any bounded domain
of R? or any Riemannian manifold, and not only the disk ID. As a matter
of fact, the answer to these questions depends strongly on the dynamics
of the billiard flow (resp. the geodesic flow on a Riemannian manifold),
and, to our knowledge, it is known only in few cases (see Sect. 1.6). For
instance, on negatively curved manifolds, the related celebrated Quantum
Unique Ergodicity conjecture remains to this day open. Two geometries for
which the observation problem is well-understood, and the Wigner measures
are rather well-described, are the torus T¢ (see [6,12,16,32,33,35,46,47])
and the sphere S?, or more generally, manifolds all of whose geodesics are
closed (see [4,34,44,45]), on which the classical dynamics is completely inte-
grable. We shall later on compare these two situations with our results on the
disk . We refer to the article [5] for a survey of recent results concerning
Wigner measures associated to sequences of solutions to the time-dependent
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Schrodinger equation in various geometries and to the review article [38] on
the observability question.

1.2 Some consequences of our structure theorem

Our central results are Theorems 2.5 and 2.7 below, which provide a detailed
structure of the Wigner measures associated to sequences of solutions to
the Schrédinger equation, using notions of “second-microlocal calculus™. As
corollaries of these structure Theorems, we obtain:

e Corollary 1.1 (see also Theorem 2.10), which states a regularity property
of the measures v reflecting the dispersive character of the Schrodinger
equation (1.1);

e Theorem 1.2 (resp. Theorem 1.3), which states the observability/
controllability of the equation from any nonempty open set touching
the boundary of the disk (resp. from any nonempty open set of the
boundary).

Let us first state these corollaries in order to motivate the more technical results
of this paper.

Corollary 1.1 Let (ug) be a sequence in L*(D), such that ||u2 2@y = 1 for

all n. Consider the sequence of nonnegative Radon measures v, on D x R,
defined by

Va(dz, dt) = |Uy (1)ul(z)|*dzdt. (1.4)

Then, for any weak-* limit v of the sequence (v,), there exists 6 € [0, 1] such
that for almost every t, there is an absolutely continuous probability measure
v; on D such that

v(dz, dt) = v (dz)dt, with v; =0 + (1 —60)27) 'Syp.

In particular, for almost every t, v;]p is absolutely continuous. Above,
2m) "8y denotes the unique probability measure on R? that is concen-
trated on the boundary of the disk and is invariant by rotations around the
origin.

This result shows in particular that the weak-* accumulation points of the
densities (1.4) possess some regularity in the interior of the disk. We shall
see that one can always exhibit sequences of solutions that concentrate singu-
larly on the boundary, corresponding to & = 0 in Corollary 1.1: the so-called
whispering-gallery modes, see Sect. 1.3 and Remark 2.12. Note also that 6
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does not depend on time (this is a consequence of Proposition 2.9); this sim-
ply means that the mass of the measure on the boundary and that in the interior
of the disk remain constant in time.

In Theorem 2.10 below, we present a stronger version of Corollary 1.1
describing (in phase space) the regularity of microlocal lifts of such limit
measures v. This precise description (as well as all results of this paper) relies
on the complete integrability of the billiard flow on the disk. Its statement
needs the introduction of action angle coordinates and associated invariant
tori, and is postponed to Sect. 2.7.

The second class of results mentioned above is related to unique
continuation-type properties of the Schrodinger equation (1.1). We consider
the following condition on an open set 2 C D, atime 7 > 0 and a potential V:

W € L*), Uy®u10,1r)x0 =0) = u’ =0, (UCPy.q.71)

As a consequence of Theorem 2.7, we shall also prove the following quanti-
tative version of (UCPy g 7).

Theorem 1.2 Let Q C D be an open set such that Q N 3D # @ and T > 0.
Assume one of the following statements holds:

e the potential V. € C*([0, T] x D: R), the time T, and the open set 2
satisfy (UCPy @ 1),
e the potential V. € C*°(D; R) does not depend on t.

Then there exists C = C(V, 2, T) > 0 such that:

T
4] 20 < C/O [y i}, dt. (15)

for every initial datum u® € L* (D).

Roughly speaking, this means that any set €2 touching dD observes all
quantum particles trapped in the disk. As we shall see, these are the only sets
satisfying this property (see Sect. 1.3 and Remark 2.12).

We are also interested in the boundary analogue of (UCPy o 1) for a given
potential V, atime 7 > 0 and an open set ' C 9D

W’ € HyD), 3,(Uv®u")10,rxr =0) = u" =0, (UCPyrr)

where 0, = % denotes the exterior normal derivative to dlD. As a conse-
quence of Theorem 2.7, we shall also prove the following quantitative version
Of (UCPV,F,T).

Theorem 1.3 Let I' be any nonempty subset of 0D and T > 0. Suppose one
of the following holds:
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e the potential V. € C*°([0, T] x D; R), the time T and the set I" satisfy
(UCPy 1),
e V € C®(D; R) does not depend on t.

Then there exists C = C(V,I', T) > 0 such that:

T
iy =€ [ 10,00 O e . (16)

for every initial datum u® € HO1 (D).

Note that the unique continuation properties (UCPy o 7) and (UCPy r 1)
are known to hold, for instance, when V is analytic in (¢, z), as a consequence
of the Holmgren uniqueness theorem as stated by Hormander in [28, Theo-
rem 5.3.1]. The regularity of V for (UCPy q 1) and (UCPy r 1) to hold can
actually be lowered to V bounded and depending analytically on the variable
t, according to the Tataru—Robbiano—Zuily—Hérmander Theorem [31,55,59]
as stated by Hormander (see [31] Theorem 5.1 together with the Remark
p. 205).

The three above results express a delocalization property of the energy of
solutions to (1.1). The observation of the L2-norm restricted to any open set
of the disk touching the boundary is sufficient to recover linearly the norm of
the data. In particular, the L?-mass of solutions cannot concentrate on peri-
odic trajectories of the billiard (except those contained in the boundary). The
observability inequalities (1.5) and (1.6) are especially relevant in control the-
ory [11,39,41]: in turn, they imply a controllability result from the set €2 or
.

As a consequence of the observability inequality 1.5, we have the following
result (where we use the notation of Corollary 1.1).

Corollary 1.4 For every open set Q C D touching the boundary, for every
T > 0, there exists a constant C (T, 2) > 0 such that for any initial data (ug)
and any weak-x limit v of the sequence (v,,) as in Corollary 1.1, we have

T 1
/O V[(Q)dl > m

Again, this translates the fact that any solution has to leave positive mass
on any set 2 touching the boundary 0D during the time interval (0, T').

1.3 Stationary solutions to (1.1): eigenfunctions on the disk

If the potential V (¢, z) does not depend on the time variable ¢, we have as
particular solutions of the Schrodinger equation the “stationary solutions”,
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those with initial data given by eigenfunctions of the elliptic operator —Ap +
2V (2).

In the absence of a potential, i.e. if V = 0, these solutions are well
understood: the eigenfunctions of —Ap on D are the functions whose (non-
normalized) expression in polar coordinates (x = —rsinu, y = rcosu) is

Vi re™) = (o gr)e™™, (1.7)

where n, k are non-negative integers, J,, is the n-th Bessel function, and the o, &
are its positive zeros indexed increasingly by the integer k. The corresponding

eigenvalue is ozrzl ¢+ Putting then u = w,;tk gives a time-periodic solution
2

u(-,t) = e”nT’k 1//;tk to (1.1)—(1.2). Moreover, the eigenvalues of —Ap have
multiplicity two. This is a consequence of a celebrated result by Siegel [57],
showing that J,,, J;, have no common zeroes for n # m. In particular, the limit
measures associated to sequences of eigenfunctions are explicitly computable
in terms of the limits of the stationary distributions:

Wk @DF (i)

I 1=5F
Wil 2, Wil 2

rdrdu,

as the frequency o,  tends to infinity (this expression has to be slightly mod-
ified when considering linear combinations of the two eigenfunctions 1//,;F X

and ¥, , corresponding to the same eigenvalue, with n fixed and k tending to
infinity). Let us recall some particular cases of this construction. For fixed &
and for n — o0, it is classical [36, Lemma 3.1] that

W (DI

?dz — (277)_153]11),
”wmk ||L2(D)

which corresponds to the so-called whispering gallery modes. On the other
hand, letting k,n — oo with n/k being constant, one may obtain for any
y € [0, 1) depending on the ratio n/k [51, Section 4.1]

W, @ 1
Z N
1Y 72 ) 2 (1 —y2)12 (I2? -

y2)1/21(y,1)(|2|)dz.

Except the Dirac measure on the boundary, these measures all belong to L” (D)
forany p < 2 (hence satisfying Corollary 1.1) and are invariant by rotation and
positive on the boundary (hence satisfying Corollary 1.4). These measures in
fact enjoy more regularity and symmetry than those asserted by Corollaries 1.1
and 1.4.
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The observability question for eigenfunctions can also be simply handled in
account of the bounded multiplicity of the spectrum. For any non-empty open
set Qp,,1, = {re'*,r € I1,u € L} C D (where I; is an open subset of [0, 1],
I, an open interval of S!), for any eigenfunction ¥ of —A p, one has:

||¢||L2(QIIYS1) = CULDIY 2@y, 1))

where C(|1]) is a positive constant depending only on the size of />. On the
other hand, if €2, ;, touches the boundary (1 € ;) it automatically satisfies
the geometric control condition as defined in [11,39]. The results in those
references imply that:

/
1Wll2m) < C'UDIV 2, 4
Therefore, for such €2y, ;,, we have
1Vl = C(Ilzl)C/(Il)llll'||L2(s2,,,,2)-

It is not known to the authors whether or not any of the results of the present
article could be deduced directly from the result for eigenfunctions, even when
the potential vanishes identically. This does not seem to appear in the literature.
On flat tori, proving observability or regularity of Wigner measures associated
to the Schrodinger equation from the explicit expression of the solutions in
terms of Fourier series requires a careful analysis of the distribution of lattice
points on paraboloids [7,12,33] or sophisticated arguments on lacunary Fourier
series [32,35]. On the disk, and in absence of a potential, to find a proof similar
to that of [12,33] one would need to expand the kernel of e AD/2 i terms
of Bessel functions:

—itAp/2 jita? /2, + +
eTHAP2 = N My (v |

n,k,+

and to work with this explicit expression. Such an approach would anyway
require some very technical work on the spacings between the o, k.

Here, instead, we establish directly the links between the completely inte-
grable nature of the dynamics of the billiard flow and the delocalization and
dispersion properties of the solutions to the Schrodinger equation. Note that all
results of this paper also hold for eigenfunctions of the operator —Ap +2V (z)
(as stationary solutions to (1.1)). As a matter of fact, our approach is more gen-
eral for it applies as well to quasimodes and clusters of eigenfunctions of the
operator —Ap +2V (z). The reader is referred to [3] and Remark 2.6 for more
details on this matter.
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1.4 The semiclassical viewpoint

In spite of the fact that our statements and proofs are formulated exclusively
in terms of the non-semiclassical Schrédinger equation (1.1), our results do
have an interpretation in the light of the semiclassical limit for the Schrodinger
equation. Suppose that vy, solves the semiclassical Schrédinger equation:

h dvp h? ) 0
T, @D =\ m AV D) Jun(z 0, wplimo=ut. (18)

i 0t

Then u(-,t) := vu(-,t/h) is in fact the solution to the (non-semiclassical)
Schrodinger equation (1.1) with initial datum u°. As a consequence, describ-
ing properties of solutions to (1.1) on time intervals of size of order 1 amounts
to describing properties of solutions to the semiclassical Schrodinger equa-
tion (1.8) up to times of order 1/Ah. Our results show that the semiclassical
approximation breaks down in time 1/4. For instance, if we take as initial
datum in (1.8) a coherent state localized at (zo, &) € D x R2,

ud = hiap (Zh—azo) e peC®M), pO)=1, ac(,1), hy—0,
n n

our results imply that the associated solution of (1.8) on the time interval
(0,1/hy) is no longer concentrated on the billiard trajectory issued from
(20, &0). Instead, we show that it spreads on the disk ID (the associated measure
is absolutely continuous) and it leaves a positive mass on any set touching the
boundary (even if the trajectory of the billiard issued from (zq, &y) avoids this
set).

Thus, our analysis goes far beyond the well-understood semiclassical limit
for times of order 1, or even of order log(1/ /) (known as the Ehrenfest time,
see [13]). Such a long time analysis is possible thanks to the complete integra-
bility of the system. In fact, in the paper [1], which deals with the Schrodinger
equation (and more general completely integrable systems) on the flat torus, it
is shown that the time scale 1/ & is exactly the one at which the delocalization
of solutions takes place; for chaotic systems on the contrary, the semiclassical
approximation is expected to break down at the Ehrenfest time [5,8,9].

1.5 The structure theorem

We would like to stress the fact that all these results are obtained as conse-
quences of our main theorem (not yet stated), Theorem 2.5 (or its variant
Theorem 2.7) that gives a precise description of the structure of Wigner
measures arising from solutions to (1.1). This theorem provides a unified
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framework from which to derive simultaneously the absolute continuity of pro-
jections of semiclassical measures (a fact that is related to dispersive effects)
on the one hand, and, on the other hand, the observability estimates (1.5) and
(1.6), which are quantitative unique continuation properties. Since a precise
statement requires the introduction of many other objects, we postpone it to
Sects. 2.4 and 2.5 (semiclassical and microlocal formulations respectively),
and only give a rough idea of the method for the moment.

The standard construction of the Wigner measures, outlined in Sect. 2.5,
allows to lift a measure v to a measure u°> on phase space (or jty in the
semiclassical setting): these are the associated microlocal defect measures [23].
The law of propagation of singularities for Eq. (1.1) implies that £°° is invariant
by the billiard flow in the disk, and we want to exploit the complete integrability
of this flow.

For this, we use action-angle coordinates to integrate the dynamics of the
billiard flow and describe associated invariant tori (Sect. 3.1). The angular
momentum J of a point (z, §) in phase space is preserved by the flow, and
so is the Hamiltonian E = |&|. The actions J and E are in involution and
independent, except at the points of 0D with tangent momentum. The angle
o that a trajectory makes when bouncing on the boundary is a also preserved
quantity (in fact a function of J/E). The key point of our proof is to analyze
in detail the possible concentration of sequences of solutions to (1.1) on the
sets Zo, = {a = ag} of all points of phase space sharing a common inci-
dence/reflection angle «. To this aim, we perform a second microlocalization
on this set, in the spirit of [1,6,46]. We decompose a Wigner measure as a
sum of measures supported on these invariant sets. The case ag ¢ 7 Q cor-
responds to trajectories hitting the boundary in a dense set, and is trivial for
us since it supports only one invariant measure. We focus on those Z,, for
which @g € 7Q. Any trajectory of the billiard having this angle is periodic.
We wish to “zoom” on this torus to describe the concentration of the asso-
ciated measure. Assuming that the initial sequence has a typical oscillation
scale of order 1/ h, we perform a second microlocalization at scale 1, which is
the limit of the Heisenberg uncertainty principle. Roughly speaking, the idea
is to relocalize in the action variable J at scale 1 (i.e. h times 1/h), so that
the Heisenberg uncertainty principle implies delocalization in the conjugated
angle variable. We obtain two limit objects, interpreted as second-microlocal
measures. The first one captures the part of our sequence of solutions whose
derivatives in directions “transverse to the flow” remain bounded; the second
one captures the part of the solution rapidly oscillating in these directions.
Understanding the notion of transversality adapted to this problem is achieved
by constructing a flow that interpolates between the billiard flow (generated
by the Hamiltonian E) and the rotation flow (generated by the Hamiltonian
J). The second measure is a usual microlocal/semiclassical measure whereas
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the first one is a less usual operator-valued measure taking into account non-
oscillatory phenomena. We prove that both second-microlocal measures enjoy
additional invariance properties: the first one is invariant by the rotation flow,
whereas the second one propagates through a Heisenberg equation on the cir-
cle. This translates, respectively, into Theorem 2.5 (ii) and (iii).

This program was already completed in [1,6,46] for the Schrodinger equa-
tion on flat tori, but carrying it out in the disk induces considerable additional
difficulties. Our phase space does not directly come equipped with its action-
angle coordinates, so that we need first to change variables. This requires in
particular to build a Fourier Integral Operator to switch from (z, §)-variables
to action-angle coordinates. These coordinates are very nice to understand the
dynamics and are necessary to perform the second microlocalization, but they
are extremely nasty to treat the boundary condition, for which the use of polar
coordinates is more suitable. It seems that we cannot avoid having to go back
and forth between the two sets of coordinates. Our approach to that particular
technical aspect is inspired by [25]; however, the second-microlocal nature of
the problem requires to perform the asymptotic expansions of [25] one step
further.

1.6 Relations to other works
1.6.1 Regularity of semiclassical measures

This work pertains to the longstanding study of the so-called “quantum-
classical correspondence”, which aims at understanding the links between
high frequency solutions of the Schrodinger equation and the dynamics of the
underlying billiard flow (see for instance the survey article [5]).

More precisely, it is concerned with a case of completely integrable billiard
flow. This particular dynamical situation has already been addressed in [46]
and [6] in the case of flat tori, and in [1] for more general integrable systems
(without boundary). These three papers use in a central way a “‘second microlo-
calization” to understand the concentration of measures on invariant tori. The
main tools are second-microlocal semiclassical measures, introduced in the
local Euclidean setting in [19-21,48-50], and defined in [1,6,46] as global
objects.

On the sphere S?, or more generally, on a manifold with periodic geo-
desic flow, the situation is radically different. The geodesic flow for this
type of geometries is still completely integrable, but it is known [4,34,44,45]
that every invariant measure is a Wigner measure; those are not necessarily
absolutely continuous when projected in the position space. The difference
with the previous situation is that the underlying dynamical system, though
completely integrable, is degenerate. What was evidenced in [1] is that a suffi-
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cient and necessary condition for the absolute continuity of Wigner measures,
is that the hamiltonian be a strictly convex/concave function of the action vari-
ables — a condition that is even stronger than non-degeneracy. In the case of
the disk, the complete integrability of the billiard flow on D degenerates on
the boundary. There, both actions coincide, which allows for the concentration
of solutions on the invariant torus at the boundary (as was the case with the
aforementioned whispering gallery modes).

Note that on the torus and on the disk, it remains an open question to fully
characterize the set of Wigner measures associated to sequences of solutions
to the time-dependent Schrddinger equation. In the case of flat tori, the papers
[7,33] provide additional information about the regularity of these measures.

1.6.2 Observability of the Schrodinger equation

Since the pioneering work of Lebeau [39], it is known that observability
inequalities like (1.5)—(1.6) always hold if all trajectories of the billiard enter
the observation region 2 or I" in finite time (at a “non-diffractive point” in
the boundary observation case). However, since [27,32], we know that this
strong geometric control condition is not necessary: (1.5) holds on the two-
torus as soon as 2 # J; for different proofs and extensions of this result see
[6,10,15,16,35,47]. These properties seem to deeply depend on the global
dynamics of the billiard flow.

On manifolds with periodic geodesic flow, it is necessary that  meets all
geodesics for an observation inequality as (1.5) to hold [47]. This is due to the
strong stability properties of the geodesic flow.

To our knowledge, apart from the case of flat tori, few results are known
concerning the observability of the Schrodinger equation in situations where
the geometric control condition fails. The paper [1] extends [6] to general com-
pletely integrable systems under a convexity assumption for the hamiltonian.
Note also that the boundary observability (1.6) holds in the square if (and only
if) the observation region I" contains both a horizontal and a vertical nonempty
segments [54]. Finally, for chaotic systems, the observability inequality (1.5)
is also valid on manifolds with negative curvature if the set of uncontrolled
trajectories is sufficiently small [8,9].

Our Theorems 1.2 and 1.3 provide a (necessary and) sufficient condition
for the observability of the Schrodinger group on the disk. The necessity of
the condition is clear in the case of boundary observability, and in the case
of internal observability, if 2 C D is such that 2 N 9D = @, the observ-
ability inequality (1.5) fails. When V = 0 this comes from the existence of
whispering-gallery modes, see Sect. 1.3, and this remains true for any V, as
proved in Remark 2.12.

Let us conclude this introduction with a few more remarks.
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Remark 1.5 In this article, we only treat the case of Dirichlet boundary con-
ditions. The extension of our method to the Neumann or mixed boundary
condition deserves further investigation.

Remark 1.6 Let us comment on the regularity required on the potential V.
Arguments developed in [6] show that all the results of this paper could actu-
ally be weakened to V e C° (R x D; R) or even to the case where V is
continuous outside a set of zero measure. Corollary 1.1 in fact also holds
for any V € leoc (R; £(L?*(D))), and in particular for any bounded complex
valued potentials. See also Remark 2.6 below.

Remark 1.7 Our results directly yield a polynomial decay rate for the energy of
the damped wave equation (8,2 — A + b(z)9;)u = 0 with Dirichlet Boundary
conditions on the disk. More precisely, [2, Theorem 2.3] and Theorem 1.2
imply that if b > 0 is positive on an open set €2 such that 2 N 0D # ¢, then
the HO1 x L? norm of solutions decays at rate 1/+/7 for data in (H> N HOI) X
HOI. This rate is better than the a priori logarithmic decay rate given by the
Lebeau theorem [40]. The latter is however optimal if supp(b) N dD = P as a
consequence of the whispering gallery phenomenon (see e.g. [43]).

2 The structure theorem

In this section, we give the main definitions used in the article and state our
structure theorems. We first define microlocal and semiclassical Wigner mea-
sures (which are the central objects discussed in the paper) in Sect. 2.1. We
then briefly describe the billiard flow and introduce adapted action-angle coor-
dinates in Sect. 2.2. This allows us to formulate our main results (Sects. 2.4
and 2.5), both in the semiclassical (Theorem 2.5) and in the microlocal (The-
orem 2.7) framework. Next, in Sect. 2.7, we define various measures at the
boundary of the disk, that will be useful in the proofs, and explain their links
with the Wigner measures in the interior.

2.1 Wigner measures: microlocal versus semiclassical points of view

Let T*R? = R? x R? be the cotangent bundle over R?, and 7*R = R x R
be the cotangent bundle over R. We shall denote by z € R? (resp. t € R) the
space (resp. time) variable and £ € R? (resp. H € R) the associated frequency.
Our main results can be formulated in two different and complementary set-
tings. We first introduce the symbol class needed to formulate their microlocal
version, allowing to define microlocal Wigner distributions. We then define
semiclassical Wigner distributions and briefly compare these two objects.
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Definition 2.1 Let us call Sy the space of functions a = a(z, &,t, H) €
C®(T*R? x T*R) such that

(a) a is compactly supported in the variables z, ¢.
(b) a is homogeneous at infinity in (£, H) in the following sense: there exists
Ry > 0 such that

a(z,§,t, H) =a(z,k$,t,A2H), for ISI2 +|H| > Ry and A > 1.

2.1
Equivalently, there is apom € C®°(T*R? x T*R\{(£, H) = (0, 0)}) satis-
fying (2.1) for all A > 0, such that

a(z, €, t, H) = anom (z,&,1, H), for |€]> 4 |H| > Ro.

Such a homogeneous function ayep, is entirely determined by its restriction
to the set {|£]> + 2|H| = 2} C R? x R, which is homeomorphic to a 2-
dimensional sphere S?. Thus we may (and will, when convenient) identify
anom With a function in the space C oo(Rg x R; x Sé ")

Note that the different homogeneities with respect to the H and & variables
is adapted to the scaling of the Schrédinger operator.

Let (ug) be asequence in L2 (ID), such that ||u2 2y = 1foralln.Forz € D
andt € R we denote u,(z,t) = Uy (t)ug (z). In what follows (e.g. in formula
(2.3) below), we shall systematically extend the functions u,, a priori defined
on D, by the value O outside D as done in [25], where semiclassical Wigner
measures for boundary value problems were first considered. The extended
sequence (still denoted u,) now satisfies the equation

1 19 19
(——A +V-— f—) un = 5 a“” ®8sp, (z,1) € R? x R, (2.2)
n

where A denotes the Laplacian on R2. Remark that the term aa“n” Tap has no
straightforward meaning at this level of regularity. We shall see below how to
give a signification to this equation, both in the semiclassical (see Remark 2.4)
and in the microlocal (see Sect. 2.8.3) settings.

The microlocal Wigner distributions associated to (u,) act on symbols a €

So by

Wun ((1) = (un, Opl(a)u”>L2(R%XR¢)’ (23)

where Op,(a) = a(z, D, t, D;) (with the standard notation D = —id) is a
pseudodifferential operator obtained by the standard quantization procedure:
in what follows, Op. (a) = a(z, € D;, t, e D;) will stand for the operator acting
on L2(R? x R) by:
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(Op(@)u)(z, 1) = b / / eiié‘(z_z,)?ili('_[l)a(z 1, H)
¢ ' (2re)3 Jraxr JR2xR Y
u(Z/, t/) dz'dt’ dédH. (2.4)

In particular if @ depends only on (z, t), we have

W, @ = [ aGolun(z. 0P dzd,
D

Remark 2.2 1t is not clear at first sight that expressions like (2.3) are well-
defined since u, = Uy (t)ug € L®Ry; LZ(]R%)) is not square-integrable
in the variable . However, the symbol a here is compactly supported with
respect to ¢. A classical decomposition of Op;(a) with respect to the time
variable (as an operator with compactly supported Schwartz kernel plus an
operator with smooth Schwartz kernel having fast decay away from the diag-
onal) proves that this operator actually maps continuously L (R;; LZ(IR{E))
to Lgomp (R;; L*(R2)), which clarifies the meaning of (2.3). See e.g. [30, Sec-
tion 18.1]. Also, we shall see that if ug — 0, then the limit object of (2.3) as
n — 400 only depends on the principal symbol of the operator Op; (@) (i.e. on
anom): hence, according to pseudodifferential calculus, we shall equivalently
study instead (xru,, Opl(a)XTMn)LZ(Rng[) for some x7 € C°(R) equal to
one in the neighborhood of the time support of a.

Usual estimates on pseudodifferential operators now imply that W,,, forms
a bounded sequence in S;. The main goal of this article is to understand
properties of weak limits of (W, ) that are valid for any sequence of initial
conditions (ug).

The problem also has a semiclassical variant. In this version, one consid-
ers a € Cé’O(T*R2 x T*R), a real parameter 2 > 0, and one defines the
semiclassical Wigner distributions at scale h by

W, (@) = {un, Opy(a(z, he, t, K> H)in) 122, ) (2.5)

where Op, (a(z, h€, t, h*H)) = a(z, hD,,t,h*D;) = Op,(a(z, &, t, hH)),
see (2.4). Note that this scaling relation is the natural one for solutions of
(1.1), and its interest will be made clear below. Again W,fn is well defined,
and forms a bounded sequence in D’ (T*R? x T*R) if h stays bounded. This
formulation is most meaningful if the parameter 4 = h, is chosen in relation
with the typical scale of oscillation of our sequence of initial conditions (ug).

Definition 2.3 Given a bounded sequence (w,) in L2(ID), we shall say that it is
(hy)-oscillating from above (resp. (h,)-oscillating from below) if the sequence
(wy,) extended by zero outside of I satisfies:
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lim lim sup/ |w, (6)|> de = 0,
R=00 n—oo Jig|=R/h,

(resp. lim lim sup/ [y (6)]> dE = 0) ,
€20 n—soo Jig|<e/hy

where w,, is the Fourier transform of w, on RZ.

The property of being (4,,)-oscillating from above is only relevant if 4, —
0; if ug is (hy)-oscillating for (h,) bounded away from O, the (extended)

sequence (ug) is compact in L? and the accumulation points of (W,ﬁ’n") are just
the Wigner measures W,ﬁ’, where 7 > 0 is an accumulation point of %, and u
is an accumulation point of u,, in L?. Therefore, we shall always assume that
h, — 0. Note that one can always find (4,) tending to zero such that (ug) is
hy-oscillating from above (to see that, note that for fixed n one may choose £,

such that f E>1/h, |u (£)|>de < n~'). However, the choice of the sequence

h, is by no means unique (h,-oscillating sequences are also /) -oscillating as
soon as k), < h,), although in many cases there is a natural scale h, given by
the problem under consideration.

One can find (h),) such that (ug) is h),-oscillating from below if and only if
the functions (ug) (extended by the value 0 outside D) converge to 0 weakly in
L2(R?). It is not always possible to find a common (%) such that (ug) is hy,-
oscillating both from above and below (see [24] for an example of a sequence
with this behavior). However, when it is the case, the semiclassical Wigner
distributions contain more information that the microlocal ones (see Sect. 2.6).
On the other hand, if no A, exists such that (uo) is hy-oscillating from above

and below, the accumulation points of W ' may fail to capture completely the
asymptotic phase-space distribution of the sequence (i, ), either because some
mass will escapeto |§| = oo or because the fraction of the mass going to infinity
at a rate slower that i, ! will give a contribution concentrated on & = 0. In
those cases, the microlocal formulation is still able to describe the asymptotic
distribution of the sequence on the reduced phase-space R x Ry x S

This is one of the motivations that has led us to study both points of view,
semiclassical and microlocal.

2.2 The billiard flow

Microlocal and semiclassical analysis provide a connection between the
Schrédinger equation and the billiard on the underlying phase space. In this
section we first clarify what we mean by “billiard flow” in the disk. The phase
space associated with the billiard flow on the disk can be defined as a quotient
of D x R? (position x frequency). We first define the symmetry with respect
to the line tangent to the circle 0D at z € 9D by
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0,(§)=§& —2(z- &)z, and wedenote o(z,&)=(z,0,(&)), for z € dD.
Then, we work on the quotient space
W=D xR?/~ where (z,&) ~o(z,&) for |z] =1.

We denote by 7 the canonical projection D x R?> — W which maps a point
(z, &) to its equivalence class modulo ~. Note that 7 is one-one on D x R2,
so that D x R? may be seen as a subset of W.

A function @ € C°(W) can be identified with the function @ = a o 7w €
Co%(D x R?) satisfying a(z, &) = @ o o (z, &) for (z, £) € 9D x R2.

The billiard flow (¢);cr on W is the (uniquely defined) action of R on
W such that the map (7, z, &) — ¢ (z, &) is continuous on R x W, satisfies
¢t = 7 0 ¢, and such that

¢"(z,6) = (z+ 1, 6)

whenever z € D and z 4 & € D.

In order to understand how the completely integrable nature of the flow ¢*
influences the structure of Wigner measures, we need to introduce adapted
coordinates. We denote by

O:(s,0,E,J) = (x,,6,&y), (2.6)

the “action-angle” coordinates for the billiard flow (see also Sect. 3.1), defined
by:

X = %cos@ — ssinb,

y = % sinf + s cos 6,

& = —FEsinf,

§y = Ecosf.

These coordinates are illustrated in Fig. 1. The inverse map is given by the
formulas

(E = [e2+£2, (velocity)
J = x&, — y&,, (angular momentum)
6 = — arctan (g.—z) , (angle of £ with the vertical)

s = —xsinf + ycosd, (abscissa of (x, y) along the line
(£ cos6, Lsin6) + RE).
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Fig.1 Action-angle
coordinates for the billiard
flow on the disk. On the
picture, we have J > 0 and
6e(=%.0)

(& &)

In other words, we have:

E =&,
§

where &1 := ¢y, —&¢), and

§ = (&, §y) = E(=sin(0), cos(0)),
z = (x,y) = s(—sin(@), cos(9)) + % (cos(8), sin(0))

_(,. &) & R Y
—(Z |5|)|‘5|+(Z \s|)|s|'

Note that the velocity E and the angular momentum J are preserved both
by the free transport flow in R? x R? and the symmetry . Hence, they are also
preserved along ¢*; the variables s and 6 play the role of “angle” coordinates.
We call « = — arcsin (%) the angle that a billiard trajectory makes with the
normal to the circle, when it hits the boundary (see Fig. 2). The quantity « is
preserved by the billiard flow.

Let us denote T(g_ ) the level sets of the pair (E, J), namely

Te sy ={(z.6) e D xR : (&],z-1) = (E, ). (2.7)

For E # 0 let us denote Ag ; the probability measure on T(g_ ;) that is both
invariant under the billiard flow and invariant under rotations. In the coordi-
nates (s, 6, E, J), we have
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Fig. 2 Angle «. On the \
picture, we have J > 0 and
ae(=%,0

-1
dsd@) > 0.

Ag.s(ds,dO) = c(E, J)dsd®, c(E,J)= (/
T(E,J)

Note that for £ # 0 and o € 7 Q the billiard flow is periodic on 7(g ;) whereas
a ¢ w(Q corresponds to trajectories that hit the boundary on a dense set. More
precisely, if @ ¢ 7 Q then the billiard flow restricted to T(g, 7y has a unique
invariant probability measure, namely Ag ;.

2.3 Standard facts about Wigner measures

We start formulating the question and results in a semiclassical framework:
we have a parameter s, going to 0, meant to represent the typical scale of
oscillation of our sequence of initial conditions (ug).

We simplify the notation by writing 7 = hy, u2 = ug. We will
always assume that the functions u2 are normalized in L?(D). We define
up(z,t) = Uy (t)u2 (z) (the reader should be aware that u;, satisfies the classi-
cal Schrodinger equation (1.1); the index 4 only reminds its oscillation scale).
Since this is a function on D x R it is natural to do a frequency analysis both
in z and ¢. Recall that we keep the notation uj, after the extension by zero
outside ID. The semiclassical Wigner distribution associated to uj, (at scale h)
is a distribution on the cotangent bundle 7*R? x T*R = ]Rg X Ré xR; xRy,
defined by

Wl,ilh ar (l/lh, Opl (Cl(Z, l’l%—, t, th))”h)H(R?xR) ’
foralla € C°(T*R? x T*R). (2.8)
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The scaling Op, (a(z, hé, ¢, h2H)) is performed in order to capture all the
information when uy, is h-oscillating from above (otherwise, the discussion
below remains entirely valid but part of the information about u;(z, ) is lost
when studying Wi’h (a)). When no confusion arises, we shall denote W), for
wh.

By standard estimates on the norm of Op;(a), it follows that W), belongs
to D'(T*R? x T*R), and is uniformly bounded in that space as & — 0.
Thus, one can extract subsequences that converge in the weak-*x topology of
D/(T*R? x T*R). In other words, after possibly extracting a subsequence, we
have

Wi (a) P Wsc(a) (2.9)

foralla € C é’o(T”‘]R2 x T*R) (the fact that we may extract a common sub-
sequence for all functions a follows from a diagonal extraction argument, see
e.g. [23]).

In this paper such a measure 15 will be called a semiclassical Wigner mea-
sure, or in short semiclassical measure, associated with the initial conditions
(ug) and the scale /.

Remark 2.4 Fix R > 0; Lemma 8.2 below tells us that in order to compute the
restriction of ug. to the set {| H| < R} we may assume that u2 € H(} (D) and
||Vu2 L2y = Or (h~1). In that case Proposition 8.1 says that the boundary

data ho, (Uy (t)ug) form a bounded sequence in leoc (R x dID). We can work
under these assumptions when necessary. Since R is arbitrary, this constitutes

no loss of generality.

It follows from standard properties of pseudodifferential operators that the
limit . in (2.9) has the following properties:

e [isc 1S a nonnegative measure, of the form u.(dz,d§,dt,dH) =
wse(dz, d€, t,d H)dt where t +— jge(t) € L®[R;; M (T*R? x Rp)).
Moreover, for ae. t € R, g (¢) is supported in {|S|2 = 2H} N
(ﬁ x R? x R H). See [26,42] for a proof of nonnegativity; the time regu-
larity and the localization of the support are shown in Proposition 9.1.

e From the normalization of u2 in L2, we have for a.e. 7:

/ IU’SC(dZad§7t’dH)§1’
DxR2xR

the inequality coming from the fact that D x R? x R is not compact,
and that there may be an escape of mass to infinity. However, if u2 is
h-oscillating from above, escape of mass does not occur and we have

fﬁXszR MSC(dZ, dé, t, dH) = 1.
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e The standard quantization enjoys the following property:

ih ih
[—EA, Oph(a)] = Op, (g - d.a — ?Aza) , (2.10)

where A is the Laplacian on R2. From this identity together with (2.2), one
can show that

/ &-0.a nusc(dz,dé,t,dH) =0 (2.11)
DxR2xR

for a.e. ¢ and for every smooth a suchthata(z, &, ¢, H) = a(z,0;(&),t, H)
for |z| = 1. Equivalently,

/ ao(pron(zvsvtvH)/“LSC(dZvdEatadH)
DxRZxR
=/ aom(z,&,t, H)use(dz,d§,t,dH)
DxRZxR

foreverya € C O(W), r € R—where @7 is the billiard flow in the disk and
7 : D x R? — W is the canonical projection, defined in Sect. 2.2. In other
words, 7,1 1s an invariant measure of the billiard flow.

We refer to Sect. 2.8 for a more general version of (2.11) (formulated
initially in [25], see also [56]) involving a measure associated to boundary
traces.

2.4 The structure theorem: semiclassical formulation

Now comes our central result, giving the structure of semiclassical measures
arising as weak-* limits of sequences (Wj,) associated to solutions of (1.1).
As a by-product it clarifies the dependence of u. (¢, -) on the time parameter
t. It was already noted in [45] that the dependence of . (¢, -) on the sequence
of initial conditions is a subtle issue.

The statement of Theorem 2.5 is technical and needs introducing some nota-
tion. The notation (s, 6, E, J), a was introduced in Sect. 2.2. We first restrict
our attention to the case where the initial conditions (ug) are h-oscillating from
below, or equivalently . does not charge {§ = 0} (otherwise, the restriction
of us. to {§& = 0} will be better understood at the end of Sect. 2.6); hence, we
may restrict our discussion to E 7 0. For each og € 7Q N (—m /2, 7/2) we
will introduce a flow (¢, ) on the billiard phase space W, all of whose orbits
are periodic (Definition 3.4). It coincides with the billiard flow on the set

Too ={(5,6,E,J) € @' (D x R?), J=—Esinay} = {a = ap},
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which is the union of all the lagrangian manifolds T(g, ;) with J = —E sin «.
If a is a function on W, we shall denote by (a), its average along the orbits
of ¢, (actually, (a)q, is well defined even if @ is not symmetric with respect
to the boundary, since the set of hitting times of the boundary has measure 0).
In the coordinates (s, 6, E, J), this is a function whose restriction to Z, does
not depend on s.

We will denote by

my°(s, E, t, H)

2

the operator on Li .

(Rp) acting by multiplication by the function
a(d(s,0,E,—Esinag), t, H).

Remark that m‘é% does not depend on the variable s. For our potential V,
&)

the function (V),, o ® depends only on ¢ (and, of course, on 7 if V' is time-
dependent).

Given w € T := R/2nZ, we denote by Uy, () the unitary propagator
(starting at time 0) of the equation

1
—cos>ag D,v(t,0) + (—5892 + cos® o (V)gy o ®(t, 9)) v(t,0) =0

acting on the Hilbert space
Hy = {v e L. (R): v(@ +271) = v(h)e'®, forae. 6§ R},  (2.12)

i.e. with Floquet-periodic condition. In the statements below, each H,, is iden-
tified with L2(0, 27) by taking restriction of functions to (0, 27r). Note that,
by definition of @, the functions (V)q, o @, (@), o ¢ are 2w -periodic in the
variable 6, so that they indeed act on H,, by multiplication.

Theorem 2.5 Let (ug) be a family of initial data, assumed to be h-oscillating
from below. Let s be a semiclassical measure, associated with the initial
conditions (ug) and the scale h. Then . can be decomposed into a countable
sum of non-negative measures:

Hse = VLeb + z Vo s
apenQN[—m /2,7 /2]

satisfying:

(1) Each of the measures in the decomposition above is carried by the set
2
{H = ET} and is invariant under the billiard flow.
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(i) The measure vp.p is constant in t and is of the form vp,, =
fE>0’u|§E g, gdV'(E, J)dt for some nonnegative measure v' on R2. In
other words v ¢p is a combination of Lebesgue measures on the invariant
“tori” T(E, 7).

(iii) Foreveryag € QN (=1 /2, /2), the measure vy, is carried by the set
ZoyN{H =FE 2 /2} and is characterized by

/ a dl)ao = / TrL2(0,27T) (m?é))a() Owy ) deo{odta
7z 7z

@0 @0

forall a € CX(T*R? x T*R), (2.13)

where Ly (dw, dE, dH) is a nonnegative measure on T, X R x Ry,
and

Oao : Ty x R x Ry x R, — £} (L*(0,21)),

is integrable with respect to £y, continuous with respect to t and takes
values in the set of nonnegative trace-class operators on L*(0, 21), and,
for Lyy-almost every (w, E, H), satisfies Tr(oy,(w, E, H, 1)) = 1.

In addition, for £y,-almost every (o, E, H), we have:

G()l()(wa E’ H7 t) = Uao,w(t)aao(w, E’ H? O)U;()’w(t) (214)

Fi igally, Loy and oy (-, 0) only depend on the sequence of initial conditions
(u h)'

(iv) For ag = £7%, vy, is a measure that does not depend on t, carried by
{H = |& |2/2} NT*0D and is invariant under rotations around the origin.

Note that if we do not identify H, with L?(0,27), then for each
(w, E, H, 1), the operator oy, (w, E, H, t) is in EL(H,,)), so that oy, is actu-
ally a section of a vector bundle over T,,. We would also like to stress the fact
that the family of operators oy, (w, E, H, 0) (which, recall, only depend on
the sequence of initial data) are in some sense, more precise objects than the
Wigner measure associated to the sequence of initial data. It may happen that
two sequences of initial data have the same Wigner measure but give rise to
different families of operators oy, (w, E, H, 0). We refer the reader to refer-
ence [45] for examples of this type of behavior when the disk is replaced by
the flat torus.

Remark 2.6 The conclusion of the results above (as well as their counter-
parts in the next section) also holds for semiclassical measures associated to
sequences of approximate solutions of the Schrodinger equation, i.e. satisfying
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1
(Dz + EA -V, Z)) up(z,t) = Oleoc(DXR)(l)'
Moreover, as in the torus [1,6], all conclusions of Theorem 2.5 hold as well
for solutions of

1
(D, + EA) up(z, 1) = OLIZOC(]D)X]R)(U’

except for the continuity in time of oy, and the propagation law (2.14). This
is thus also the case for Corollary 1.1 (whose proof does not use these two
properties). This includes for instance the case of “operator potentials” V €
L%OC(R; L(L%*(D))) (see also [14] for related results).

2.5 The structure theorem: microlocal formulation

We now give the microlocal version of Theorem 2.5. The main difference is
that we now use the class of test functions Sp defined in Sect. 2.1.

Let (ug) be a sequence of initial conditions, normalized in L?(D). Denote
by u, (-, t) := Uy (t)ug the associated solution of (1.1), and recall that we also
write u, for its extension by zero to the whole R2. All over the paper we let
x € C(R) be a nonnegative cut-off function that is identically equal to one
near the origin. Let R > 0. For a € Sy, we define

2
Wik a) = <Mn,0p1 ((1—)( (m—-z'H'))a(Zf,t,H)) Mn> :
R L2(R?xR)

and

% + |H|

(Wc,n,R’ a) = <un’ Op1 (X (T)G(Z,é,l, H)) Ltn> .
L2(RZxR)
(2.15)

The Calderén—Vaillancourt theorem [ 18] ensures that both W;OR and W, , g are

bounded in S). After possibly extracting subsequences, we have the existence
of a limit: for every a € Sp,

(,uoo,a) = lim lim (WO?R,a), (2.16)

R— o0 n——+00 n

and
(e, a) := lim  lim (chn,R,a). (2.17)

R—o00n——400
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to

As aconsequence, after extraction, the subsequence W,, converges weakly-x*
a limit j1,,; € S;, which can be decomposed into

Pt = 1 + e

The two limit objects . and u® enjoy the following standard properties:

The distribution p. vanishes if and only if the family (ug) converges weakly
to 0in L?(ID); in other words 1. reflects the “compact part” of the sequence
(ug), hence the subscript . in the notation.

The distribution ©*° is nonnegative, 0-homogeneous and supported at infin-
ity in the variable (§, H) (i.e., it vanishes when paired with a compactly
supported function). As a consequence, 1> may be identiﬁed with a non-
negative Radon measure on R2 x Ry x 82 - Actually, 4> is the microlocal
defect measure of [23,58] (Wlth the approprlate class of symbols Sp).

In addition, u®° is of the form u®°(dz, d¢,dt,dH) = u*°(dz, d&,t,dH)
dt where t +— u®(t) € L®(Ry; M+(]R§ X SéH)). Moreover, for a.e.
t € R, u®(z) is supported in {|&]> = 2H} N (D x Sg’H).

The projection of the distribution t,,;; = e + 1 on the (z, t)-variables

is the Radon measure v defined in the introduction (Sect. 1). From the
normalization of u0 in L2, we have for a.e. ¢:

/ n>(dz, dg, t,dH) < 1,
@xSéH

if u) — 01in L?(D), then we have fﬁxggﬂ pn>®(dz,dé, 1, dH) = 1.

The measure 1 satisfies the invariance property:
<,u°°, L.82a> =0, (2.18)
~2H

for a satisfying the symmetry condition a(z, &, ¢, H) = a(z, 0,(§),t, H)
for |z| = 1. In other words, 7, is invariant by the billiard flow.

These properties are well-known and won’t be proved in detail here (the fact

that it is carried on {H = %} follows from Appendix A and the proof of

invariance is essentially contained in [25] or [56]).

Let us now discuss separately the finer properties of ©£° (high frequencies)

and of u. (low frequencies).

We first describe 1 ®° and state the analogue of Theorem 2.5 in the microlocal

setting. As previously we call T(g ) the level sets of (E, J) and Z, = {J =
—sinagE}. The only difference with the semiclassical formalism is that the
test functions are homogeneous as in Definition 2.1. Recall that, if we identify
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homogeneous functions with functions on the 2-dimensional sphere SS =

{(é H), |E|> + 2|H| = 2}, the measure 4> may be seen as a measure on
IR{ x Ry x S .y (supported by D x R, x S _g)- The microlocal version of
Theorem 2.5 reads as follows:

Theorem 2.7 Let (u0) be normalized in L*>(D), and such that (2.16) holds.
Then the measure 1> can be decomposed as a countable sum of nonnegative
measures on R* x R, x S2:

MOO = ULeb + Z Moy
aperQN[—m /2,7 /2]

satisfying:

(i) Each of the measures in the above decomposition is carried by D x R; x
S?n {|& |2 =2H) and by the cone {|J| < E}, and is invariant under the
billiard flow.

(i) The measure |Lpep does not depend on t and is of the form ppep =
fE>O’u|§E g gdw (E, J)dt for some nonnegative measure |, defined
on the set of pairs (E, J) modulo homotheties.

(iii) Foreveryag € mQN (—m/2, 7w /2), the measure [iy, is carried by the set
Tuy N {H = E?/2} and is defined by:

J

@0

ad i, :/I Tri20.20) (m‘(xaomo o ) dly,dt, forall a € Sy,

0

where Ly, (dw, dE, d H) is anon-negative measure on T, X {E2+2| H| =
2} carried by {H = E*/2} and

Oag : Ty X (EX +2|H| =2} x R, — £} (L*(0,27)),

is integrable with respect to { oy, continuous in t and takes values in the set
of nonnegative trace-class operators on L*(0, 21), and, for Log-almost
every (w, E, H), satisfies Tr(oq(w, E, H, 1)) = 1.
Moreover, for Ly,-almost every (w, E, H), we have

Ouy(@, E, H, 1) = Uyy,0(t)0g,(w, E, H,0)U, 0. w()

Finally, £y, and o4, (-, 0) only depend on the sequence of initial conditions
(u).
@iv) For ag = :I:%, e, does not depend on t, it is a measure carried by the

set Ii% N {H = E?/2} (which consists of vectors tangent to dD) and is
invariant under rotations around the origin.
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In point (iii), the measure £y, arises as an element of the dual of the
space of continuous homogeneous functions (satisfying a(w, \E, \2H) =
a(w, E, H)). This space has been identified with the space of continuous
functions on R/277Z x {(E, H), E* + 2|H| = 2}.

To conclude the description of (,,, it now remains to describe more pre-
cisely u.. After extraction, we can always assume that the sequence of initial
conditions (ug) has a weak limit «° in L2(D).

Theorem 2.8 Assume that (ug) has a weak limitu® in L*>(D), and setu(x, t) =
[Uy (1)u®](x). Then, for all a € Sy, we have

(tte, a) = (u, Opy (a(z, &, 1, H)) tt) 200 ) - (2.19)

As a consequence, the projection of e on D x R; is a nonnegative Radon
measure, which is absolutely continuous, and continuous with respect to t.

We refer to Remark 2.2 for the meaning of (2.19). The proof of this result
is given in Sect. 6.1.
2.6 Link between microlocal and semiclassical Wigner measures

Let us clarify the link between the two approaches in the context of the present
article (see also [22,25] for a related discussion).

2.6.1 Sequences hy,-oscillating from above and below

As was said, if (ug) is h,-oscillating from above and below, the semiclassical
Wigner measures convey more information than the microlocal ones. In fact,
if (ug) is hy-oscillating from above and below (with i, — 0), we have for
a € Sp, and x a smooth cut-off function that equals 1 in a neighborhood of the
origin,

201812
,,1320 Wy, (a) = nll)ngo <un, Op, (a(z, &1, H) (X (w)

ha (&2 4 |H
—x (M)))un> +0(1)e—>0,R—>+00
€ L2(RZxR)

h2(|E12 + |H
= lim <un Op; (ahom(z, hp§.t, hZH) (X (M)
n—oo R

h2(€1> + |H
—X (M) ))Mn> + 0(1)e—>0,R—>+oo
€ L2(R2xR)
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2 2
o () (7))

+ 0(1)6—)0,R—>+OO

From this identity, one sees that if W, converges weakly to ,,; and W,Z "
converges weakly to (g, and if (ug) is hy-oscillating from above and below,
we have

Mmi(a) = fse(anom)-

The right-hand side is well-defined since jis is a nonnegative measure which
is bounded on sets of the form D x R? x [T, T] x R for any T > 0.

2.6.2 Sequences not hy-oscillating from below

On the other hand, if in Theorem 2.5 the sequence (u") is not &,-oscillating
from below, then . does charge the set {£ = 0}, and we have for any com-
pactly supported function a and any cut-off x € C>°((—1, 1)) with x (0) = 1,

. 6> + |H]
Wscl & H)=0(a) = lim a(z,§,1, H)X2 (— dpse
e—0 T*(R2xR) €
. 2 (31H]
= lim a(z,&,t, H)x" | — ) duse
e—>0 T*(R2xR) €
= lim _lim_ Wy, (0 (@), (2.20)

e—>0n—>+o0

2
where v,?’e = X(w)xfuﬂ,:o, for some x7 = xr(t) € C°(R) equal to

one in a neighborhood of the ¢-support of a. Equality of the first two lines comes
from the fact that the measure u,. is suported by {|& |2 = 2H} (see Propo-
sition 8.3), and equality of the last two lines is proved in Appendix A (see
Lemma 8.2). We see that the microlocal Wigner measures i,,;  associated
with Uy (t)v,?’ « encompass the description of w1, #)=0 (on the time inter-
val where xr = 1): calling .0 = lime_0 pmie (in S(/) and after extraction),
we have

wsele, m=o0(a(z, &, t, H)) = pm0(a(z,0,1,0)).

Obtained as a limit of ft, ¢, the measure ;o also possesses the structure
described in Theorem 2.7.
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2.6.3 Sequences not hy-oscillating from above

Finally, if (ug) is not h,-oscillating from above, we see that (using cutoff
functions x and x7 as above),

lim  lim W™ @ =0
R—>-+00 n—>+00 (1_X)(hn(\DzL€+IDzI))XTun

for compactly supported a, whereas the limit

lim lim W 2000
R— +00 n—+-00 (I_X)(M)XT’ML

(@)
does not necessarily vanish for a € Sp. This last limit coincides with

R—+o00n—+00 R— 400 n—+00

lim  lim W(l—x)(”ﬁ”’)mn(a): lim ~ lim Wy, )0 (@)

2
where wg, r=T=x) W) XTUn =0, and equality of the limits is proved
in Appendix A (see Lemma 8.2).

We may thus conclude from the last two paragraphs that the frequencies of
u? that are of order > h; ! or « h; ! are better captured by the microlocal
approach.

2.7 Application to the regularity of limit measures

As will be explained at the end of Sect. 5.2, Theorems 2.5 or 2.7 imply
Corollary 1.1. Here, we state a more precise version of this result (say, in
the semiclassical setting), and first need for this an intermediate proposition.
As in Theorem 2.5, let us first assume that we are considering a sequence of
initial data (u%) which is A-oscillating from below.

Proposition 2.9 Suppose that . is a semiclassical measure associated to
(up) solution of (1.1)—(1.2). Denote by jisc(dE, dJ, t) the image of the mea-
sure se(dz, d&, t, d H) under the moment map

M:(z=(x,y).8 H)— (E,J) = (|§], x§, — y&x)

(velocity and angular momentum). Then [is. does not depend on t.

This proposition is proved in Sect. 5.1.
The following theorem holds—and implies Corollary 1.1 for sequences that
are h-oscillating from below.
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Theorem 2.10 Define by g ;j(t, -) the disintegration of s (t, -) with respect
to the variables (E, J), carried on the 2-dimensional (Lagrangian) manifold
T(E,J) = {(Zv E) € D X RZ? (|§|’ x‘i:y - ygx) = (Ev J)}7 le

/ / f(Z’gvtaH)MSC(dZ,dg,f,dH)
Ry JDxR?2

E2
=/ (/ f(Z,S,l‘, _) //LE,j(f,dZ,dé:)),llsc(dE,dJ),
r2 \J1£ ) 2

for every bounded measurable function f, fort € R.
Then for [isc-almost every (E, J) with |J| # E, the measure wg j(t, ) is
absolutely continuous on T(g_ ).

Notethat|J| = E,with E # 0, means that (g ;N (ﬁ X Rz) is contained in
the set {(z, &), |z] = 1, z L &} of tangent rays to the boundary. The restriction
of (1) to that set may be considered trivial, since (2.11) implies that it is
invariant under rotation.

Finally, for / = E = 0, we can use the last lines of Sect. 2.6, combined
with Theorem 2.7: the measure i . restricted to {§ = 0} = D x {0} is the sum
of an absolutely continuous measure carried by the interior D and a multiple
of the Lebesgue measure on 0.

Remark 2.11 The analogues of Proposition 2.9 and Theorem 2.10 hold as well
in the microlocal setting, for the measure ©°°. In particular, if 1> is the image
of u®°(¢) under the map (z, &, ¢, H) — (E, J), this measure is independent
of ¢. Concerning the compact part ., it is clear from Theorem 2.8 that its
projection on D x R, is absolutely continuous, and its density is |u(x, N>

Remark 2.12 Proposition 2.9 (and Remark 2.11) allows us to complete the
proof of the necessity of the assumption €2 N 9D # @ in Theorem 1.2 when
V does not identically vanish (see the discussion in Sect. 1.6.2). Taking for
instance as initial data u0 := 1//,2% o/ ||W,f ol 2y (see (1.7)) with and n — oo,
then one has |u2 |2dx — (27)~'84p (see Sect. 1.3); more precisely, the Wigner
measures associated with the initial data u? := W,f o/ ||lﬁ,f ollL2() concentrate
on the set {|/| = E}. Combined with Proposition 2.9 (and Remark 2.11), this
shows that 2™ is entirely carried by the set {|J| = E}, and thus Wl itself
does not charge the interior of the disk, where |J| < E. This shows that (1.5)
cannot hold if €2 does not touch the boundary.

2.8 Measures at the boundary

In this section, we define and compare different measures on dID. Given any
invariant measure for the billiard flow (for instance . or u,,; obtained from
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sequences of solutions of (1.1)), we first define the associated “projected
measure” on the boundary. Second, we define semiclassical and microlocal
measures associated with the Neumann trace at the boundary of sequences of
solutions of (1.1). We finally explain the links between these objects.

2.8.1 Projection on the boundary of an invariant measure

We recall the following standard construction from the theory of Poincaré
sections in dynamical systems. We define the sets

SE={z8),lzl=1,46-2>0}, S=sTuUs, 2.21)

which represent the set of outward (S) or inward (S™) pointing vectors, and
the set of nontangential vectors (S).

When (z, &) € ST, we denote as above by a(z, §) = — arcsin (J(Z’s)) the

I&]
angle of the vector & with the normal at z to the disk. The map

P:{(z,6€, 1) e ST xR, t €[0,2cosa(z,&)]} = D x R?

2. E.7) > (z + |;—|oz(s>, az@))

is a measurable bijection onto its image SU(ID x R?), and 77 o P is a measurable
bijection onto its image (recall that 7 is the projection from DD x R? to W). If
W is a nonnegative measure on S U (D x R2) which does not charge S, and
such that m,u is invariant under the billiard flow, then P*_l . must be of the
form

P *_1N“ = MS ®dt
where 15 is a measure on S which is invariant under the first return map

2cosa(z, &)

@8 (Z+ €]

o:(§), Gz(é‘)) :

This implies that

/ §.0:a d,u=/ E]8; (a o P)dp’ ® dt
DxR? {(z,§,71)eSTxR,7€[0,2 cos a(z,£)]}

2
= /S I8l (a (z + %I@,s)%@, oz@)) —az. oz@))) wS(dz, dg)

=/S+ €1 (a(z, &) — a(z, 0:(£))) n°(dz, dE). (2.22)
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Note that the total mass of pis [du = [ 2cosa(z, &)’ (dx, d§).

2.8.2 Semiclassical measure associated to Neumann trace

Let (ug) be a family of initial conditions, normalized in L?(D). When we
look at the semiclassical Wigner distributions (2.5), where we use compactly
supported symbols, Remark 2.4 and Lemma 8.2 show that we may truncate
(ug) in frequency and assume, without changing the limit as # — 0, that
ujy € Hj(D), |Vul)ll2py = O(h™"). Proposition 8.1 then entails that the
boundary data 40, (Uy (t)ug) form a bounded sequence in leOC (R x 0ID).

Now, let ©?. € M4 (T*3D x T*R) be a semiclassical measure associ-
ated with the boundary data 29,u;,(¢) defined by quantizing test functions on
T*3D x T*R with the same scaling (hj, 2 H) in the cotangent variables as
in (2.8). Then 2, is carried by the set (see [25])

0 ={(u, j,t,H) e T*dD x T*R, |j| < V2H).

If u5c and ufc are obtained through the same sequence of initial data, then we
have the relation (see again [25])

/ & -0za pse(dz,dé, t,dH)dt
DxRZxRxR

=/ a(u,EY(j, H)) —a(u, £ (j, H))
7 22H — 2

wl.(du,dj,dt,dH),

(2.23)

valid for any smooth function a. For (u, j) € T*9D with |j| < V2H, the
vectors £ ( j, H) are the two vectors (pointing outwards and inwards, and
coinciding if |j| = v2H) in Tu’“R2 of norm = ~/2H, whose projection to
T,0D is j. Note that the expression under the integral on the right hand side
of (2.23) has a well-defined finite limit as | j| — V2H. Letus point out three
consequences of Identity (2.23):

e First, the measure 5. does not charge the set S defined in (2.21) (otherwise
the left-hand side of (2.23) would define a distribution of order 1 which is
not a measure). Note that (2.23) is stronger than (2.11).

e Second, let ,ugc(t) be the measure associated to ug.(¢) as in Sect. 2.8.1.
Comparing (2.23) with (2.22), we see that for any a vanishing in a neigh-
borhood of S—, we have
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/ a(u, €% (j, H), t, H)u’ (du, dj, dt, dH)
{(u, HeT*ID, | j|<+/2H} xRxR

= / 21&|% cos a(z, £)a(z, E)us (dz, d€, t, dH)dt.
ST xRxR

e Third, (2.23) implies

/ £%a(z, &, t, H)use(dz, d&, t, dH)dt
T*0DxRxR

/ a(u, j, t, Hyul (du, dj, dt, dH).
{(u,j)eT*aD,|j|=v/2H}xRxR

This identity can be obtained by replacing a by 8 x (%) X (%)a in (2.23)
where x € C°(R) satisfies x (0) = x’(0) = 1, and then letting § tend to
zero. In particular, note that MfJ H—0 vanishes, since H = 0 corresponds
to & = 0 on the left-hand side.

Identities (2.11) and (2.23) are essentially proved in [25] (see also [56])
for general domains and for time-independent solutions of (1.1); we do not
reproduce the proofs here.

2.8.3 Microlocal measure associated to the Neumann trace

The sequences considered here u,, = Uy (t)ug are bounded in L (R; L2(D)).
Since normal traces are not convenient to work with at this level of regularity,
the definition of associated microlocal measures needs a little care.

For this, let us define v € C°°(R), such that ¢ = 0 on (—o0, 1]and ¢ = 1
on [2, +00) and the operator A(D;) = Op; (%). We have the following
regularity result.

Lemma 2.13 For all ¢ € C®(R, x D,) with compact support in the first
variable t € R, there exists a constant C = C(¢, ) > 0 such that for any
u® € L2(D), the associated solution u(t) = Uy (t)u® of (1.1)—(1.2) satisfies

IAMD)Qull 2@ 1y < Clulllz2m)-

This Lemma is proved at the end of Appendix A. We now define, for any
g € C°(R), the sequence it, = A(D;)g(t)uy,, solution of

1
(D, + EA) in = ADy) (gOV(1,2) +ig' ) up.  (2.24)
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As a consequence of Lemma 2.13, we have [[in || 2. g1 () < Clluglle(D)
together with

IA(D) (8V (t, Dup +ig' @) unll L2(r: 1)) < C||”2||L2(]D>)'

This, together with Eq. (2.24) and basic energy estimates (see (8.3)) then
implies that || || poo(—7.1): 51 D)) = CT||M2||L2(D) for any T > 0, and that
A(Dy)g(t)o,u, = 0,u, is bounded in L*(R x dD) by ||u2||Lz(D), according
to the hidden regularity of Proposition 8.1. Hence, if we take g to be constant
equal to 1 on the support of a, after extraction of subsequences, the following
limit exists

P . . ~ |H| / i
cay= lim 1im (8,i,. Op, ({1 - x (5 »Jt, H) ) o ’
Wi @) RmenJTW< P (( * ( R? ))a(u ’ )) nun>L2<anR>

for symbols a € C*°(T*(0D x R)), compactly supported in the variables z, t,
such that

a(u, j,t, H) =a(u,rj,t,\*H), for |H| > Ry and A > 1.

Then ,uvgd is carried by the set . If moreover i, and Mf’nl are obtained
through the same sequence of initial data, then we have the relation (see
again [25])

/ 5y ®(dz, d&, t, dH)dt / ! ( 2H )5
- . a u Z, , T, = -\
DxRix?, V2H jl<vza 2 \2H — j?

x (a(u, &% (j, H)) —a(u, £~ (j, H))) ud,(du, dj, dt, dH) (2.25)

valid for any a € Sy. The vectors £¥(j, H) are the two vectors (pointing
outwards and inwards) in 7*R? of norm = +/2H, whose projection to 7,9
is j. As above, this implies that 4° does not charge the set S; we then denote
by ,ufn ;(t) the measure associated to 4°°(¢) as in Sect. 2.8.1. Comparing with
(2.22), we see that for any a € Sy, we have

/ au, £y ), 1, Hyl (du, dj, di, dH)
(u,))eT*ID,|j|<~2H

:/ 2cosa(z, £)alz, &)y (dz, dE, t, dH)dt. (2.26)
S+
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Moreover, (2.25) implies

/ a(Z’s’t’ H),u/oo(dz,dé,t,dH)dt
(.§)eT*dD,|§|=v2H

=/ a(u, j.t, Hyud (du,dj, dt, dH). (2.27)
jl=v2H

These links between the different measures shall be particularly useful when
proving the boundary observability result of Theorem 1.3.

2.9 Plan of the proofs

Section 3 first deals with the understanding of action-angle coordinates and the
appropriate decomposition of measures that are invariant by the billiard flow.
Section 3.1 discusses in more detail the coordinates described in the introduc-
tion, in which the dynamics of the billiard can be integrated, and introduces
the Fourier Integral Operator corresponding to this change of coordinates.
Section 3.2 reduces the study of invariant measures on the disk to their restric-
tion to all invariant tori of the dynamics (more precisely, their restriction to
the level sets Z,,, which are unions of invariant tori).

Sections 4 and 5 are devoted to the proof of Theorem 2.5 (semiclassical
version of the result). In Sect. 4, we perform the second microlocalization on
alevel set Z,: we start by introducing the adapted class of symbols in Sect. 4.1
and the appropriate coordinates (which are a modification of the action-angle
coordinates) in Sect. 4.2. This allows us to construct the two different second-
microlocal measures in Sect. 4.3. We then prove their structure properties in
Sects. 4.4 and 4.5. To complete the analysis, we prove that they obey invariance
laws in Sect. 4.4 and 4.6 respectively. Section 5 then concludes the proof of
Theorem 2.5.

In Sect. 6 we explain how to adapt the proof to obtain the microlocal version,
Theorem 2.7.

The observability inequalities of Theorems 1.2 and 1.3 are then derived in
Sect. 7.

Appendices A and B collect generalities on solutions of Schrodinger equa-
tions: Appendix A is concerned with the localization in frequency of oscillating
sequences of solutions, and Appendix B states and proves the L regularity
in time of Wigner measures.

Finally, Appendices C, D and E are devoted to the technical calculations
needed to change coordinates from polar to action-angle ones.
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3 Action-angle coordinates and decomposition of invariant measures
3.1 Action-angle coordinates and their quantization

Recall that the change of coordinates ®, mapping action-angle coordinates to
cartesian ones, is introduced in Sect. 2.2 (see (2.6)). The map

D:{(s,0,E,J) : E>0,0eR/2nZ,s e R, J € R}
—> {(z,6) e RZx R? : £ #0)

is a diffeomorphism satisfying, in particular,

o1 (D x (R*\{0}))
={(s,0,E,J) : (8,E) e R/27Z x (0, 0), (J/E)* +s* < 1}.

Write for6 € T =R/2n7Z,
w (0) := (—sinb, cosh);
the transformation ® admits the generating function
$(z,5,0,E)=Ew () -z — Es,
meaning that
Graph ® = {(s,0, E, J,z,§) : (z,§) = P(s,0, E, J)}
N N N 85]
E .

== 797E’J77 :_:07 =_7J=__7 -
s ©8) ==y 20 os

The existence of such a generating function implies that the diffeomorphism
@ preserves the symplectic form (see for instance [61, Theorem 2.7]), i.e.

déx Ndx +déy Ndy =dE Nds +dJ Adb.

Using this generating function we define a unitary operator that quantizes
the canonical transformation ®. The operator

U f(s,0) = (271)3/2/00/ e 5@ 0.E) () EdzdE, (3.1)
0 R2

mapping functions on R% to functions on Ry x Ry that are 2w -periodic in
the variable 6, is in fact a classical Fourier Integral Operator associated with
®~! (the choice of the term +/E in this expression is for % to be unitary,
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see Lemma 3.1 below). Noting that § is linear in E, the change of variables
E < E/h allows to recast % in a semiclassical scaling as

o0 LS
%f(s,e)z(znh)—3/2/ / e ()VEdZdE, forall h > 0.
0 R2

(3.2)
Note also from (3.1) that % f can be rewritten as

dE

— oo iEsAE E
U f(5.9) /0 B w(e»f(zﬂ)m,

where f(& ) = fRZ e~'% £(z)dz stands for the usual Fourier transform of f.
Therefore, the Fourier transform with respect to s of 7 f (s, 6) is merely:

@)~ F(Ew ) 1j0,00) (E) VE.
From this it is clear that for any symbol ¢ : R — R one has:

¢ (Ds) % [ =U¢ (D)) f,

and, by Plancherel’s theorem,

dsdb
@2n)?

2w poo 2 oo
/ / Uf(s,0Ug (s,G)dsd@:/ / f(Ew(0)g(Ew (9)E
o Jo o Jo
= (& Nl -

In particular, the following Lemma has been proved:
Lemma 3.1 (i) The operator % is unitary from L*(R?) to L*(R x R/2nZ):
U =1.

(ii) For f € C°(R?), we have 3>U f = U Af.

As a consequence,
—UNU* = -2,

Note that the adjoint operator % * is described explicitly for g € C°(R, x
R/27Z)g) by

o0
U*g(z) = 2m) 2 / / eti5@s0.E) o (s 0)dsdONEdE,
0 sX(R/277Z)g
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for z € R?, and shall be also used in the semiclassical scaling as

S(z,5,0,E)

[ee]
U*g(2) = Quh) 3 / / D o\ dsdoVEdE.
0 sX(R/27Z)g

zeR% h>0. (3.3)

Notation. We denote by Py(z,&) = % the hamiltonian generating the geo-
desic flow inR? xR?;and Py (z, &) = x&y —yé&, the hamiltonian generating the
(unit speed) rotation. We denote by X py = §-0; and X p, = -9, +EL 0¢ the
corresponding hamiltonian vector fields on 7*R?. We denote by G*(z, £) =
(z + t&, &) the geodesic flow (generated by Py) and R” the flow generated by
Py (rotation of angle 7 of both z and &). Note that R® is given explicitely by
R*(z,&) = (R(7)z, R(7)&), where R(7) is the rotation matrix of angle t.

In the new coordinates, these hamiltonians and vector fields are slightly
simpler since Py o & = %2, Py o ® = J together with X pjo0 = Eds; and
X pjod = 0. In these coordinates, the flows G and R* thus admit the expres-
sions

(,0,E,J)—~ (s+71tE,0,J,E), tek,
and
(s,0,E,J) > (s,0+71,J,E), T€ekR,

respectively. Very often, we shall (with a slight abuse of notation) use the letter
J to mean the function P;, and E for the function /2 Py.

3.2 Decomposition of an invariant measure of the billiard

This section aims at describing properties shared by all measures p invariant
by the billiard flow (even if they are not necessarily linked with solutions
to a partial differential equation). It collects a few facts that will be useful
in the next sections when studying measures arising from solutions of the
Schrodinger equation (1.1).

Let (z,£) € D x R2. There exist 11 < 0,# > 0 such that |z + 1 &| =
|z + 1&| = 1. Note that if (z,£) € D x R2, then #; and 1, are unique and
t1 > 0, < 0 (see Fig. 2).

Recall that « € [—m/2, w/2] (defined in Sect. 2.2) is the oriented angle
between —(z+11 &) and £ (that is, the angle between the velocity & and the inner
normal to the disk, at the point where the oriented straight line {z +t&,7 € R}
first hits the disk). See Fig. 2. One has the expression
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xSy - yéx)
&1 '

Our work is based on the following partition of phase space:

o = — arcsin (

D x (RA\(0) =o' (zQN[-7/2, 7/2) L™ R\7Q),

from which the following lemma follows.

Lemma 3.2 Let u be any finite, nonnegative Radon measure' on D x R2.
Then u decomposes as a sum of nonnegative measures:

u = plagzQ + Z Wlo=rm + 1]e=0- (3.4)
reQn=1/2,1/2]

Note that the functions Py, P1, and thus also «, are preserved by the sym-
metry o, and hence are well-defined on the billiard phase space W. Thus the
previous lemma applies as well to measures on W.

In what follows, we shall call nonnegative invariant measure a nonnegative
Radon measure on W which is invariant under the billiard flow. We shall extend
this terminology to measures 1 defined a priori on D x R2, to mean that 7, 1
(the image of 1 under the projection ) is invariant under the billiard flow ¢*
on W.

Lemma 3.3 Let u be a nonnegative invariant measure on W. Then every term
in the decomposition (3.4) is a nonnegative invariant measure, and (U 4 ¢ Q is
invariant under the rotation flow (R"), as well as j1]q=+r /2.

The rotation flow (R7) is well defined on W, so the last sentence makes
sense. The assertion for « = 47 /2 comes from the fact that the rotation flow
coincides with the billiard flow (up to time change) on the set {&¢ = £m/2}.
The assertion for o ¢ 7w Q is a standard fact. It comes from the remark that, for
any given value ap ¢ 7Q, we can find T = T (ag) > 0 such that ¢” coincides
with an irrational rotation on the set {& = ag}. Thus, the measures wu]yg¢rQ
and p]g=-+r /2 are of the form described in Theorem 2.5 (ii) and (iv), and there
is nothing more to say.

Now consider a term (] q=r,z, Where ro € QN (—1/2, 1/2) is fixed. Let us
denote oy = 7ro. Introduce the vector field on T*R2:

CcoS o
(o —a)Xp, + TXPO'

OnthesetZ,, = {J = —E sinayp} itcoincides with X p, up to a constant factor.
We shall denote by ¢(§0 the flow on W generated by (ao—or) X p, + % X p, with

' We denote by M4 (D x RR2) the set of all such measures.
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reflection on the boundary of the disk. More precisely, we have the following
definition.

Definition 3.4 For « € 7Q N (—x/2,7/2), we denote by qbéo the unique
continuous flow defined on W such that

6L (z,8) = R (z + r“l’; |°‘s, s)

whenever z e Dand z + ¢ C‘l)é“ég“ e D, with @ = — arcsin &1 |(§|’5).

In the coordinates (s, 6, E, J), this flow simply reads

¢or¢0 o®(s,0,E,J)=d(s+71cosa,d + (ag — )T, E, J),
o = —arcsin(J/E),

with reflection on the boundary of the disk.

All its orbits are periodic: actually, we determined the coefficients (oo — )
and <% precisely for that purpose, see Fig. 3. Some trajectories of the flow
are represented on Fig. 4.

Since ¢, coincides with the billiard flow on the set {& = a}, we have now
proved the following lemma.

Fig. 3 Construction of the flow ¢g, with ag = 7/6. On the figure, (z',§') = (z + 2C‘|’§|"‘.§, £)
and (z", &) = R¥ 0= (/&) = 92 (z,€)
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io (Za 51)
qb?xo (Zv 52)

Q%O (2, 53)

Fig. 4 Approximate representation of some trajectories of the flow ¢(§0 with g = /6, issued
from (z, ?;‘j) with z = (—1, 0) and Ej,j € {1, 2, 3,4} such that x(z, 1) = 0, a(z, &) = «ap,
a(z,83) € (g, /2) and «e(z, §4) = 7/2

Lemma 3.5 Let 1 be a nonnegative invariant measure on W. Then, for all
a € CO(W) and all T € R, we have

/a O(péodlﬂazao = /ad/fﬂa:ao-

Equivalently, we have for all a € C°(W)

/adﬂ—hx:ao :/<a>a0d,u-|a=a07

where

1 T
(@)ey = lim T/O ao gy, dt.

T—+o00

Remark that (a), is well defined even if a is a bounded measurable function
on I (the times T where the trajectories of ¢, hit the boundary form a set of
measure 0 in R).
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4 Second microlocalization on a rational angle

This section and the next one are devoted to proving the semiclassical version
of our result, Theorem 2.5.

Let (u)) be a bounded family in (D). Denote by u(z, t) = Uy (1)u} (z)
the corresponding solutions to (1.1). After extracting a subsequence, we
suppose that its Wigner distributions W}, (defined by (2.5)) converge to a semi-
classical measure g in the weak-* topology of D’ (]R2 x R? x R, x Rpy).
The measure 5. € L ([R;; My (R? x R? x Ry)) is fora.e. r € R supported
by D x R2 x Ry N {H = £},

From now on, we skip the index sc to lighten the notation since there is
no possible confusion here (only semiclassical measures are considered until
Sect. 6).

The aim of this section is to understand the term ] Tag? where 7o, = (o =
oo} and ag € Q. In view of Lemma 3.5, it suffices to characterize the action
of u] T, ON test functions that are (d)éo)—invariant.

4.1 Classes of test functions

Here is a list of properties that we may want to impose on our symbols in the
course of our proof. We express these properties both in the “old” coordinates
(x,y,&x,&y) and in the “new” ones (s, 0, E, J).

Definition 4.1 Let a be a smooth function of (x, y, &, &y, t, H), supported
away from {§£ = 0}. Then a o ® is a smooth function of (s, 6, E, J, t, H)
supported away from {E = 0}. We shall say that a satisfies Assumption

(A) if the symbol a is compactly supported w.r.t. £, t and H. This is equivalent
to a o @ being compactly supported w.r.t. s, E, J, t and H. Note also that
a o P is 2w -periodic w.r.t. 6.

(B) iffor |z| = 1, we have a (z,&) = a o 0 (z, &) where o is the orthogonal
symmetry with respect to the boundary of the disk at z. In the coordinates
of Sect. 3.1, this reads (forgetting to write the (¢, H)-dependence of a)

ao®d(cosa,0,E,J)y=aod(—cosa,0 + 7 + 2, E, J)

for all 8, E, J and for « = — arcsin (%) Terminology. In what follows,
we shall say that a is a smooth function on W if a is a smooth functon on
D x R2 that satisfies (B).

(C) if a satisfies (B), and, in addition, if a o 71 0 ¢ defines a smooth function
on W for all 7. This is equivalent to requiring that

0¥ (a0 ®) (cosa, 6, E, J) = 5 (a o ®) (—cosa,0 + 7 +2a, E, J)
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for all k, for all 6, E, J and for ¢« = — arcsin(%). In other words, all the
derivatives of a o ® w.r.t. s satisfy the symmetry condition (B).

(D) if the function a satisfies (C), and in addition, a is ¢50—invariant, which
reads

cos o
(@0 —)xp +==Xp)a=0.
or, in the new coordinates,
[(@g — @)y + cosadgla o ® = 0.

Furthermore, to fix ideas, let us assume that the support of @ with respect
to ¢ is contained in (—1, 1). This implies that

Wi(a) = (g(t)up, Op, (a(z. h&, t, K> H)g(O)un) 2 g2 my + O (h™)
= (g(t)un, Opy(a(z, &, t, hH)g()un) 22 xg) + O(h™), (4.1)

for any smooth cut-off function g supported in (—2, 2) and taking the value
1 in a neighborhood of [—1, 1]. In other words, we need only consider the
restriction of u,(z,1) tot € (=2, 2).

4.2 Coordinates adapted to the second microlocalization on Z,,

We wish to study the concentration of W, around the set {J = —FE sin «p}.
If the limit measure (® 1), is supported on the set {E£ = V2H } this is
equivalent to studying the concentration of W}, around {J = —+/2H sin ag).
Since this assumption is satisfied for sequences (uy) satisfying (1.8), we shall
study the concentration of W), around this set. The reason why it is more
convenient to localize in H than in E is that D; is tangential to the boundary
of R; x D, (and hence commutes with the equation, at least when V' is time-
independent), whereas | D, |, or A (the Laplacian on R?), are not. Note that in
the associated stationary problem studied in [3], the measure is concentrated
on {E = Ey} for a fixed positive constant E, so that we do not need the
introduction of the FIO ¥/, which simplifies the analysis.
Thus we make the (symplectic) change of variables

0 sin o
s,0,E,J —~/2H sinag, t' + ,H)=(S,9,E,],I,H)
( ~2H
which sends {J' = 0} to {J = —+/2H sinag} and leaves untouched the

variables (s, E).
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Consider the corresponding Fourier Integral Operator (which leaves
untouched the variables (s, E), omitted here from the notation): for f €
CX(Ty x Ry), we set

Y £(0, H) = ()~ 1/2eiV2H sinaob/h / (O, htye HHI/ gy,
Note that 17 f (6, h?H) is in fact h-independent.
Lemma 4.2 Ifb € C°(Rg x Ry x R; x Ry), we have
Y Opy (b0, hJ,t, *H))V* = Op,(b(0, J', H ht)) + O(h),  (42)
where b(0, J', H, ht) = b(0, J' — ~/2H sinag, —ht, H), and
VYV*E=1. (4.3)

Remark that Eq. 4.2 applies to functions depending on the variables
(0, H), their “dual variables” being now (J’, ).

Proof First notice that we have
rj/*g(e’ t) — (27_[)—1/2]1—1 /g(e’ H)eth/hze—i«/ﬁsinaOQ/hdH'

Second, we may now compute A := ¥ Op (b, h,t, h>H)) ¥ *elloH/h
!9 M 1y _ 11, 9=,- We have the exact formula

A = Qrh)~! V2T sinaoeo/h/b(eo, Jo — ~2H sinag, ht, H)

Xeth/heiHl()/heiJ()Qo/he—i\/2H Sincon()/he—iHot/hdet.

Note that this expression is exact and thus does not involve the derivatives
of b w.rt. 6 or J. Taking b = 1 in this expression gives the exact formula
A = eltoHo/hei ot/ \which proves (4.3).
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We carry on the computations with a general b. After a change of variables,
A is now equal to

A = (27h)~ el V2Hosinaobo/ h i Joto/ / b6, Jo — ~/2H sinag, ht, H)

% eiH(t-H())/he—iv 2H Sinot()e()/he—l'H()l‘/hdet
— (27Th)—leiH()lo/hel\/2H() Sinao@o/hei]()eo/h

x /b (90, Jo — /2(H + Ho) sina, h(t — 1), Ho + H)

% el'Ht/he—i«/Z(H-l—Ho) SiHOlo@o/hdet'

Standard application of the method of stationary phase shows that this expres-
sion is of order O (h*°) if Hy is outside the support of b. Besides, the phase has

sin apbp

a single nondegenerate critical point at (¢, H) = ( NI 0), so that uniformly

in to € R the method of stationary phase yields

A= (271']’[)71 eiH()t()/hei«/2H() sin a()l?()/heif()@()/h

. . . sin opbp
x ((Znh)e W2H0“““090/hb(90, Jo — /2 Hp sin a, h( — 10+ T ) Ho))
+0(h).

This is
A = ¢l Hoo/h i dofo/hy, (90, Jo — /2Hy sin atg, —ho, Ho) + O,

where O (h) is uniform if 6y stays in a fixed compact set. This concludes the
proof of (4.2). O

Recalling the definition of Wj,(a) in (2.5), we thus have
Wi(a) = (VU un, (VU Opy(a(z, &, t, RH)YU™ V)V U un) 12, xTy xR )
= (VUup, Opy(b(s,0,J', E, H, ht )V U up) 12w, <1y xiy) + O(h)
where
b(s,0,J,E,H ht)) =ao®(s,0,E,J —~2Hsinag, —ht, H), (4.4)

and Ty = R/2rZis the circle in which the variable 6 takes values. By (4.1), uj,
may actually be replaced by g (¢)uj, (being compactly supportedint € (-2, 2))
in this formula, so that it is safe to apply #" to Z u,.

To work in our new coordinates, we now define

(i, b) = (Y U un, Opy(b(s, 0, E, J', Hyh)V W) 2. xryxiyy (4-5)
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for symbols b that satisfy

(A) the symbol b is compactly supported w.r.t. s, E, J', t and H, and 27-
periodic w.r.t. 6.

We then recover Wy, (a) = (wy,, b) + O (h) with b and a linked by (4.4).

Remark 4.3 Note that the bracket (4.5) can also be written as follows

(wp, b) = (VU up, Opy(x0(©)b(s,0, E, J', H, ht))V U un) 2R, xRy xR )
(4.6)
for any xo € C°(R) satisfying D> ., x0(0 + 2mk) = 1 on R. Indeed, we
have
Op;, (x0(6)b) = x0(8) Opy, (D) 4.7)
(because Op denotes the standard quantization) and we write for any 2m-

periodic function f € L} (R), [ x0(0)f(©)d0 = [ f(0)d6. Because
of (4.7), we may also take xo = 1(0,2~) when needed.

4.3 Second microlocalization

We now introduce two auxiliary distributions which describe more precisely
how wy, concentrates on the set

_ J
(5,60, E,J, H, 1) e d (D x (R*\{0}))) x R?, such that — —— = sin g

V2H

(whose intersection with {E = «/2H} is equal to Zo, N {E = ~/2H}).
For this, we define an appropriate class of symbols depending on an
additional variable 1, which later in the calculations will be identified with

J J++/2H sinag

R I :

Definition 4.4 e We denote by S the class of smooth functions
b(s,0,E,J n, H, t)onR’, supported away from { E = 0} and that satisfy
condition (A) in the variables (s, 0, E, J/, H, t), and, in addition,

(E) b is homogeneous of degree zero at infinity in n € R. That is, there
exist Ry > 0 and bhom € C®°(R* x {—1, +1} x R?) such that

b(S,@,E, J/v ny H! t) :bhom (S,Q,E, J/v %7 Hs t) k]
n

for |n| > Roand (s, 0, E, J', H, 1) € RS.

e We denote by S¢ those symbols b € S that satisfy conditions (B) and (C)
(for all n, H, t, omitted here from the notation):
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(B) b(cosa, 0, E,J') =b(—cosa,0+m+2a, E,J') forall9, E, J’, and

for « = — arcsin (@)
(C) *b(cosa, b, E,J') = d*b(—cosa, 8 + 7 + 2a, E, J') for all k, for
all g, E, J', and for & = — arcsin @ '

e Wedenote by S5 those symbols b € S satisfying the invariance condition
(D) (for all n, H, t, omitted here from the notation):
(D) [(ag — )0y + cosadg]b(s, 8, E,J) = 0 forall 5,6, E, J', and for
a = — arcsin (@)
Let x € C°(R) be a nonnegative cut-off function that is identically equal
to one near the origin and let R > 0. For b € S, we define

<wz?R, b> = <“//?/uh, Op,, ((1 — X(;h))xo(e)b(s, 0,E,J, JZ, H, ht))

"//%uh> ,
L2(Ry xRy xRpy)
and
J’ J’
(wag.n, k. b) == <7/a2/uh, Op,, (x (E)Xo(e)b(s, 0,E,J, o H, ht))
7/52/uh> , 4.8)
L?2(RgxRg xRp)

where xo is as in Remark 4.3.

The Calder6én—Vaillancourt theorem [ 18] ensures that both wa’R and wyq 1, R
are bounded in 8’. After possibly extracting subsequences, we have the exis-
tence of a limit: for every b € S,

o 1 . 7
(0. b) = Rlimoohlgg+<whﬂ’b>’
and
(Mao,b) = lim lim (wao,h,R,b>. 4.9)

R—00 h—0t

Positivity properties are described in the next proposition.

Proposition 4.5 (i) The distribution u*° is a nonnegative Radon measure
being 0-homogeneous and supported at infinity in the variable n (i.e.,
it vanishes when paired with a compactly supported function). As a
consequence, U*° may be identified with a nonnegative measure on
R* x {—1,+1} x R, x Ry.
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(i1) The projection of Ly, 0N R?’Q’EJ/ X Rlzq,t (that is, fR Moo (dN)) is a non-
negative measure, carried on {J' = 0}.
Moreover, both 1y, and u* are carried by the set {E = ~/2H}, as can
be seen from Proposition 8.3. Note also that the argument of Proposition 9.1
proves that %0 enjoys L regularity in the time variable.

Proposition 4.5 (i) is proved at the beginning of Sect. 4.4, whereas (ii) shall
be a consequence of Sect. 4.5.

Remark 4.6 If a = a(z, &, t, H) is a continuous function on D x R? x R?, let
us define

ma() (a) = /_,LO{O (b]]-j/:()) ’
mao(a) = Mo{()(b)'

where b(s,0, E, J',H,t) =ao®(s,0, E, J —+~/2H sinag, —t, H) (a func-
tion that does not depend on the additional variable n). Then we have

Wz, = M + g, (4.10)

Thus, understanding ¢ 7, AMounts to understanding both m*® and m,,, which
we shall do by understanding the structure of ©*° and .. Note that, as a
consequence of Proposition 4.5, the distributions m,,, m*° are positive.

Let us continue describing properties of the distributions 14, and ©*°. The
following proposition states that they are both invariant under the billiard flow
(in the coordinates (s, 8, E, J')).

Proposition 4.7 The distributions iy, and u*° enjoy the following property:
<lu’0l()a E 9;b) =0, <Ma0’ E dsb) =0

for every b € §°.

The proof of this result uses as a “black-box™ the technical calculations
developed in Appendices C and D. The main point of these calculations is to
understand how an operator of the form

U*Op,, (P(s,0,E, J,t,hH)) %

preserves or modifies the Dirichlet boundary condition, according to the prop-
erties of P (the technical difficulty is that our new coordinates (s, 8, E, J),
well-adapted to the dynamics, are not adapted to express the Dirichlet bound-
ary condition). More precisely, in the appendices we perform the following
technical constructions:
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(1)

2)

3)

“)

In Appendices C and D the operator % * Op;,(P(s,0, E, J,t, hH))%
is expressed (modulo a small remainder) as a pseudodifferential oper-
ator A, j2p,(P) on R? x R (defined in Definition 11.2) in polar
coordinates

z = (—rsinu, rcosu).

Note that the polar coordinates are the ones adapted to our boundary
problem, since the boundary is given by the equation » = 1. Thus we
have

lim(up, % Opy, (P(s, 0, E, J, t, hH)) % up) = lim(up, A, y2p, (P)up).
In Appendix D (see Definition 11.3), we then introduce a pseudodif-
ferential operator A, ;2 (P), having the property that the symbols of

A, n2p,(P) and A, 2 (P) coincide on {|§ |> = 2H}. More precisely, we
are able to prove (Lemma 11.5)

lim (., A, e, (Pun) = Tim (un, A, 2 p, (PYur)

if (up,) is a solution to the Eq. (1.1).
The explicit expression of A, ;2 (P) reads

A(r,u, h/2D;, hDy, t) + B(r,u, h\/2D,, hDy,t) o hD,  (4.11)

modulo terms of order O (h), where z = (—r sinu, r cos u) is the decom-
position in polar coordinates. The functions A, B, C, D are expressed
explicitly in terms of P in Definition 10.6. If P satisfies the symmetry
condition (B), then B = 0 forr = 1.

Finally, we show in Proposition 12.2 that

. - ) ihA ~
}}I_%Wh, .At,tht(E ds Pup) = }}I_TR) <Mh, |:—T, At,h2D,(P)i| uh>

where A is the laplacian on R

With this in hand, we may now prove the proposition.

Proof of Proposition 4.7 We prove the statement for 14, and, to this aim, we
consider the function P (depending on both parameters R and /) defined by
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P(s,0,E,J,t, H)
J + 2H si
— b(s, 0.E. ] +2H sinag, - SN0 g —z)

(J+«/2H sinao)
X X .

Rh

(4.12)

To prove the result for 10, the argument would be the same with the function

h
x(l—x)(J—i_\/zHSinaO). .13)

_ J++/2H si
P(s,0,E, J,1, H)=b(s, 0. E. J+~/2H sing, Y= S0y —t)

Rh

With b and P related by (4.12), and writing in the next few lines limg ; for
limg_, o0 limy,_, o+, we now compute

(ay, E 05D) = r%(wao,h,R, E 3sb) = 11i2I2<7/%uh’

Op,, (E O P(s,0,E,J —~2H sinag, —ht, H)) “//‘02/uh>
L2(Rs xTo xRg)

= lim (%un, Opy (E ;P (5,60, E, J, t, hH)) %) 2 7y m, >

where the last line is a consequence of Lemma 4.2. Using now the remarks
preceding the present proof (proved in the appendices), we obtain (with A
being the Laplacian on R?)

(Iay» E d5b) = 1112 (un. A; p2p, (E 05 P)up)

:%n}}<uh [——A+th hd Ao, (P)]uh> (4.14)
. ih duy

= llén}}<? ! ®83D,At,thI(P)uh>
. ihou

_1%1<uh A, 2, (P )——”®53D> (4.15)

@ Springer



Wigner measures and observability for the... 537

The last line (4.15) comes from the fact that uj, extended to R? by the value
0 outside ID, satisfies

ih ) ihouy
——A+ihV —ho Jup, = —— ® dyp (4.16)
2 2 on

where A is the laplacian on R?. The previous line (4.14) holds simply because
the additional terms 2V and /0, give a vanishing contribution as &7 — 0 (if P
depends on ¢, we can write [10;, A, 2 p, (P)] = hA, j2p, (0; P)).

We use now the explicit expression (4.11) of j,’ n2p, (P), modulo terms
that vanish at the limit. Using the fact that uj, satisfies Dirichlet boundary
conditions, and the fact that B vanishes for r = 1 if P satisfies the symmetry
condition (B), we see that the last line (4.15) vanishes.

Note that only the limit # — 0 was actually used, so that the result holds
even before taking the limit R — 4o00. O

Note that Appendices C and D provide with identities modulo O (h?). Here
we only used these results with remainders of order O (h); the full results of
Appendices C and D shall be used in the next sections.

Remark 4.8 More generally, let b(s,0, E, J,n, H,t) be a smooth func-
tion on R x R/27Z x R with bounded derivatives, and compactly
supported w.rt. s, E, J, H,t. Let P(s,0,E,J,t,H) = b(s,0,E,J +
~/2H sin «, w H, —t). Then, the same proof yields,without using
the symmetry condition (B), the formula

J/
lim<7/%uh, Op,, (E dsb(s,0, E, J',— H, ht)) 7/02/uh>
h h L2(Ryx Ty xRp)

= lim (% uy,, Opy, (E 95P(s, 6, E, J, 1, hH)) % ui) 2z o,z

3 9
- —1im<hﬂ, B(1,u, h\/2D,. hD,. r)hﬂ>
h on n L2(8]D)><]R)

(4.17)
where B is the function associated to P by the formulas of Definition 10.6.
Again, if P satisfies (B), the operator B(1, u, h\/2D;, hD,,, t) vanishes.

This formula, relating the semiclassical measures of boundary data to the
semiclassical measures of interior data, is analogous to formula (2.23) but is
expressed in a different set of coordinates.

Applying (4.17) to P instead of P (that is, b instead of b) has the fol-
lowing consequence that will be used later on:

@ Springer



538 N. Anantharaman et al.

lim (% up, Oy (P + 50, P)(s, 0, B, J, 1. hH) Y th), 25,
9 9
- —1im<hﬂ, (E~2P)° (1, u, h\/2D,, hD,. z)hﬂ> (4.18)
h on n L2(8DXR)

with the notation (10.5).

The following result states that both £** and 4, have some extra regularity
(for two different reasons).

Theorem 4.9 (i) The measure u*° satisfies the invariance property:
(10, 3gb) = 0, for every b in Sg . (4.19)

(i) The distribution py, is concentrated on {J' = 0} and its projection
onto the variables (s, 0) is a nonnegative absolutely continuous measure.
More precisely, we can write

/b(s, 0.E, J, H,1)ig,(ds,d0,dJ, dn,dE,dH, dr)

=/(/b(s,9,E,O, H, t)dvE,H,,(s,G)) Za(,(dE,dH,dt)

where an is a positive measure on Rg x Ry x Ry, and for almost all
E, H,t,vg g is apositive measure on Ry x R /27w Z which is absolutely
CONLINUOUS.

Section 4.4 is devoted to the study of the properties of «*° and gives the
proofs of Proposition 4.5 (i) and Theorem 4.9 (i). The study of the structure of
Maq 1 performed in Sect. 4.5 using the notion of second-microlocal measures.
This structure will imply (2.13) in Theorem 2.5 (iii). In particular, we prove
at the end of Sect. 4.5 that it yields Theorem 4.9 (ii).

4.4 Structure and propagation of p*

In this section, we prove Proposition 4.5 (i) and the invariance property given
by Theorem 4.9 (i).

The positivity of u*° can be deduced following the lines of [21] Section 2.1,
or those of the proof of Theorem 1 in [23]; or also Corollary 27 in [6]. The
argument will not be reproduced here. Given b € S there exists Ry > 0 and
bhom € C° (R* x {—1, +1} x R?) such that

b(s.0.E. J' 1. H.1) = bhom (s,e,E,J/,|’7—|,H, z), for |n] > Ro.
n
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Clearly, for R large enough, the value (wZ?R, b) only depends on by, . There-
fore, the limiting distribution ©*° can be viewed as an element of the dual
space of C2° (R* x {—1, +1} x R?). Its positivity implies that it is a measure,
which proves Proposition 4.5 (i).

We now prove the invariance property of Theorem 4.9 (i). Let b € S, and
define P as in formula (4.13). Because of property (D) in the definition of the
class S5, we have:

3 P (s,e, V2H. .1, H) S B (s, 0.~2H.J H. r) (4.20)

o) — o
where o = — arcsin(ﬁ). The crucial point in what follows is that
cosa | _ € 4.21)
oy — o hR

on the support of I3(s, 0,v2H, J,t, H).
Recall that by definition

(4%, 9pb) = lim lim <wgf>R,agb>.

R—o00 h—0t

Let us first fix R and study the limit 7 — 0. Arguing as in the proof of
Proposition 4.7, we have

Jim, (5% d6b) = tim (% s, Opy (96 P (s, 0. B, J.t.hH)) % )

|
A (47
o, ()

. cos o ~
= lim up, At,th, - (()[0 — a) 8YP up

after having used (4.20). Now using (4.21), we obtain

L2(RyxToxRy)

lim < L b>
josg \ R

. ih cosa  ~ .
=lim up, —7A+th ]’lat,AchDr —mp up +0(R )
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ih duyp ~ cosa  ~
=lim{——— ® §p, A ——P
1m<2 o & 00D f'th'( E(a — ) )uh>

cos P ihauh®8 +0(R_1)
E (oo — ) w

2 on
(4.22)

— lim <uh, ./Zl',’th[ (

where we used again (4.16).

But A, j2p, (— Ef;(‘?f‘ ) P) equals (modulo terms which only add an error

O(R™1) to the whole calculation)

cosa(hDy, h*Dy)
h/2D;(ag — a(h Dy, h? Dy))

cosa(hDy, h*Dy)
h2D, (a0 — a(h Dy 12D)

—A(r,u, h\/2D;, hD,, 1)

r

—B(r,u, h\/2D,;, hDy, 1)

where z = (—r sinu, r cosu) is the decomposition in polar coordinates, and
A, B are the functions associated to P by the formulas of Definition 10.6.

If P satisfies (B) then B = Oforr = 1.Since u i satisfies Dirichlet boundary
conditions, we see that the last terms in (4.22) vanish.

To conclude the proof of Theorem 4.9 (i), we take R — +o0 after taking
h — 0, so that the terms estimated as O (R~!) vanish.

4.5 Second microlocal structure of uy,

If H is a Hilbert space, we shall denote by £(H), K(H) and £ (H) the spaces of
bounded, compact and trace class operators on . It is well known that £! (H)
is the dual of /JC(H) (see e.g. [53, Section VI1.6]). A measure on a polish space T,
taking values in £' (H), is defined as a bounded linear functional p from C.(T')
to LY (H); p is said to be nonnegative if, for every nonnegative b € C.(T), p(b)
is a nonnegative hermitian operator. The set of such measures is denoted by
M_(T; L' (H)); they can be identified in a natural way to nonnegative linear
functionals on C.(T; KC(H)). Background and further details on operator-
valued measures may be found for instance in [23].

For each w € T = R/27nZ, we recall that ‘H,, defined in (2.12), is the
space of functions f on R satisfying f(8 + 27) = f(#)e'® and that are
square-integrable on (0, 27).

We shall denote by K™ the space of operators on L?(RR) whose kernel K
satisfies K (0 + 2,0’ +27) = K (0, ') and that define compact operators on
each H,,. Each Hilbert space H,, is isometric to L(0, 27) (just by restricting
functions to (0, 2)), and in this identification the kernel of K acting on H,,
is given by
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Ko(®.0") 1= 1021 ) L02m 0 DK (0.0 +27n)e™. (4.23)

nez

The idea of the Floquet-Bloch theory (see e.g. [52, Section XIII.16]) is that it
is completely equivalent to know K (6, 6") and to know K, (6, 0’) for almost
all w, by decomposing

(&)
L*(R) = / Hydw.
0,27)

In particular, we recover K from (K)geT by

K(@,Q/):/Kw(Q,G/)dw.
T

Besides, the operator with kernel K is nonnegative (resp. bounded) if and only
if K, is nonnegative (resp. bounded) for a.e. w.

Examples of operators in K> are, given a symbol b € S and parameters
R,h,t, H,s, E, furnished by

Kb,h,R(S’ E, H7 t) = b(s7 01 Ev hDg’ DG’ H? t)X(D@/R). (4'24)

Note that, as » — 0, we have Ky, s r(s, E, H,t) = Kpor(s, E, H,t) +
Or(h).

If b satisfies the symmetry condition (B), note that the operator
Kpo.r(s, E, H, t) has the property

K(cosa, E,H,t) =R oK(—cosa, E,H,t) o Ry42q, 4.25)

—1
T+2a
where R is a translation operator on L*(Rp): R, f(0) = f(0 —«a) and where
o= arcsin(—vzHgin“O). In particular,

K (cosag, v2H, H,t) = R

T+200 © K(—cosag, V2H, H,1) o Ry 24,.

(4.26)
Remark 4.10 The fact that the orbits of the billiard flow are periodic on Z,
(g € Q) is reflected in the fact that the function s — K (s, ~/2H, H,t) is
periodic, if K satisfies (4.26).
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For K € C®° (T, x Ry x Rg x Ry x Ry; K (L?(0, 277))), let us define:

2 h |[H
o _ -2 _
(n3°, K) = (2mh) / z inacV 2

-0
=" W,V H sina) h=w(21)

/ / /
/“/ . H/I(Xoy%uh(s VHY), K (.5, E,H' ht) xo¥ % un(s, H)) 20 5,
x e EC =0 h it H=ID/hgs 4 ds' dH' dt de (4.27)
where xo is 1(0,27) as in Remark 4.3. This can be rewritten as

(X0V U up, e%/)(Oaf/@/’/lh)LZ(]RS><]RILI,L2((),27-[)),

where %" is the pseudodifferential operator with operator-valued symbol:

, 2 h [H ,
k(s, E, H', ht) = > , —K (w,s,E, H', ht) do.
sinag V 2

©=0 4 V3 sinao/ h=w ()
(4.28)

Remark 4.11 As noted earlier, it is equivalent (by the relation (4.23)) to con-
sider a family K (w) of kernels on (0, 27'[)2 and a kernel K on R?2 satisfying
K@©,0) = K(© + 27, 0" + 27). With this identification in mind, formula
(4.27) amounts to

(27rh)_2/ (0¥ U un(s', H'), k (s, E, H', ht) VU wy (s, H)) o
s, E,H,H' t

x e E6" =)/ it H' =)/ hgoqpas' dHd H' dt

= (Xo”f/%uh, k (s, hDs, h*D;, t) ”//?/uh) (4.29)

L2(Rs xRy, L2 (Rp)) *
The motivation for rewriting (4.29) in the apparently more complicated form
(4.27) is that it will be more convenient to use the compact operators K (w) on
each H,, than the non-compact operator K on L2(R).

The relevance of definition (4.27) for us is that we have the relation

<wa0,h,R» b) = (n(;:o, Kb,h,R)
= (15", Kp,0.8) + Or(h), (4.30)

where Kj j, g was defined in (4.24).
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Proposition 4.12 Suppose (u%) is bounded in L* (D). Then, modulo taking
subsequences, the following convergence takes place:

21
lim (nzo, K) =/ /
+
h—0 0 sXReg xRy xRy

Tr{K (w,s, E, H,1) po, (dw,ds,dE,dH, d1)} 4.31)

forevery K € C°(T, x Ry xRg x Ry x Ry; IC(L?(0, 271))). In other words,
Pag 1S the limit of nzo in the weak-* topology of

D' (T, x Ry x Rg x Ry x Ry, £ (L*(0, 27))) .

The distribution py, is a nonnegative, LY(L%(0, 27))-valued measure on
R/2n7Z x Ry x R x Ry x R;.
In addition, py, is supported in {s € [—cosag, cosapl, E = ~v/2H}.

Proof Note that xo¥ % uj,(s, H) is bounded in L?>(Ry x Ry, L(0, 27)). The
Calder6on—Vaillancourt theorem [18] gives that the operators K with symbols
of the form (4.28) are uniformly bounded with respect to 4. Therefore, the
linear map

Ly: K — (n;°, K)

is uniformly bounded as 4 — 0. As a consequence, for any K, up to extraction
of a subsequence, it has a limit /(K).

Considering a countable dense subset of C2°(T,, x Ry x Rp x Ry x
R,: K(L3(0, 27))), and using a diagonal extraction process, one finds a
sequence (h,) tending to O as n goes to +oo such that for any K €
CPR/2nZ x Ry x RE x Ry x Ry; IC(L?(0, 27))), the sequence Ly, (K)
has a limit as n goes to +00.

The limit is a linear form on C2°(T, x Ry x Rg x Ry x Ry; KC(L2(0, 27))),
characterized by an element pg, of the dual space D'(T,, x Ry x Rg x Ry x
R, L1(L?(0, 27))).

The positivity of the limit is classical. Note that it is immediately seen in
the expression (4.29). a

Comparing with (4.30), we obtain the following result.

Corollary 4.13 For every b € S, we have
/b(s, 0,E,J,n H,t)e,(ds,d0,dJ,dn,dE,dH, dt)

=TrL2(O,2ﬂ)/Kb’0’oo(S,E,H, t)w pao(da),ds,dE,dH,dt).
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Remember that K 0 r(s, E, H,t) = b(s,0,0, Dy, H, t)x (Dg/R), so that
Kb,O,OO(Sv Ev H’ t) = b(s7 95 Ov D@v Hv t)'

Corollary 4.14 If b does not depend on n then the above identity can be
rewritten as:

/b(s,Q,E,J, H, e, (ds,d0,dJ,dn,dE,dH, dt)
:TI‘LZ(O’Zn)/mb(S,E,H, t) ,an(da),ds,dE,dH,dt),

where my (s, E, H, t) is the multiplication operator by b(s, 0, E, 0, H, t) act-
ing on L?(0, 27).

Note that fb(s,@, E,J, H, t)gy(ds,d0,dJ,dn,dE,dH,dt) > 0if b
does not depend on 1 and b > 0. Thus the projection on jy, on the variables
(s,0, E, J, H,t) defines a nonnegative measure.

We finish this section by explaining why this implies Theorem 4.9 (ii). The
fact that pq, is carried by the set {J’ = 0} is obvious from the last line of
Corollary 4.14.

If b € §° does not depend on 5, Proposition 4.7 implies that

/b(s, 0.E,J, H, 0o (ds.d6,dJ, dn,dE, dH, dt)
- /(b)ao(e, E,J, H, t)iay(ds,d0,dJ, dn, dE, dH, dt).

We know from Sect. 2.8.2 that © = . does not charge the set S. Since
Moy < u by (4.10), the measure j1q, does not charge the set {s = % cosap},
and the previous equality actually holds for all b € S. Thus for all b € S we
get the formula

/b(S,Q,E, J,H, gy (ds,dO,dJ,dn,dE,dH, dt)
:TrLz(O,Zn)/m(b)aO(E’Ov H,t) poy(dw,ds,dE,dH, dt)
:TrL2(0,2n)/m(b)a0(E’Ov H, 1) ﬁao(dE,dH, dt),

where pq, is the measure pg, integrated with respect to @ and s.

The Radon-Nikodym theorem [23, Appendix] implies that the operator
valued measure pq, can also be written as py, = aaoﬁao where an = Tr(pay)
is a nonnegative scalar measure on Rg x Ry x Ry, and

Gap : RE x Ry x R, — L1 (L*(0,27)),
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is an integrable function with respect to an, taking values in the set of non-
negative trace-class operators on L2(0, 27). Note that Tr(6q,) = 1. For all
b € S we finally get the formula

/b(s, 0,E,J, H,t)ua,(ds,d0,dJ,dn,dE,dH, dt)
- / (TrLz(()’Qﬂ)m(b)aO(E, 0, H. 1) 64y(E, H, z)) loo(dE, dH, d1).

Let us fix (£, H, t) and define

/b(s’ 9, Ev 07 H! t)dvE,H,l(Sv 0)

= TrLZ(O’Zn)m(};MO (E, 0, H, t) &aO(E, H, t)

This formula, defined a priori for continuous b, extends to » measurable
with respect to (s, 0). If b(-, -, E, 0, H, t) vanishes for Lebesgue-almost every
(s, 0), the multiplication operator M (b, (E, 0, H, 1) vanishes on L%(0, 27),
and

TrLZ(O’Zn)m(bMO (E, O, H, t) &ao(Ea H, [) = O,

which proves that the measure vg g ; is absolutely continuous as announced
in Theorem 4.9 (ii).

4.6 Propagation law for p,,

We now show that the operator-valued measure pq, constructed in the previous
section possesses some invariance properties. Below, the notation (V') o, stands
short for the function (V)q, 0o ® (s, 8, E, —E sin g, t), a function that actually
does not depend on s and is 27 -periodic in 6.

Proposition 4.15 (i) If K satisfies (4.26), we have
TYL2(0,27:)/E 05K (w,s,E, H,t) poy (dw,ds,dE,dH,dt) = 0. (4.32)

(i) If in addition K (s, ~2H, H, t) does not depend on s, we have

82
/Tr(— cos’ g & K +i [—39 + 0% ap(V ) gy K} )(a), s, E, H,1)
w

puy (dw, ds, dE, dH, dt) =0, (4.33)
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8?2 S .
where [—7" + cos” ap(V )y, Ko means that we are considering 892 acting

on 'H,, (in other words, L2(0, 27) with F. loquet-periodic boundary condition
(f (0 +2m) = f(0)e'?).

The proof of this key proposition is postponed to the end of this Section.
Let us first draw some of its consequences in view of Theorem 2.5.

2

Remark 4.16 Proposition 4.15 (ii) implies the following. Take K = a(w,
E, H,1)Id;2 () 27y With a ascalar continous function (independent on s), then

Tr (/ a(w, E, H, 1) py, (dw,ds,dE,dH, dt)) =0.
Therefore, the image of p, by the projection on Ry,
Poy(dw,dE,dH, dt) := /pao(da), ds,dE,dH,dt)

is such that Tr(pp,,,) does not depend on 7.

Remark 4.17 The Radon-Nikodym theorem [23, Appendix] now implies that
the operator valued measure p,,, can also be written as p,, = 0u,la, Where
Loy = Tr(ppy,) 1s a nonnegative scalar measure on R/277Z x Rg x Ry, and

Ouy i T X Rg x Ry x R, — EL (LZ(O, 27)) |

is an integrable function with respect to £, taking values in the set of non-
negative trace-class operators on L?(0, 27). Note that Tr(og,) = 1.

Corollary 4.18 Let p,, as in Remark 4.16 and let Ly, and oy, as in
Remark 4.17. Then for £y,-almost every (w, E, H), we have

2
_ cos? % L o _
COS” 0000y + i > +cos” ap(V)ay, 0y | =0

w

in D' (Ry; L1 (L*(0, 27))).
Therefore, for Ly,-almost every (w, E, H), 04, coincides with a continuous
Sfunction in
C? (Ry; £L (L2(0,2m)))

and

Ua()(a)’ E7 Ha t) = Ua(),w(t)aao(ws Ea H’ O)U(;ko,w(t)7
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where Uy, ,(t) is the unitary propagator of the equation
2 1 2 2
—cos” agDv(t, 0) + —589 +cosap(V)gy 0o @) u(t,0) =0.

Proof We first rewrite (4.33) for s-independent operators K as

82
/Tr i(— cos’ g 0K + 1 |:—?9 + cos? ao{V)ay K:| )aao}
w

loy (dw, dE, dH)dt = 0.

Therefore, we have, for all such K, the identity

82
/Tr [K (— cos? 0 0;0qy + i |:—?9 + cos? ao(V)ag» aa0j| )]
w

ly, (dw, dE,dH)dt =0,

which concludes the proof of Corollary 4.18. O

To conclude this section, let us now prove its main result, namely Propos-
tion 4.15.

Proof of Propostion 4.15 As was already mentioned, it is equivalent to con-
sider a family of kernels depending on w, K (w, s, E, H, t)(0, 0") defined for
0,0") € (0,27)%, and a kernel K (s, E, H,1)(9, 0') defined for (9, 0') € R?
and satisfying K (s, E, H,1)(0,0") = K(s, E, H,t)(0 + 27, 60" + 2m). The
link between both representations is the formula

K(w.5,E.H.0)(0,0") = > K(s.E.H.1)(0,0' + 2nm)e™.

nez

By a density argument, it is enough to treat the case where K (s, E, H, t) is
smooth in (s, E, H, t) and is a pseudodifferential operator on LZ(R). By this,
we mean that thereis abo(s, 0, E, n, H,t) € CP(RxR/2nZ x R4) such that
K(s,E,H,t) =bo(s,0, E, Dy, H, t). As py, is supported by {E = «/ﬁ},
we may further assume that K satisfies (4.25) instead of (4.26).

If K satisfies (4.25), then Wehavebo(cosa 0,E,n, H,t) = byg(—cosa, O+

7 +2a, E,n, H,t)fora = arcsin( V2H Sm0‘0) We can extend by to a function
b(s,0,E,J',n, H,t) € CP[R x R/2xZ x R3) such that, for J' = 0, we
have b(s,0, E,0,n, H,t) = by(s, 0, E, 77, H, 1), and such that b satisfies the
ﬁ

symmetry condition (B) with sin o = L=v2Hsin%0 e are now back to our
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previous notation. The proof Proposition 4.15 (i) goes exactly along the lines
of the proof of Proposition 4.7 (see Remark 4.8).

Let us now focus on the proof of (4.33).

If K (s, «/ﬁ, H, t) does not depend on s, then by (s, «/ﬁ, 0,n, H,t)does
not depend on s, and we can impose that the function b constructed above
satisfy equation (D).

Letting n = %, we note that, for n in the (compact) support of
b(s,~2H,0,J,n, H,t), we have

a—ag~ — (1 4+ 0(h))
0 ~/2H cos g
so that
—ncosua cos? ap 1+ 0m) 434)
V2H (o — o) h ' '
We set

82
QO::/Tr(—coszozo o K+i |:—70+cosza0(V)a0, K:| )(a),s, E,H, 1)
w

Pap (dw, ds,dE,dH, dt),

so that proving (4.33) amounts to showing that Qy = 0.
First note that

82
0y = /Tr(— cos?ap 9, K + i [—3" + cos? a(V )y, K:| ) (a) s,~2H, H, z)
w
Pap (dw, ds,dE,dH, dt)
82
=/Tr(—cos2a0 9K +i |:—79+coszozov, K:| )(a),s,«/ZH, H, t)
w

Pay (dw,ds,dE,dH, dt), (4.35)

since pq, is carried by £ = V2 H . With a slight abuse of notation we denoted by
V = V{(s, E, t) the operator of multiplicationby V o ®(s, 6, E, —E sin«p, t)
acting on L2(0, 27). Note that it does not depend on w. It satisfies the condition
(4.26) since the function V o ® satisfies the symmetry condition (B) (since V
is only a function of z in the old coordinates). In (4.35) we used the fact that
K (s, V2H , H, t) does not depend on s, and the result of Proposition 4.15 (i),
to replace (V)q, by V.
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Now, by definition of py,, we have

82
Qp = lim<nzo, —cos®ag 0, K +i |:—29 +cos®agV, Ki| >
w

= lim <X()4//%uh,

32
—cos?ag K +i|—-2 +cosagV, K (s,hD_y,H, h2D,) "I/?/uh> .
2 L2(Ry xRy, L2(Ry))

Using the fact that K (s, E, H,t) = bo(s, 0, E, Dy, H, t) and the commutator
calculus rule (2.10) for the standard quantization, we obtain

Q= lim i (x0? % up, ([cos* «oV. K1) (s. hDs, H, K> Di) VU un) o5 s 1280

92 J'
+<x0"//7/u;,,0ph N0y — i = — cos® apd; b(s,O,E, J’,—,H,ht) “1/02/u;1> ,
2 h L2(Ry xRy xRpy)

. ) ) _
using the notation n = JF — @

We now set

h—0*t

J/
Qp := lim <X07%uh, Opy, ((nag — coszotoa,) b (s, 0,E,J,—, H, ht)) 7/02/uh>
h L2(R, xRy xRy)

+i<x01/%uh, ([cos* @0 V. K]) (s, hDs, H, h* D) W/uh> ,
L2(Ry xRy, L?(Rg))

so that we have

2 J'
Qp= 9 + lim <x07/%uh,0ph —i2p (s,e,E, J, —,H,ht) wzzuh> }
h—0t 2 h L2(Ry xRy xRy)

(4.36)

Let us for the moment focus on the term Q1, involving only derivatives of
order 1 of b. As in Remark 4.8, we let P(s,0, E, J,t, H) = b(s,0,E, J +

~/2H sin «g, @, H, —1t). Since b is compactly supported in the fifth
variable, this is also, modulo O (h),

’

J + ~/2H si
P(S’G’E?J’I’H)=b s,@,E,O, + h SlnaO’H
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Still using the notation n = -

) .
- —“’sz SINY0  we have

Q1 = 1im (% uy,, Op;, (36 — cos® aod)P(s, 0, E, J. t, kH)) Zun) > 7, u,)

+i(xo¥ % up, ([cos* aoV, K]) (s, hDy, H, h* D;) ”’/%“h)umﬂm,mm))

= lim (uh, "Zt,th, ((7739 — cos? ozoal)P) uh)LZ(R2><]R2><R,)
+i(up, [cos? gV, A, j2p, (P)] Uh) 22 B2 xR,

. ~ ncoso
= lim <Mh, A,’tht (-m

+1i (uh, [COS2 agV, “It,th[ (P)] uh) .

(E 9 — ha,)P) uh>

Using that b (and thus also P) satisfies equation (D), together with (4.34),
we obtain

cos? ag

Ql = lim
+i (un, [cos® agV, A, 42 p, (P)] un). (4.37)

(un, A, y2p, ((E 85 — hd)P) uy)

Finally, we use again the Schrodinger equation (4.16) satisfied by uy
extended to R?, and rewrite the last line as

cos? ag

Q] = lim

" B
<uh, [—%A +ihV = hdy, A, jap, (P)} uh>

2 .
. cos“ o [ih duy ~
= lim — h <E% ®53]D), At,th, (P) Mh>
2 .
) cos” o ~ ihdu
+ lim — 0 <Mh» -At,h2p, P) ?8_nh ® 58D> . (4.38)

Here we need the knowledge of .Z,, n2p, (P) modulo O (h?) (because of
the factor Coshﬂ that appears in the previous expression). Our calculations of
Proposition 10.7 give us the expression

A wop, ) = A(r,u, hy/2D;, h Dy, 1) + B(r, u, hy/2D;, hDy, 1) o h D,

+ihC(r,u, h\/2D;, hD,, t) + ihD(r,u, h/2D;, hDy, t) o hD,
if z = (—rsinu,rcosu) is the decomposition in polar coordinates and
A, B, C, D are the functions associated to P by the formulas of Definition 10.6.

The terms A, C give a vanishing contribution in formula (4.38) because
they are radial operators and uj, satisfies a Dirichlet boundary condition. The
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term B gives a vanishing condition if » (and hence P) satisfy the symmetry
condition (B): in that case we have B(1, u, h\/2D;, hD,, t) = 0. So there just
remains to look at the term D(1, u, h/2D;, hD,, t).

Look at formula (10.10) defining the function D. Remember that
P(s, 0, V2H, J, 1, H) is supported where J + «/ﬁsinao = O(h), so that
we have o,P = O (h); also note that, on the set {J = —FE sin g}, the bound-
ary equation r = 1 amounts to s = =+ cosag, cos(r, J, E) = cosag, so
that s cos 0 (r, J, E) = cos® ag in formulas (10.10) and the following lines.
We see that the function D(1, u, ~/2H, J, t) coincides, modulo O (h), with
— L _Po(1,u,/2H, J, 1), so that

2H cos? ap
. h ouy,
Q) = —lim 537 ® dyp, D(1, u, h\/2D;, h Dy, t) o hDyuy,
n
. h ouy,
+ hlim(uy, DA, u, h\/2D;, hD,,t) o hDriT ® Sam
n
1 . ouy 20 2 ouy
=————lim(h—, (E" "0, P°)(1, u, h/2D;, —h+/2 D0, ht, h*D;)h— ).
2 cos? o on on

Hence, we obtain

Qi = —Ilim

cos?ag . [h duy
ih
2 on

p ——®53D,D(1,u,h,/2D,,hDu,t)ohDruh>

: 9 9
:—%lim<h%,(E_28§P)(1,u,h‘/2D,,—h 2D,a0,ht,h20t)h%>.
n n

Using Remark 4.8, this limit expressed in terms of boundary data can also be
expressed in terms of the interior, and we see that it equals

. J

Q =< lim<%uh, Opy, (322P(S, 6,E,J', — H, hf)) %”h>
2 h L2(R, xTy xR,)

/

] J
= l—lim<"//%uh,0ph (azzb(s,e,E, J',—, H, ht)) ”I/@/uh> .
2 h L2(Ry xToxRpy)

Finally coming back to (4.36), this yields Qo = 0, that is, identity (4.33).
This concludes the proof of Proposition 4.15. O

5 End of the semiclassical construction: proof of Theorem 2.5

In this section, we first prove Proposition 2.9, and then conclude the proof of
Theorem 2.5.
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5.1 A proof of Proposition 2.9

For a a smooth compactly supported function on R*, we show that
Jim (), Opy, (a (1€ 12, x&y — yév, £, hH)un) 22 ) = 0.
According to Proposition 8.3, this limit is the same as
}}i_r)rb(uh, Opy, (3;a(RhH, x&y — y&x, t, hH)up) 12 g2 <)
which is
lim (. (3, Opy (@(@hH. x&y = yéx. 1. hH)Jun) 252 ez

= lim (up, [3;, a(2h> Dy, hDy,, t, h> D) luy),
h—0

where z = (—r sinu, r cosu) is the decomposition of z = (x, y) into polar
coordinates. Because of the equation satisfied by u,, this is also (with Ap the
Dirichlet laplacian)

A
]}in})<uh, [—iTD +iV,a(h*D,, hD,, t, hZD,)] uh>.

Note that a(2h%D;, hD,, t, h*>D;) actually defines an operator on L?(D) as it
is tangential to 3D, which is why the scalar product on R? has been replaced

by a scalar product on D. This limit vanishes, because Ap commutes with
a(2h2D,, hD,,t, th,) and because

[V.a@h*D,, hDy, t, h*Dy)] = O(h).

This concludes the proof of Proposition 2.9.

5.2 End of the proofs of Theorems 2.5 and 2.10

There only remains to fit all the pieces together to conclude the proofs of
Theorems 2.5 and 2.10.

The measures mq, (ag € Q) in the theorem are the ones defined in (4.10).
The fact that m, is of the announced form is the contents of Corollaries 4.14
and 4.18, the measure £, and the function oy, of Theorem 2.5 (iii) being the
ones appearing in Remark 4.17.
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The object called v .p in Theorem 2.5 (ii) is defined as

Vieb = Msc}ocgén@ + z m®

apgerQ

where m®® was defined in Remark 4.6. For o ¢ 7 Q, we must have

Mselz, (1) = /Cl(t, E, Nig.ydvi(E, J)

for some nonnegative measure v; (carried by {J/ = —sinaE}) and some
measurable function ¢ (¢, E, J). But, because the image of 15 under the map
M : (z,€) — (E,J) does not depend on ¢ (Proposition 2.9, proved in the
previous section), the function ¢ (¢, E, J) actually does not depend on 7.

The two invariance properties Proposition 4.7 (invariance w.r.t. s) and The-
orem 4.9 (i) (invariance w.r.t. #) also imply that m®° is of the form

m*(t) = /Cz(l, E, )Ag jdvo(E, J)

for some nonnegative measure vy (carried by {J = —sinagE}).

We now prove that the function ¢, (¢, E, J) actually does not depend on ¢.
For this, we remark that the same proof as that of Proposition 2.9 above applies
if we replace

Opy, (da(€|*, x&y — Y&y, 1, hH))

in the first line by

J + V2H si
%*Oph(aza(Ez,J,t,hH)(l—X)( + . Sm“‘)))dz/

in the limits &4 — O followed by R — +o0.

Using the notation of Remark 4.6, this shows that the image of m“° under the
map M is independent of ¢. Since we already know that m®°(¢) is of the form
f ot E, J)Ag, jdva(E, J) for some nonnegative measure vy, we conclude
that ¢ (¢, E, J) actually does not depend on 7.

The proof of Theorem 2.5 is now complete. Theorem 2.10 also follows if
we remember Theorem 4.9.

6 The microlocal construction: sketch of the proof of Theorem 2.7

Herein we use the definitions and notation introduced in Sects. 2.1 and 2.5.

@ Springer



554 N. Anantharaman et al.

Let (ug) be a sequence of initial data, normalized in L2, and as above denote
up(z,t) = UV(t)ug(z) or in short u,, = Uvug.
6.1 Structure of u., proof of Theorem 2.8

Let a € Sp. Recall that (., a) is defined as the limit (after extraction of
subsequences) as n — 400 followed by R — 400 of

% + |H|

(Wen,r, a) = <un Op,; (x (—2) a(z, §,1t, H)) un> .
R L2 (R2xR)
(6.1)
This is also

2+ |H
(Wc,n,R,a)=<u2, /R Uy (61 Op, (x (%)a@,s,z, H))

nD[Uv(->u2]dr>
L2(D)

Note now that for any given R, the operator
2
_ +|H
fel?D / Uy ()~'1p Op, (x ('5'1?%) a(z, €. 1, H))
R
IplUy () fldt
is compact from L?(D) to itself. As a consequence, calling u° a weak-s limit

of the sequence (ug) in L*>(D) and writing u(t, x) = [Uy (1) u®](x), we have
for fixed R > O that the sequence (Wc,n, R, a) converges to

2
<u°, / Uy (1) '1p Op, (x (w) a(z, €, 1, H)) ﬂD[UV<->u°]dr>
R

R2 LZ(D)
Letting now R — +oc we find the expression
(pe, a) = <u°, / Uy()~'1pOp; (a(z.§. 1, H)) HD[UV<-)u0]dr>
R L%(D)

= (I/l, Opl ((l(Z, 5’ t’ H)) u)Lz(RZXR) )
which concludes the proof of Theorem 2.8.
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6.2 Structure of >, proof of Theorem 2.7

Leté = J% On the support of £, & has norm 1. To any pair (z, £) € Dx S'

we now associate j = x§y — y&, and @ = — arcsin j which is the angle that
the billiard ray issued from (z, n) makes with the inner normal when it bounces
on the boundary of the disk. Exactly as in Lemma 3.2 we decompose ©> as
a sum of nonnegative measures:

n® =1 Nagrg+ DL 1T (6:2)
reQN[—1/2,1/2]

The invariance (2.18) implies that p*Jo¢rq is of the form
fE>0,|J|§E,a¢nQ Mg Jdi® (E, J). Note that the measure > is in the dual of
the space of continuous 0-homogeneous functions of (E, J); in other words
we may see it as a measure on the set {£ = 1,|J| < 1} and consider only
the measures A1 ;. The fact that 2° does not depend on ¢ is the microlocal
version of Proposition 2.9.

We now fix ro € QN (—=1/2,1/2), write g = romw and wish to study
1 g=a,- We define

1ao-a)

= lim lim lim
R'—+00 R— 00 n—+00

2 .
o (o s ).
R R L2(R2xR)

= lim limlim
R—+00 R n

H J + ~/2H si
<%n, Op, ((1 - X(—z))a o ®(s,0,v2H, J,1, H)x (w))%>
R L2(RxTxR)

R/

and

(>, a)

:=1lim lim lim
R R—oon—+00

2 .
foon ()t ()
R R’ L2(R2xR)

= lim lim lim
R R n
H J +2Hsi
<%u,,, Op, ((1 - X(ﬁ>)a o ®(s, 0, vV2H, .1, H)(l - X(%)))%u».

The following results are proved in essentially the same way as in the
semiclassical case. Again, we identify homogeneous functions in (E, H) with
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functions on the “sphere” S, ,; = {(E, H), E* 4+ 2|H| = 2}, which explains
that our measures are also defined there.

Theorem 6.1 (i) u°% is invariant under rotations (that is, under the flow of
P1). Thus it is a multiple of the Lebesgue measure A1, ginoy- That is, p°% =
c(0p)A1,—sinag With c(ag) > 0 independent of t.

(ii) for every ag € mQ N (—m /2, w/2), we can build from the sequence of
initial conditions (u,) a nonnegative measure oy, (dw, ds,dE,dH, dt) (car-
ried by {H = E?/2}) on R/217Z x Ry x SZE’H x Ry, taking values in the

trace-class operators on L?(0, 27), so that Mgﬁ is the measure carried by the
set {j = —sinag} N {H = E?/2} such that

[ oz & 0nz5 2. d. ar. )
=Tr72(0.27) (/ Mapomod (8, -, E,—E sinag, t) oy (dw, ds, dE,dH, dt)) .
If in addition a is symmetric w.r.t. the boundary, we have
/ahom(z,é)ug‘g(dz,dé,dt,dH)
= Try2(0,27) (/ Uag,0(1) "M (@) o, 00 (- E, — E sin ctg)
Ugp.o(t) Oay(dw, ds, dE, dH, 0) dt) .

The decomposition formula of Theorem 2.7 (i) now holds with

e the distribution u. € 8(’) described in Sect. 6.1;
o the measure e given by

KLeb = /LOO—|a¢7rQ + Z /Loo’ao—la=a0;
aperQN(—m/2,7/2)

e forag € mQ N (—m/2, /2) the measure (i, given by
oo (1) = [ (1);
o for g = +7/2 the measure 11y, given by
Hao = 1™ Ta=ap-
Theorem 6.1 then implies Theorem 2.7.
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7 Proof of Theorems 1.2 and 1.3: Observability inequalities

In this section, we prove Theorems 1.2 and 1.3 using the microlocal version of
our results. We could have chosen to do it with semiclassical measures as well.
However, since there is no natural frequency-scale, it would have required
to perform a dyadic decomposition in frequency (see for instance [6,39]).
Note that the idea of proving observability inequalities using microlocal defect
measures is due to Lebeau [40].

7.1 Unique continuation for microlocal measures
The goal of this section is to prove a unique continuation result for microlo-

cal measures w,, associated to solutions of the Schrodinger equation (1.1).
According to Theorem 2.7, such a measure decomposes as

Umi = 1+ e,
that we shall study independently.

In order to state the result for £, we introduce the following notation. For
z € 0D, we define

ST=(eR .20, S ={eR 220}

The set ST defined in Sect. 2.8.11is ST = (J{(z,£),z € 0D, & € S} and

— 1
U Sj = [cb ((1 —(J/E)?)? .0, E, J) ,E>0,|J|<E,f¢€ R/ZnZ] .
zedD

The following two lemmas are respectively useful for the proof of internal
and boundary observability.

Lemma 7.1 Fix T > 0. Take b € S independent of (t, H) and assume that

there exists zo € 0D such that b > 0 in a neighbourhood of EZ) (7.1)

Then fOT fszSﬁm bﬁom(z, E)u*(dz, dH, d&, t)dt = 0 implies u*° = 0 on
R, x RZ x §% ;.

Lemma 7.2 Take any nonempty set I' C dD and T > 0. Then ufnl = 0on
T*((0, T) x T) implies u™ = 0 on R; x RZ x S ..
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The proof of these lemmas relies on the properties of ©°° together with a
unique continuation result for the one dimensional Schrodinger flows Uy o ()
on L2(0, 27) from any nonempty open set (0, 7) x €2, where Q C (0, 2m).
Such unique continuation property holds as soon as (V)y, € L*((0, T) x
(0, 2m)), for instance as a consequence of [37, Appendix B] (see also the
references therein).

Concerning . we have the following result.

Lemma 7.3 Let Q C DD be a nonempty open set. Assume that the unique
continuation property (UCPy q 1) holds. Then we have

(e Lo, myxq) = 0= n =0.

The unique continuation property (UCPy q 7) is for instance known to
hold (in any time 7 > 0 and for any nonempty open set €2) if V' is analytic in
(t, z) as a consequence of the Holmgren theorem (as stated by Hérmander [28,
Theorem 5.3.1]). If V = V (z) is smooth and does not depend on ¢, it is proved
in the next section. Note that this last result could be extended to the case
where V is continuous outside a set of measure zero, as was done in [6] for
the same problem on flat tori.

Remark 7.4 Note that the analogues of the unique continuation results of Lem-
mas 7.1, 7.2 and 7.3 also hold for semiclassical measures (which do not charge
{& = 0}). We chose not to state them here for the sake of brevity.

Proof of Lemma 7.1 We decompose ;> as in Theorem 2.7

Pt ) = preb + > Hao (1)
aperQN[—m /2,7 /2]

As every term in this sum is a non-negative measure, the assumption on >
implies

T
/ / bEom (@, Eiren(dz, dH, d&, t)dt = 0, (7.2)
0 JR2xS?
T
/ / blzlom(zvg):uao(dzv dH,d&, t)dt =0, (7.3)
0 R2xS?
forallog € QN [—7/2, w/2].

Still according to Theorem 2.7, rp is of the form fE>0 \J|<E Ag gdp

(E, J) for some nonnegative measure ' on he set of pairs (E, J) modulo
homotheties. Together with (7.2), this reads

0= / / b o (s, 0, E, J)hg s (ds, dO) (dE, dJ).
E>O0,|JI<EJT(E,J)
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Recall (see Sect. 2.2) that Ag_j(ds,d0) = c(E, J)dsd6 where c(E, J) =
Ure.s dsdf)~! > 0, so that we have

0= / (/ b2, 0 P(s. 6, E, J)dsde) c(E, W' dE,dJ).
E>0,|J|<E \JT(E,J)

Now, forany (E, J) suchthat E > 0, |J| < E, there exists 8 € S! (depending
only on J/FE), such that

1
® ((1 — (J/E)))? 0, E, J) €S,
Assumption (7.1) then implies that fT(E?J) bﬁom o®(s,0, E, J)dsdo > 0 for
any (E, J). As aconsequence, c(E, J) = 0 for y/-almost all (E, J), and [t1ep
vanishes identically.
Let us now consider og = /2. The rotation invariance given by Theo-
rem 2.7 together with Assumption (7.1) imply that (/> vanish.

Letus now consider g € 7QN(—m /2, /2). The measure j1, is supported
by Z, and invariant by the billiard flow, so that

T
/ / bﬁomuao(dz’dH, d§, t)dt
0 JR2xS?
T
:/ / <bﬁom)(¥0 Mao(dz,dH, dg:,l‘)dt,
0 JRZxS?
Using Theorem 2.7 with (7.3), we obtain

0 fd /TrLz((),Z?T) (Bo(o Gao ) dEOlOdtv Wlth B(XO = m((xl?}zlomMO

According to Corollary 4.18, this yields
0= / Tr720.27) (BaoUap.o(t)0ag (@, E, H,0) Uy, (1)) bay(dw, dE, dH)dt.

Since the integrand is non-negative, we have for £,,-almost every (v, E, H),

T
0= /O Tr12(0.27) (BaoUsg.o0(D)0y (@, E, H,0) Uy (1)) dt.  (7.4)

For £4,-almost every (w, E, H), o4y (w, E, H, 0) is a non-negative trace-class
operator. We can decompose it as a sum of of orthogonal projectors on its
eigenfunctions:
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Oy (. 0) = D dilge) (el with g >0,
keN

Zkk =1L (oloj)r2027) = ;-
keN

Note that Ax, ¢ depend on (w, E, H). Now Eq. (7.4) is equivalent to having,
for all k € N, such that A > 0,

T 2
. 2
0=/‘/ (Dhom e © (5,0, E, —E sinag) |Uny,o () gk |” (0)d0dt.
0 0
(7.5)

As above, there exists 6 € S! depending only on «, such that
® (cosag, 0, E, —E sinag) € E;).

Hence, <b1210m>0!o > 0 in a neighborhood of this 6. Then (7.5) implies that
Uy, (t)@x vanishes in a nonempty open subset of (0, 7) x (0, 27). One
dimensional unique continuation (see e.g. [37, Appendix B] and the references
therein) then implies that ¢ = 0. Therefore, oy, (@, E, H, 0) vanishes £,-
almost everywhere, which yields uy, = 0.

This finally proves that £* = 0 and concludes the proof of the lemma. O

Proof of Lemma 7.2 Let us fix zgp € I' and prove that ©®° vanishes in a

neighborhood of E;;. The result shall then follow from Lemma 7.1. First,
according to (2.27), the assumption implies that ©°77+0,7yxr) vanishes.
Second, as a consequence of the assumption together with (2.26), we have
ufnﬂ z.6)es+ zer = 0. Coming back to the definition of the measure ,u;jd in
Sect. 2.8.1, this implies that «°° vanishes on all trajectories of the billiard
flow touching the boundary on {(z, £) € ST, z € I'}. In particular, this yields

u°°1§+ = 0 and the result follows from Lemma 7.1. O
20

Proof of Lemma 7.3 Theorem 2.8 together with (¢, 1(o,7)xq) = 0 imply
that

T
O=A|WMWM@mﬂL

The unique continuation property (UCPy o 7) then implies u® = 0 and this
proves the lemma. O
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7.2 Interior observability inequality: proof of Theorem 1.2
7.2.1 Unique continuation implies observability

In this section, we prove the observability inequality (1.5) assuming that
(UCPy ,q,7) holds. Instead of proving (1.5) for any open set 2 C D containing
a neighbourhood in D of a point of 31D, we prove the equivalent statement: for
any function b € C O(R?) (also considered as a function in C°(D)) which is
positive on a nonempty open subset of dID, for any T > 0, there exists C > 0
such that the following inequality holds:

T
””O”i2(m = C/O ”b(Z)UV(f)MOHiz(D) dt. (7.6)

Note that under these conditions on 2 and b, inequalities (7.9) and (7.6) are
equivalent.

We proceed by contradiction and suppose that the observability inequal-
ity (7.6) is not satisfied. Thus, there exists a sequence (ug)neN in L2(D) such
that

lupll 2y = 1, (1.7)

T
/O |6@UY @O} dt — 0. 1 — oo, (7.8)

We write u, (t) = Uy (t)ug the associated solution of (1.1)—(1.2). As previ-
ously, we extend u, to R? by zero outside ID (and still use the notation u,, for
its extension).

After having extracted a subsequence, we associate to (u;) a microlocal
measure

Pl = 1+ e

as in Theorem 2.7. Equation (7.8) implies that

T
/ / B (™ (dz, dH, de, Ddi =0, (e, Lo.1) ® b2) = 0,
0 R2xS2

Lemmas 7.1 and 7.3 imply that ©®° = 0 and . = O respectively. However,
Eq. (7.7) implies that

(mt, Loy ®1)=T.
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This yields a contradiction and concludes the proof. Note that (UCPy o 1)
has only been used to apply Lemma 7.3 in order to deal with the term ..

7.2.2 Observability for time independent potentials

The structure of the proof in this setting is classical [11,39]. In a first step, we
prove the following weakened observability inequality:

2 T 2 2
[0y = € [ 0V O gyt +€ 1y 9)

In a second step, we conclude the proof of Theorem 1.2 using a unique con-
tinuation property for eigenfunctions of the elliptic operator —Ap + V.

The first step is similar to Sect. 7.2.1. We consider a sequence of initial data
(ug) contradicting (7.9). It satisfies (7.7), (7.8), together with

ludll g1y = 0, 1 — oo. (7.10)

As before, we consider the associated microlocal measure i, = u + .

Note now that (7.10) implies that . = 0. The rest of the proof is completely
similar.

We now prove that (7.9) implies the observability inequality (1.5): this step

is by now classical [11,39] but we include it for the sake of completeness. We
proceed again by contradiction and suppose that the inequality

T
2
1l -1y < € /0 [o@UY (0’ |2, dt (7.11)

is not satisfied. Then, there exists a sequence (ug)neN in L%(D) such that

T
2
lupll -1y = 1. /0 Hb(z)UV(t)ungz(D)dte0, n— oo. (7.12)

Inequality (7.6) implies that ug is bounded in L?(DD), so that, after having
extracted a subsequence, we have u; — u%in L2(D) and ug — u%in H-1(D).
We deduce from (7.12) that

1l g1y =1, Uy(@®u® =0on {p* > 0} forall ¢ € (0, T).
The weak limit «° belongs to the set

N ={feL*D),Uy@)f =00n {b*>>0} forall te (0,T)}.
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Then, by linearity, AV is a closed vector subspace of L*(D). Inequality (7.9)
proves that A\ is finite dimensional and the time independence of V implies
that it is a subspace of H 2M) N HO1 (D), stable by the action of the operator
—Ap + V. If not reduced to {0}, the space N hence contains an eigenfunction
of —Ap + V, vanishing on {b*> > 0}. A classical uniqueness result for elliptic
operators then implies that this does not occur. This yields ' = {0} and thus
1% = 0, which contradicts ||u0||H71(D) =1.

7.3 Boundary observability inequality: proof of Theorem 1.3

We proceed as in the previous section: in a first step, we prove the following
weakened observability inequality:

Lemma 7.5 Forall T > 0, there exists C > 0 such that for all ul e HO1 (D),
we have

T
”L’Onil(m) = C/o |9 (U (1)) Hi%r) dr+C ””‘OHiZ(D) ; (7.13)

With this lemma, we now conclude the proof of the observability inequal-
ity (1.6). We proceed by contradiction and suppose that the inequality

T
10l 2y < /0 0 Uy (0u®) |72 (7.14)

is not satisfied. Then, there exists a sequence (ug)neN in L%(D) such that

T
2
ludll 2y = 1, /Ha,,(UV(t)ug)”Lz(r)dt—>O, n—oco. (7.15)
0

Then, (7.13) implies that ug isbounded in H' (D), so that, after having extracted
a subsequence, we have ug —~ u%in HO1 (D) and ug — u%in L%(D). We deduce
from (7.15) that

1l 2y =1, 3 (Uv@®u’)=00onT forall te (0, T).

From here, we discuss the two cases with different uniqueness arguments.
In the case V(¢,z) = V(z), the proof of u = 0 follows exactly Sect. 7.2.2
(using unique continuation from the boundary for elliptic operators). The same
conclusion holds if we assume (UCPy r 7). This contradicts | 2o = L,
and proves (7.14). Then, (7.14) and (7.13) imply the sought observability
inequality (1.6).
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Proof of Lemma 7.5 Assume that (7.13) is not satisfied. Then, there exists a
sequence 1 such that

g 11y = 1. (7.16)
lug 172y = O, (7.17)
T
/ 100t (D17 2y dt = O, (7.18)
0

where, as usual, u, (1) = Uv(t)u Let us now fix xr € CZ°(R) such that
= 1 in a neighbourhood of [0, T'], v € C°(R), such that ¥ = 0 on
( o0, 1]and ¥ = 1 on [2, +00) and set

wn = B(Dy) xr ()un, where B(D;) = Op (Y (H)V2H).

The properties of u, translate into properties of w,, from which we shall
deduce the sought contradiction.

Lemma 7.6 We set A(D;) = Op; (10( )) Forany R > 0 and ¢ > 0, we have

H (D, + Iac v) Wy — 0 (7.19)
2 L2((0,T)xD)
IAD)wall2((—r,RyxD) = O (7.20)
T/2+ 0e(1) < lwall 7oy 7yeyxm. (7.21)
lwall 72— pyxmy < R+ &+ 0r(1), (7.22)
107 (A(D)wi) L2~ g, RYxaD) =< Cs (7.23)
100 (A(DDW) | 2((e.7—)xT) — O- (7.24)

Now, as (wy,) forms a bounded sequence of L120C (R x D), we associate to a
subsequence a microlocal measure /i,y = u° + i as in Sect. 2.5. According
to (7.19) and Remark 2.6, the measure j,,; satisfies the conclusions of The-
orem 2.7. The measure . vanishes as a consequence of (7.20). According
to (7.23), the sequence 9, (A(D;)w,) is bounded in L?((0, T) x D), so we
may again extract another subsequence and associate a microlocal measure
“211 as in Sect. 2.8.3. According to (7.24), ,u?nl =0onT*((e, T —e) x ).
As a consequence of Lemma 7.2, 1£°° vanishes identically on R, x Rg X S%I’ £

Thus, w,, converges to zero in Lloc (R x D), which is contradiction with (7.21).
This concludes the proof of Lemma 7.5. O

@ Springer



Wigner measures and observability for the... 565

Proof of Lemma 7.6 Take x € CZ°(R) suchthat x =1o0n(0,7)and x7 =1
on supp( ). Using that (Dt + %A — V) u, = 0, we have

1
(0+18-1)e
2 L2(0,T xID)

1
< H)Z (Dt-i‘EA—V)wn

L2 (RxD)
< | X B xzun| 2y + 1XLV, BIPOLxTttn |l 12 kD)

=< C HX/TMn ”LZ(RXD) + C ||XTun||L2(R><D) = C ” MQHLZ(]D)) - Ov

as ¥ = 0 on supp(x’T) and [V, B(D,)] is bounded on L%(R x D). This
proves (7.19).
Let us now take x € C2°(R) such that x = 1 on (—R, R). We have

IAMDDwall 2~ r.R)xpy < [ OP1 W ED) X1t 1250

< lIxrunllp2@xmy = 0,

which proves (7.20).
Letus fixnow x € C°(—¢, T + ¢) such that x = 1 in a neighbourhood of
[0, T'], and compute

2
lwnllz2 (e, 71e)xD)

=

v 2 “
X Wn ”Lz(RXD) = (B(Dt)XZB(Dz)XTMn, XTun>L2(R><]D))
> (X2 Opy (Y (H)) Dy (XTUn): XTUn) 2@ xD)

+ ([B(Dy), X*1B(Dy) XTtn, XTUn) 12 (& xD)-

where [([B(Dy), X21B(D) xTtn, X1tn) 12@xDy| < Ix7Unll 2@xD) = 0. As
a consequence, we have

lwal G2 (o rseyxmy = (X7 OPLW>(H) Dy (Xrttn), x7ttn) 12@xm) + 0(1).
(7.25)

On the other hand, we have

()Zth(XTun)a XT”n)LZ(RxD) = ()22 0p1(w2(H))Dt(XTun), XT”n)LZ(]Rx]D))
+ (X2 Opy (W (—H)) Dy (XT ). X7ttn) 12 R0y +0(D),
(7.26)
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where

(X2 Opy (Y*(—H)) Dy (XTn), XTUn) 12RxD)
= (Op, (> (OW(—H)H)(XTUn)s XTUn) 128 xD)-

Since the classical symbol )Zzl/fz (—H)H € S'(R x R) satisfies )Zzwz(—H) H
< 0, the sharp Gérding inequality then gives

(%> Opy (W (=) Di (xrun), xritn) 2@xcmy < Clixriun 7o gy
With (7.26), this implies

(X2 Dy (XTUR). XTU) 12(RxD)
< (X Opy (> (D) Dy (xrun), xrttn) 1250y + CllXTUA T 2501
< (X*Op, (Y*(H)) Dy (XTUn). XTUn) 2@ xD) + 0(1).

This, combined with (7.25) now yields

Wil 72 oz rerxmy = (X Dr(XTUn)s X7 2Ry + 0(1)

X1 Dittn, XTUR) 12y + 0(1)

X

22y 1

X X —=A+V Yuy, xrun + o(1)
2 L2(RxD)

(X
>
1
§<X X1 Vitp, XTvun)L2(R><D) +o(1)
T
2

v

%

||VM ||L2(D) + 0(1) — 5 + 0(1)

This concludes the proof of (7.21). The proof of (7.22) follows the same
arguments.

Finally, according to (7.16) and the hidden regularity result of Proposi-
tion 8.1 the sequence 9, (1) is bounded in L?((—R, R) x dD). Moreover, we
have

19, CADYW) 12— R, Ryxam) = | X OP1 W (H)) X9 )| 2 ey

< Ixr o) llL2rxom) < C-

This proves (7.23). The proof of (7.24) comes from a similar computation
combined with (7.18). |
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Appendix A: Energy estimates, regularization of solutions, and
localization on the characteristic set

In this appendix, we present general properties of the Schrédinger equation:

1= (-3 +V)utfo 1€0.T), zeD,
. 8.1)

M-|t=O = MO,

that are used throughout the article. None of these properties are specific to
the disk D, and they all could be stated as well on any smooth manifold
with boundary. We first recall basic energy estimates (and hidden regularity
of the trace) for the solution u of (8.1). Second, we define an appropriate
regularization operator. Third, we prove a localization property on the set
{2H = |£|?} for solutions of (8.1). Finally, we give a proof of Lemma 2.13.

First recall that for every V € LY (=T, T; L®(D; C)), u® € L*(D) and
f € L' (=T, T; L>(D)), there is a unique solution u € C°([—T, T]; L>(D))
to (8.1). Moreover, there exists C7 y > 0 such that for all such u, f and for
all¢,s € [T, T] the following energy estimate holds:

lu@ll L2y < Cr.v (||M(S)||L2(JD>) +/

If(o) IILZ(D)dU) - @2
I1(s,t)
Above, I (s, t) denotes the interval of R whose endpoints are ¢, s. This estimate
is obtained by taking the inner product of the equation with u, taking the real
part and applying a Gronwall lemma, and using the fact that u(—t) also solves
a Schrodinger equation of the form (8.1) (with f, V replaced by their time-
reversed counterparts).

Energy estimates at the H' level, though classical, are a little subtler.
Assumenow that V € L' (=T, T; W1°°(DD; C)) and let u be a smooth solution
of (8.1). Using the equation, one obtains:
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1d 5 d A

QE”V””LZ(D) = ar <—5u u>
= (0w, (Dr = Vyu — f) +{(Dy = V)u — f, d;u)
= (u, =Vu — f) +(=Vu — f, du),

which simplifies in:

1d 2 A
SVl g = 2tm (=S, Vu+ f
=Im ((Vu, VVu) + (Vu,uVV) + (Vu,Vf)).
Gronwall’s lemma yields, forany ¢, s € (=7, T),

fl(”) m(o)do

IVu®ll2my < e V()22 m)

+2/I( )efmr)’"(“)d“||Vf(§)||L2(D)d§, (8.3)
s, t

where m(o) = |[Im V(o) | Lom)+ Cp|IVV ()|l L>m) and Cp is the constant
in the Poincaré inequality. This estimate implies the well-posedness of (8.1)
in CO([—T, T1; Hi (D)) for data u® € H}(D) and f € LY(~T, T; H} (D)).
Of course, it is possible to relax the L] W, regularity of the potential V;
however, in the main part of the paper, much more regularity is required.

We also use the following classical “hidden regularity” estimate for the
restriction to the boundary of normal derivatives of solutions of (8.1), whose
proof can be found, for instance, in [39, p. 284] or [25, Lemma 2.1].

Proposition 8.1 For every T > 0 there exists a constant C > 0 such that,
for every ul e HOl (D) and every f € LY(~T,T; HOl (D)), the solution u €
CO([—T, T1; H} (D)) of (8.1) satisfies

19ntell 2~ 7.7y %0m) < C (IVelll 2y + I It o7 7 yy) - (84
These estimates will be used to derive properties of the quadratic expression
(u, Opy(a(z, €&, 1, € H))u),

where u is the extension by zero outside ID of a solution to (1.1) and a is smooth
and compactly supported in all variables. We prove that, up to a small error in
terms of €, we may truncate « in time ¢ and in frequency H, so that the new
function w is e-oscillating, and its corresponding quadratic expression is close
to the original one. This type of result is rather straightforward in the case of
a compact manifold without boundary and a time-independent potential.
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We assume u = Uy ()u® is the solution to (1.1) with initial datum «"; take
g€ CP[R),letT,5 > 0andtake x7 € C°((—6 — T, T +6)) equal to 1 in
a neighborhood of [T, T']. Let us define

w(t) = g€ D) xr(HUyu’, and w® = w,o. (8.5)

We have the following lemma concerning the map u® — w?.

Lemma 8.2 The time T, the functions xt and g being fixed, and the functions

w and w° being defined by (8.5), we have the following properties:
(1) There is C > 0 such that for all u® € L2(D), and all € € (0, 1], we have

w0l 2y < Clulll 2y NeVUlll2my < Clulll 2.

0 0

(2) For each € > 0, the operator u’ — w" is compact on L*(D).

(3) If g = 1 in a neighborhood of zero, then w® — u® in L>*(D) as ¢ — 0.

(4) Foreverya € CE’O(T*(]R2 x R)) such that g = 1 in a neighborhood of
the H-support of a, for any ¢ € C°(—T, T), we have

|Op (atx, €€, 1,2 H)) ¢ (Uy 0u® = Uy Ow°) | 22y = Celu 2oy

and

|(UV (1w, Op, (a(x, €€, 1, €2 H)) Uy (00°) 15 5o,

—(Uv(tu®, Op, (a(x, €&, 1, €*H)) Uy (z)uO)LZ(szk)\ <Cellu® 175

In the context of this paper, the reader can think of € as being / or R~!. Note
that, as a consequence of conclusion (4) in the above lemma, the restriction
of semiclassical measures of the sequences Uy (t)ug and Uy (t)wg (w2 being
computed from ug according to (8.5)) tothe sett € (—=7,7T), H € {g = 1}
are the same. When tested with compactly supported symbols, we may thus

always assume that the sequence ug is e-oscillating.

Proof of Lemma 8.2 Using that u solves (1.1), the function w satisfies the
equation

Low — (—SA+V)w —ig(€? D) xju+[g(e?Dy), Vixru, te€R, zeD,

(8.6)

@ Springer



570 N. Anantharaman et al.

Using the energy estimate (8.2) for w with + = 0, and integrated over s €
(=T, T), we obtain

[0, = C / [ )]yt + € /R 12 (€ D))

~ 2 2
+C/R||XT[8(€ Dt)’ V]XTMHLZ(D)dta

where xr € C°(R) such that x7 = 1 in a neighborhood of [T, T'] and
xT = 1 onaneighborhood on supp (7). Note moreover that x7 g(eth) X/T =
0;2_,;2(€®) and x7[g(€?Dy), Vixr = 02, ;2(€»)]|3,V| L. We hence
obtain

T+6

T
10122 < c/ ||w(z)||iz(mdt+c62/ (125 dt-

—T-5
We now notice that, by definition of w, we have

T T+6
2 2 2 2
/_T ”w(t)”LZ(D)dtS/R”XTg(E Dt)XTu”LZ(]D))dtSC/_T_(S ”u(t)”LZ(D)dt-
(8.7)

Since u solves (1.1), the energy estimate (8 2) for u with s = 0, integrated
overt € (=T — 8, T + §) then yields f o 6 ||u(t)||L2(D) C||u0||L2(D)
and thus, combined with the two above estimates, proves the ﬁrst inequality
of Item (1).

Let us now consider the second estimate of Item (1). Using the energy
estimate (8.3) for w (satisfying (8.6)) with + = 0, and integrated over s €
(=T, T), we obtain (with 7 defined above),

T
IVwl}ap < € / IVw )2, dt
~ 2 / 2
+CA||XTg(€ Dt)XTvu”LZ(D)dt

e /R 1718 (€ D). Vixr Vil g dr.
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With B = )ZTg(eth)x/T or B = )ZT[g(eth), V1xr, we have, using that u
solves (1.1),

1 ) A
§||BM||L2(RxD) = (B —5 ) U)[2(RxD)
= (BDyu, u)2(mxp) — (BVu, u) 2@ )

For both choices of B, wehave |(BVu, M)Lz(RXD)|<C€2 fT;aa ||u (t)||L2(D)

< Ce?|ud || and, since g is compactly supported, BD; = O;2_, 2(€™ 2,

L2(D)’
so that [(BDyu, u) 12 rxpy| < Ce_2||u0||L2(D) As a consequence, we obtain
02 g 2 211,012
”VU) ”LZ(D) S C/;T ”vw(t)”LZ(D)dt +C6— ||M ”Lz(ID))' (88)

Integrating by parts, and using that w solves (8.6), we have

I ) T A
- IVw()]] dt = / <——w, w> dt
2 /_T L@ -r\ 2 L2D)

T

— /T<(D; — V)w, w)Lz(D)dl‘
T
—|—/ <(ig(62Dt)X/Tu — [g(€’Dy), V]Xru), w> dt.
-T LZ(D)

We also have, as above,
”th”iz((—T,T)XD) = ”Dl‘g(eth)XTu”32((_T’T)XD)

T+6
<Cet [ Ot = C I,
_T—

together with the L? estimate (8.7) for w. This, together with above estimates
and (8.8) finally implies ||Vw?|? < Ce‘2||u 1|2 which is the second
inequality of Item (1).

Item (2) directly follows from the second estimate of Item (1). To prove
Item (3), notice first that

L2(D) = L2(D)’

lu — w2 —7.7y%m) < 1X7(1 = (€2 D) xr)ull 2@xm) — 0. as € —> 0,

since 1 — g(e?H) = 0 on any compact set for € sufficiently small. Then, since
w solves (8.6) and u solves (1.1), the function w — u also satisfies (8.6) with the
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same right hand-side, but with initial data w® — u°. Using the same estimates
as for the proof of Item (1), we now have

T
Jw® =02, < € / [w(e) = ()22,
-T

+c /R 1% 8(€ D)l 2 i + C /R 718D, VIxruls p di

S ”M - w”%lz((fT,T)XD) + C€2||M0||%2(D) - 0’ as € — Oa

which proves Item (3).
To prove Item (4), we now write A = Op (a(x, €&, 1, €2H)), and compute

[ Ag (Uv ()u’® = Uy w°) | 2 mpey < 140 0 = )l 2 1.7y xR2)
+ [ A¢ (w() = Uv () HLZ((J,T)xRZ) :
Concerning the first term in the right hand-side, we have
lAp (u —w) ||L2((—T,T)><]R2) = [|Ap( — g(szt)XT)u||L2(R><R2)
< CNEN||u||L2((_5,T+5)><]D)) =< CNGNHMOHLZ(]D))v

since the supports of a and 1 — g are disjoint. Concerning the second term,
we notice that w(r) — Uy (r)w? satisfies (8.6) with the same right hand-side,
but with initial data 0. Thus, using the boundedness of A on L?, and the same
estimates as for the proof of Item (1), we have

|Ap (w) = Uy ©Ow°) | 2y < Cllw(@®) = Uv(Ow’ 21, 1yxp)
< Cellu®l 2y,

The last three estimates conclude the proof of the first estimate in Item (4).
Finally, with y = Uy (Hw, we have
‘(y, Apy) [2(R2xR) — (U AQU) 2(R2xR)
= )(y, Ap(y — ) 2 (r2xr) — (¥ — U AQu) 12(R2 )
= ||Y||L2(RZX]R)||A§0()’ - u)||L2(R2XR)
 lll 2 g2 ) |10 A (7 = )] 282wy

02
S Cé”” ”LZ(D)’

according to the first estimate in Item (4) (together with Item (1)) applied
both to Ap and @ A* (which, as well, is of the form p A*yr for some ¥ €
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CX(—T, T), since the t-support of a is contained in (=7, T')). This concludes
the proof of the second estimate in Item (4), and hence, of the lemma. O

The following proposition states that solutions of (1.1) are localized on the
set {|£|?> = 2HY} at high frequency.

Proposition 8.3 Foralls € (1/2,1),foranya € CCOO(T*(RZX]R)) supported
away from H = 0, respectively away from & = 0, for all ¢ € C°(R), there is
C > 0 such that for all solutions u to (1.1)—(1.2) with u® € L*(D), we have
fore € (0, 1],

2
<u, Op, (a(z, €€ 1, €’ H) (f—){ — 1)) (pu>
L2(R2xR)

respectively,

fr-0m (et 10 (G55 1)) o
u,0py (a(z, €&, t,e"H)\ —5 — 1)) pu
€] L% (R2xR)

As everywhere in the paper, the notation u« stands both for the function on
([0, T1; L*(D)) and its extension by zero to the whole R2. Note that this
holds forall u® € L?(ID), without assuming a priori that u° is e-oscillating. This
comes from the nice properties of the regularization (8.5) proved in Lemma 8.2.

1—s 02
S CE Y”M ||L2(D)’

8.9)

1— 02
=< Ce S”u ||L2(D)'

(8.10)

Proof of Proposition 8.3 Note first that it suffices to prove the estimate

[0 (st et (S5 - ) o
u,O0p;la(z, €&, t,e"H)\ —— —€"H ) | pu
2 L2(R®xR)

< Ce' 1’ 2. (8.11)

a a
e2H e2|g|?
respectively. According to Lemma 8.2 Item (4), (8.11) is equivalent to the
same estimate with u replaced by Uy (tH)w® (extended by zero outside D),

where w? is defined from u° by (8.5). Writing A = Op,(a(z, €&, ¢, €2H)),
we have Op, (a(z, €&, ¢, ezH)(# —€2H)) = A(—EZTA — €2Dy), where A
is the Laplace operator on R?. We thus obtain

and

Estimates (8.9) and (8.10) then follow by changing a into

2 57 2 0

Op; (a(z, €&, t,e"H) (T —€ H)) oUy (Hw
A 2 0 24 0
= Agp (_T —€ D,) Uy(w" +ie”Ap' Uy (t)w".
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Recall now that the extended function Uy (r)w® solves

2
€ A
— 0 (Uv(©Ou’) ® dyp = € (‘E +V— Dt) Uy (Hw’,

so that

2 g 2 0
Op, (a(z,€&,t,e"H) T—e H))oUy(t)w

2
€
= —*ApVUy (Huw + = A (0 (Uy (Hw") ® 89p) +ie* Ap' Uy () w’.

(8.12)

The operators Ap and A¢’ being bounded on L*(~T, T; L*(D)), and accord-
ing to the energy estimate (8.2) for Uy (1)w? solution of (1.1), we have

I — e ApVUy (O’ +ie* Ap'Uy (Dw° | 2g2 ) < CEX WOl L2
< Ce i)l 2y (8.13)

after having used Lemma 8.2 Item (1), and it only remains to estimate
e (Uv ', Ag (8, (Uy (1)w°) @ ap)) 12 (g2 ey -
To this aim, we write, for every s > 0,

Uy @O, Ag (3 Uy ") @ 83)) 12 203 |

0
< WAl 2 (=7.7). 55 ®2)) > 12 ((~1.7)xR2) UV OW | 2((~7,7)xD)

x 19, Uy (1w’ ® Somll L2((—7.7), s (®2))-

Moreover, for s >1/2, the standard trace estimates (see for instance [17, Chap-
ter 2, Section 4]) imply that

||anUV(t)w0 ® 83D||L2((—T7T)’H_5(R2)) S C || 8}’! (UV (t)wo) || Lz((fT,T)Xa]D)) )

which, by Proposition 8.1, is bounded by C || Vu? || 12 Using the fact that

(D)

A ||L2((—T,T),H—s (R2))—L2((—T,T)xR?) = Ce™,
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we now obtain

€2 (Uv (0w, 4 (8, (Uv (O1°) @ 650)) 2 2|

. - 2
< Ce S||w0||L2(D) ||6vw0||L2(JD>) = Ce S””()”Lz(D)’

after having used Lemma 8.2 Item (1). This, together with (8.12) and (8.13),
concludes the proof of the proposition. O

Finally, we prove by dyadic decomposition a statement similar to that of
(8.9)—(8.10) for homogeneous functions.

Proposition 8.4 Recall that x € CZ° (R) is a nonnegative cut-off function
that is identically equal to one near the origin. Forall s € (1/2,1),alla € Sp
(see Definition 2.1) vanishing on the set {|&|* = 2H} and for all ¢ € CX[R),
there is C > 0 such that for all u® € L*(D) and R large enough, we have

24 \H
<Uv(t)u0, Op, (a(z, g1, H) (1 — X (%))) w(t)Uv(t)M0>
Lz(szR)

)

Proof To see that, using the homogeneity of a for large R, we write the fol-
lowing decomposition:

24 |H
a(z,&,t, H) (1 — X (%))

(o) 2 2
k1 2k p2 1”7 + |H| 11”7 + |H|
Za(Z,Z R™&,t,27"R™°H) (X (—22(k+1)R2 X\ "me )

k=0

For each k in the sum above, decompose further
€17 + |H| €2+ HI\ [ (167 +|H]| €2 + |H|
X\ n2wngz ) X\ ompz ) T\ X\ 2asngz ) ~ X\ oz p2

|H| |H |
N\ -0\ e

and note that we must have |£]2 > 22k~ R? or |H| > 2?1 R? on the support
of this function.
If a vanishes on the set {|&|2 = 2H}, we can write

2H
a(z,&,t, H) =b(z,&,t, H) (@ — 1)
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where |£]2 > 2%~1R2 and

_ &
a(z,&,t,H) =b(z,&,t, H) S~ 1

where |H| > 2%k—1R2 Applying (8.9) and (8.10) for each k (with € =
27kR~1), we finally obtain

2
<Uv (1)u’, Op, (a(z, £.1, H) (1 — X (w))) Uv(l)u0>
R L2(R2xR)

+00
<CD RTINSO, (8.15)
k=0

which proves the proposition.
To conclude this section, we give a proof of Lemma 2.13.
Proof of Lemma 2.13 Note that operator A(D;)¢ is bounded on L*(R x D).
Moreover, we have
IVAD)@ul ]2 gy = (—AAD)@u, AD)PU) 12 Ry
= (A(Dp)p(=A)u, A(D)pu) 12 <)
+([—A, A(D)plu, A(D)pu) 2@mxm)- (8.16)

One the one hand, we have

([=A, A(D)@lu, A(D)@u) 12 )|
= |—(2Ve - Vu + ulp, AD) 1) 2@ ) |
< 2|(u, div{Ve (AD)*0u) P 12 @xp)| + CllGUlT2 g )
< 2[{u, Vo - V (AD)*0u)) 2@y + CGull7 2,0,
< e VAMD) @l gy + CA + e DNGull}a g p,)

for some ¢ equal to one on the support of ¢, for all ¢ > 0.
On the other hand, since u solves (1.1), we have

[(A(D)@(—A)u, A(D)Pu) 2@ 1|
= [(A(D)@2D; — V)u, A(D)pu) 2@ )|
< (A(D)@2D; — VYu, A(D)gu) 2@
< 2[{A(D)*@Dyu, pu) 12y | + ClGulI 7 )
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< 2 [(A(D) Dygu, 9u) 12y | + ClIGUl 75,1

< Cll@ul}a gy

since A(D;)?D; = 1/2 Op, (wz(H )) is bounded. Collecting these estimates
in (8.16), recalling (8.2) that ||<,0u||L2 ®BxD) = < Cllu’ ||L2(D), and taking ¢ suffi-
ciently small concludes the proof of Lemma 2.13. |

Appendix B: Time regularity of Wigner measures

In this section we present a proof of the following (general) result on time
regularity of semiclassical measures associated to solutions of the Schrodinger
equation (1.1). Even if not stated here, its microlocal counterpart also holds.

Proposition 9.1 Let i1y be obtained as a limit (2.5). Then there exists 1 €
L®[R;; M (T*R?)) such that, for every a € CE.’Q(T*}R2 x T*R) we have:

/ a(z,&,t, H) uge (dz,d&, dt,dH)
T*R2x T*R

B |s|2 Je dEyd
= | T*Rza z,§,t - u(t,dz, d§)ds.

Note that if the potential V is complex valued, we only have u €
b (Rs My (T*R?)).

loc

Proof Letup(-,t) :== Uy (t)u?l and note that the Wigner distributions:

Wi (1) : C2° (T*R?) 31— (Uy (1) uf), Op,, (1) Uy (1) uj)) eC

L2(R?)

are uniformly bounded in L*°(R;; D’ (T*R?)). Hence, possibly after extract-
ing a subsequence (and having used a diagonal extraction argument), we can
assume that, for every b € C2° (T*R? x R):

lim (UV (t)uf), Op, (b (-, 1)) Uy (1) u%)Lz(Rz) dt

h—0t

- / / b (2, £, 1) fise (1, dz, dE) di.
R JT*R2

Moreover, using the sharp Garding inequality, we see that the limiting Wigner
distribution is a nonnegative measure ji;. € L®(R;; M4 (T*R?)). We next
show that for any b € Cé’o(T”‘]R2 x R) with b > 0 one has:
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/ b(z,&,t) use (dz,dE,dt,dH)
T*R2xT*R
< / / b (260 1) fise (1. dz. dE) do1. ©.1)
R JT*R2

To see this, let x € CZ°(R) be a cut-off function satisfying 0 < x < 1,
strictly positive in (—3/2, 3/2), vanishing outside that interval, and such that

Xx1(=1,1) = 1. Write, for R > 0, xg := x(-/R) and o := /1 — xg (Which
we may also assume smooth). Then we have:

(un, Opy, (0) x& (B> Dy) un) 250
= (Mh’ Oph (b) uh)Lz(szR) + kh,R (b) +0 (h) s (92)

where:
kn,g (b) := (o (h*D1) wn, Opy, (b) ok (h*Dr) un) g2z -

Taking limits in (9.2) as 7 — 0" we find that:

/ b(Z,S,t) XR (H)/’LSC (dZ,ds,dl,dH)
T*R2xT*R
- / / b (o E.0) fise (12 dzodE)di + Tim kg (B).  (9.3)
R T*Rz h—)()+
But clearly, as b > 0, we always have

lim k. g(b) = lim [ W" (b (t,))dt >0,
h—0t h

~o+ Jpr GR(th[)uh
for every R > 0. Taking this into account and letting R — oo in (9.3) proves
9.1).

Now, as a consequence of (9.1) we have that the image of wug. under
the projection onto the H-component is of the form w(z,-)dt for some
€ L®Ry; M+(T*R2)). The disintegration theorem then ensures that z¢.
can be written as:

Wse (dz,d§,dt,dH) = pz ¢, (dH) p (1, dz, d§) dt,
where, for p-amost every (z, &), uz ¢, is a probability measure on R. Since

Ise is supported on the characteristic set |€|> = 2H (see Proposition 8.3), we
conclude that pu; ¢ ;(dH) =6 IE12/2 (d H) and the result follows. |
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Appendix C: From action-angle coordinates to polar coordinates

Here we develop the technical calculations leading to the definitions of the
operators A, ,2p (P) and A, ;2 (P) used as a black-box in the paper. The
point is that our “action-angle” coordinates (s, 6, E, J), well adapted to inte-
grate the dynamics of the billiard flow, are not so convenient to express the
Dirichlet boundary condition (v(z) = 0 for |z| = 1). Actually the best coordi-
nates in which to write the boundary condition are the polar coordinates (which
below will be written as (x = —rsinu, y = r cosu)) since the boundary is
simply expressed as the set {r = 1}.

Let P(s,0, E, J) be a function expressed in the new coordinates and let
% be the Fourier integral operator defined in (3.1). The technical calculations
done below are aimed at understanding how % * Op,,(P)% acts in polar coor-
dinates; in particular, under which conditions on the symbol P the boundary
condition is preserved by % * Op,,(P)% .

For our purposes we need to understand the operator % * Op,, (P)%/ modulo
O (h?). 1deally we would like to separate it into a “tangential part” (involving
only angular derivation Ba_u) and a “radial part” involving the radial derivative g)—r
in a simple way. Below we calculate the action of the operator % * Op,, (P)%
on a plane wave

; (Exx+Eyy)
e:(z) :==e z

(where we use z = (x, y), § = (§x,&y) and IE|> = 5)% + ";‘yz) and apply the
method of stationary phase. The length of the calculation comes from the fact
that we explicitly need the term of order / in the expansion.

In this section, we shall assume that P (s, 6, E, J) satisfies the following
properties.

Assumption 10.1 Assume first that P(s, 6, E, J) is a smooth compactly sup-
ported function (possibly depending on /), with support away from {E = 0}
and inside {|J| < E}, and being 2m-periodic in the variable 6. We assume
further that it satisfies the following estimates

182058705 Plloc < Capysh™®, forall a, B, y,8 € N.

The function P may also depend on the time variable ¢ and its dual H, but,
in this section, we omit them from the notation since they are transparent in the
calculation. Typical symbols P for which the calculations below are needed
can be found in (4.12) and (4.13).
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Using the notation

a(E) =vE, (50,00, €], jo) = 7' (x, y,&. &),
and s(x,y,0) = —xsinf 4+ ycos9,

recalling the expressions of %7 and % * in (3.2)—(3.3), and unfolding all the
integrals, we write

U Opy, (P ex(x,y)

iEl(s—s) S0/ E) - Exx +EyY) . S(x,y.6,8,E”)
e ! 7 e' T e' 7

ij(6—6")
- (2nh)—5/P(s,9, E j)e T e

x a(E)a(E")d0 ds dE" dx"dy' dE d9' ds' dE' dj

= @nh) / P (5.0, B, j) e T2 o T g 20 %
x a(E"ydO dsdE" ds' dE' dj
= Qmh)2 / P (5.0, |E|, j) e o ! pi gD %a(ﬂ’) d0dE" ds dj
= (Zﬂh)_l/(P (s(x,y,0),0,151, j)a(&])
—ihds P (s(x,y,0),6, &, j)d (&)
o ei./wh—ew o —lélesiniely cosd a(lél)de dj . O (h?) .
t3 infps.0,8, )20 | EI*

By standard estimates on pseudodifferential operators, the remainder term will

correspond to an estimate in the Lgomp — leoc topology of operators.

Letting (x,y) = (—rsinu,rcosu), we have r = /x2+y2 u =
0(h?)

arccos y/r and s(x, y,0) = rcos(d — u). Modulo Wres g0 BT we are
thus left with
U* Opy,(P)% ex(x, y)
_pa(&D) .
= (2rh) el (P (rcos(0 —u), 0, &, j)a(l§])
. . , ij(0—0p) i|§\rcos(9—u) .
—ihdsP (rcos(0 —u),0,[&], ja (|§))e 7 e —h dodj

= Q2rh)~! /(P (rcos(8 —u), 6, €], j)

ih . ij(6—6p) i|é\rcos(07u)
_Ts'asp(rcos(e_u)vea |$|,_])€ h e h

dod;.
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Remark 10.2 Note that in the above integral, the functions 1ntegrated are all

27 -periodic in the variable 6 except for the oscillating factor e’ 5 . This integral
has to be interpreted in one of the following two (equivalent) ways:

e either in the sense of oscillatory integrals [29, Section 7.8]: the integral
over 8 € R is the Fourier transform of the periodic function of 6, seen
as a tempered distribution. The result is a tempered distribution given by
a linear combination of Dirac masses carried by j € hZ. The integration
with respect to j has to be interpreted as a duality product;

e or in the sense of Fourier series: assuming j € hZ, the function of 0 is 27w -
periodic and the integral over 6 takes place on R/27Z, i.e. on any period.
The integral with respect to j has then to be understood as a discrete sum
over hZ.

Using for instance the second approach of this remark, we now apply sta-
tionary phase w.r.t. 6 (while j € hZ is kept fixed, since our symbols may
be rapidly oscillating in j). We start with the P term (the i#0d; P-term can be
treated exactly the same way). Fixing j and looking at the 6-integral, we let

7= Qnhy? / P (rcos(® — u). 0. [£], e T e H T ap.
R/2nZ

(10.1)
The phase in Z has 2 critical points 8 = u + 61, u + 65, where 6y are the
solutions of j — |&|rsin® = 0. Since we are assuming that P(s, 8, E, j) is
supportedin {| j| < E}, these two solutions are distinct for r close to 1, and cor-
respond to non-degenerate stationary points (in all that follows we consider that
r is close to 1 since this calculation only serves to understand % * Op,, (P)%
near the boundary of the disk). We will denote by 61 (r, E, j), 62(r, E, j) the
solutions of j — Er sinf = 0. To fix ideas, 61 will be the one with cos6; > 0
and 0; the one with cos 0, < O (thatis, 01 € (—n/2,7/2), 6, € (/2,31 /2)).
We let x; be smoth cutoff functions such that x; = 1 on a neighborhood
of 6, for k = 1, 2 and such that supp(x1) C (—m/2, 7 /2) and supp(x2) C
(/2,37 /2). Using the non-stationary phase lemma, we have modulo O (7A*°)

ij(0=0y) . |E|r cos(@—u)
el h

I= (27rh)1/2/X1(9 —u)P (rcos(0 —u),0, 8], j)e
ij(0—6p) \EIrCOS(G—u)

+(27rh)_1/2/)(2(9—u)P(rcos(Q—u) 0,|€], e & €& db.

Below, E will always take the value £ = |£].
We will work on the integral Z by applying the following lemma (which
follows from the method of stationary phase):
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Lemma 10.3 Let
0
Iy =/X(9)f(9)e’hd6

where S : R — R is a smooth function having only one critical point 6.,
which is non degenerate; where x is a smooth compactly supported function
which is constant in a neighborhood of 0.; and where f is a smooth function.

. ! 96 1" 9c S(3) Gc ’ 9c
Then, letting a = f(6.), b = g’/E%)) and ¢ = %(SC’((QC))Z _ S(”(é));f); )y we

have

@) Zr = a [ x @) T do+b [ x(0)S' @) "I do+c [ x(0)S' @)% "I do
+ 0(h2+1/2)

(i) Zy = (a 4+ ihcS"(O,)) fX(G)e 5240 + 0212y,

Proof (i) The functions f and g : @ > a + bS’(9) + ¢S'(0)? coincide up to
order 2 at .. The method of stationary phase tells us that 7y and Z, coincide
modulo O (h*T1/2) = O (h/?).
. SO

Item (ii) is obtained from (i) by integration by parts, noting that S’ (6)e' 5
is the derivative of i’—.ei % O

In what follows, this lemma will be applied with S(8) = j(@ — 6y) +
Ercos(0 —u), f(0) = P(rcos(6 —u),0, E, j), x(0) = xx(0 —u) (k =
1,2), 6, = u + 6. Starting with

sin Gk

S'(@) =j— Ersin(@ —u) ~ Er [— cos O (@ —u — 6;) + @ —u— Hk)2i|

(10.2)
(modulo O (0 — u — 6;)?), we have

/
d
P(rcos(@—u),0)~ P(rcosby, u+6y) — #—P(r cos O, u+6y)
Ercos 0 do

S'(6)% [ sin 6 1 d?

4 p(rcosbp.u+ 6
(Ercos0n)? | 2cosbr dg | O8Okt 00 + 5555

P(rcos, u—+ Qk):l
(10.3)

We have momentarily dropped the j and E variables from the argument of P
since they are fixed in the upcoming calculation.
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We want to apply the method of Lemma 10.3 witha = a;y = P(r cos 0, u+
O) (k =1,2),

1 sin Oy, P( 0 + o)
C =C, = —_— r COS u
k (Ercos6)? | 2cos by db ke k
1 d?

2 707 P(rcosO, u+ Gk)i|

The lemma yields that

ij(0—0) . Ercos(@—u)

= Qrh) " (a —|—lhc1S”(u+6‘1))/X|(9—u)e el h o de

/(0 ij(0—0y) I‘rcos(0 u)

+Qrh) "2 (ay + iher 8" (u + 62)) / x2(0 — u)e e do + O(h?).
(10.4)

Remark 10.4 Denoting by d; = d, d2 = g (to avoid possible confusion), we
have

d
EP(rcos@ u+60)=0Prcosf,u+6)—rsinddP(rcost,u+6),

and

2

d
WP(rcos@, u-+6)= 822P(r cosO,u+6)—rcosf o P(rcosf,u+0)

—rsin® 0,01 P(rcosf,u +0)
+r%sin?0 87 P(r cos 0, u + 6).

Remark 10.5 Important remark about symmetry. We keep denoting 6y for
Ok (r, E, j). We first note that 6, = w — 01, cosf] = — cos 6, sinf; = sin ;.

Moreover, if P satisfies the symmetry condition (B) of Definition 4.1, we
have for r = 1 (restoring in our notation the dependence of P on the full set
of variables)

P(cosO,u+01, E, j) = P(costr,u+ 6, E, j).

And similarly for all partial derivatives of P if we assume the stronger sym-
metry condition (C) (in Definition 4.1).

Here we don’t necessarily want to assume that P is symmetric; but, moti-
vated by the previous remark, we introduce the functions P° and P?, the
symmetric and antisymmetric parts of P respectively:
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584
P(r.0.E. ) = P(rcos6y,040, E,j)—{—I;(—rcos@l,@—HT—@], E.j)
_ P(rcos6;,0+ 01, E, j)+ P(rcos6,,0 +6,, E, j)
= 5 ,
(10.5)
and
P 0. E. j) = P(rcosby, 0+0q, E,j)—Pz(—rcosHl,9+n -0, E,j)
. P(rcosf1,0 +601,E, j)— P(rcostr,0+ 6, E, j)
= 3 ,
(10.6)

for 61 = 01(r, E, j), 02 = 62(r, E, j) defined previously, so that
P(rcosb1,0 +61,E, j)=P°(r,0,E, j)+ P*“(r,0, E, j),

P(rcosbr, 0+ 62, E, j) = P°(r,0,E, j)— P“(r,0, E, j).

Working from the expression (10.4), the terms
ij(0=0p) . Ercos(@—u)
TR do

(Znh)_l/zal/)a(@—u)e e

ij(0—6p) ; Ercos(9—u)
h

+(271h)_1/2a2/)(2(0—u)e e

do

maybe grouped as follows:
ij®—0y) . Ercos(0—u)
! h

(2nh)—1/2/ x1(0 —u)P(rcosby,u+01,E, jle & e

ij(0—06p) i Er cos(6—u)
h

do

+(271h)1/2/)(2(0—u)P(rcost,u+92,E,j)e e de
i [P -0y . Ercos9—w)
= (2mh) Pa(r,u,E,])/ e e h o do
0
ij(0—0y) . |&|rcos(f—u
+Qrh) V2P u, E, ) (/ 110 —we " G g
ij(0—=6y) . |&|r cos(@—u
—/Xz(e—u)e’ i G )de). (10.7)

Applying again Lemma 10.3 (this time with the function f(6) = cos(f —
u)), this expression can be rewritten modulo O (h?) as
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ij(©—6p) ; Ercos(0—u)
h

2
(Znh)_l/z/ P°(r,u,E, j)e 7 e
0

+(271h)_1/2/2n P¥(r.u. E, j)
o Ecosoi(r,E,j)

1
Ecos(6@ —u)—ih ;
2rcos?0y(r, E, j)

do.

ij(0=0p) . Ercos(@—u)
7 ! R

xe e
With the change of variable 6 — 6y ~» u — 6, this may also be written as

. Er cos(6—0)
! 7

2 .
ij(u—0)
(Znh)_l/z/ P°(r,u, E, j)e e
0

+(2nh)_1/2/2n P u. E. j)
o EcosOi(r,E,j)

1
Ecos(0 —6y) —ih
( O =00 = ih o201 E. j))
ij(u—0) . Ercos(6—06p)
xe el h - de. (10.8)
; Er cos9—6p) l.(éxx“réy,v/) P P
We note that e h = e h = ez (x',y) if (x',y) =
) . Ercos(0—0) . ’ Y h
(—rsin®, rcosf), and E cos(6 — 0py)e’ 7 = hD,e'EX 50/ where

D, = 19,.
Terms of order /. Apart from the term of order % arising in the last line of
(10.8), other terms of order 4 in (10.4) come from evaluation of the integrals

ij(0—06p) i Ercos(0—u)
h

Qah) 1 %ihe; 8" (u +91)/X1(0 —we e

deo

ij0=60) . Ercos(@—u
+ Q) Pikes S w00 [ xa@ —we T e do,
X
This is equal to:
Z [(27Th)_1/2ih/ Xk (0 — u);
k=12 (Ercosby)
Sin@k d 1 d2
. 2 cos bk @P(r c0s O, u + k) + EWP(F cos Ok, u + k)
ij(0—6g) . Ercos(0—u
Xe] 7 0 elE h(9 )dQ] (109)
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2
Here % P(rcosO, u+6;)and dd?P(r cos 0, u + 6¢) may be replaced by
their expressions in terms of partial derivatives of P, as in Remark 10.4.
To summarize our computations, we need to introduce some notation.

Definition 10.6 Assume P satisfies Assumption 10.1. Then, we define by
I(P),1I(P),I1I(P), 1V (P) the operators whose action on e¢ at the point
(x,y) = (—rsinu, r cosu) is given as follows: for § = (§,,§,), E = |§], we
have (referring to Remark 10.2 for the meaning of the integrals)

iju—0)

I(P)es(x,y) = A(r,u, E, jle eg( rsin@, r cos 0)dodj

2h
II1(P)eg(x,y) = 3R B(r,u, E, J)e hD es(—rsin@, rcos0)dodj
ITI(P)es(x,y) = Tk C(ryu, E, J)e 2 es(—rsin6, rcos0)dodj

i (u-)
IV(P)es(x,y)=— /D(r, u, E, je T hD,eg(—rsinf, r cos0)dodj,

2mch

where

A(rauaEaj) = Pa(r,M,E,j),
PY(r,u, E, j)

Br.u. E,j) = EcosO(r, E, j)’
C(r,u,E, j)= —ia P°(r,u, E, j)+c°(r,u, E, j)
B 1 PY(r,u, E, j)
2rcos?0y(r, E, j) Ecosby(r, E, j)’
Derou.E. j) = — 1 o;P%(r,u, E, J) c(ryu, E, J)

2E Ecost(r, E, j) = Ecosfi(r,E, j)’
(10.10)

with the notation P?, P% of (10.5), (10.6), and where, in addition
J

c(s,0,E,j)= ( HhP(s,0, E, ])——81P(s 0, E, ]))

(Es )|:
1
+5 (agp(s,e, E,j)—sdP(s,0, E, j) — éazalp(s, 0,E, j)

2
+%812P(s,9, E, j)) ] (10.11)
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Remark first that the expression of c(s, 8, E, j) is calculated so that

c(rcosb,u+ 6k, E, j)
1 |: sinf, d

— P(rcos6, u+6)

= (Ercos6) | 2cos 6 do
+1 @ P( Ok, u + Ok)
> 702 7 cos O, u P

which is the expression appearing in the last lines of (10.9).

Second, note that A, B, C, D are real-valued functions if P is.

With this notation in hand, we can now summarize our calculations in the
following proposition.

Proposition 10.7 Assume P satisfies Assumption 10.1. Then, modulo a term

0(h?)
of order W20 BT in the Lcomp — LlOC

U* Opy,(P) satisfies

topology of operators,

U* Op;,(PY% = I(P)+ I1(P)+ihIII(P)+ihIV(P).

Let us now check that operators of the form I (P), I[1(P), I11(P), 1V (P)
belong to a reasonable class of spatial pseudodifferential operators.

Lemma 10.8 Let M (r, u, E, j) be a smooth (possibly h-dependent) function,
compactly supported inr, E, j, 2w -periodic in u, supported in {|j| < E} and
away from {r = 0} and {E = 0}. Assume M satisfies estimates of the form

sup ' P°1af0f 0 0 M| < +oo, forall a,B.y.8 €N.  (10.12)
h,r,uE,j

Then the operators defined by their action on eg at (x, y) = (—r sinu, r cos u)
by

Aez(x,y) = /M(r u, €], j)e T es (—r sin@, r cos 0)dodj,
and
Bes(x,y) = /M(r u, €], e “1D reg(—rsin6, r cos 0)dodj

are semiclassical pseudodifferential operators of the form my (z, hD;) where
my, satisfies estimates of the form
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sup W[50/ mp| < +oo, forall a.p e N2 (10.13)
h,z,&

In particular, these operators are bounded on L*(R?).

Proof Let us first treat the case of A. Define k(r,u) = (—rsinu, r cosu). The
function my, is given by the formula

1 y .
my (e (r, u), h§) = E/M(r,u,h|§|,hj)e”(”_Q)els'(’((”9)_"(””))d9dj.

The proof of [30, Theorem 18.1.17] applies to prove the desired estimate on
mp.

The operator B is an operator of the previous form, composed with 4 D,..
Since M is assumed to be compactly supported in E, the desired estimate
also holds for B. The bounded follows from the Calderén—Vaillancourt theo-
rem [18].

Coming back to the operators defined in Definition 10.6, we have obtained
the following corollary.

Corollary 10.9 Assume P satisfies Assumption 10.1. Then, the operators
I(P),II(P),III(P), 1V (P) of Definition 10.6 are semiclassical pseudodif-
ferential operators of the form my,(z, h D;) where my, satisfies estimates of the
form (10.13). In particular, these operators are bounded on L*(R?).

Appendix D: The operators .At, 12D, (P) and .Zl,’hz D, (P)

We recall that the operators we manipulate are given by % * Op, (P (s, 6, E, J,
t, hH))7% where the symbol P (s, 0, E, J, t, H) is typically of the form (4.12)
or (4.13), and thus satisfies Assumption 10.1 with respect to the space variable
(or more precisely Assumption 11.1 below). The goal of this Appendix is to
understand further (and up to order two in powers of #) how % * Op,,(P)% acts
on functions vanishing on the boundary. The euclidean laplacian Ap2 does not
preserve the set of functions vanishing on the boundary. That is why we would
like to eliminate the dependence of P on the variable £. We use the fact that the
semiclassical measures associated with solutions of the Schrodinger equation
are supported on {EZ = 2H}, to replace E by ~/2H in the calculations. This
induces an additional error term, that will be shown to converge to 0 in Lemma
11.5 below.

This means, in particular, that we need to write explicitly the (¢, H) depen-
dence of the symbols (skipped in Appendix A above). As a consequence, the
functions A, B, C, D defined from P in Definition 10.6 now also depend on ¢
and H since P does.
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The assumptions made on the symbol P in this section are similar to
Assumption 10.1 above. We recall that typical symbols P under interest here
are given by (4.12) and (4.13).

Assumption 11.1 Assume first that the function P is a smooth compactly
supported functionin s, E, j, t, H (possibly depending on &), with support in
{lj| < E} and away from {j = 0, s = 0} U {H = 0}, and being 2 -periodic
in the variable 6. We assume further that it satisfies the following estimates:

sup  h"h®(9%9) 0).008) a} P| < +oo, forall &, B.y.8,v, € N.
h,s,u,E,jt,H

In the following formal calculations, it will be convenient to introduce the
following notation.

Definition 11.2 If P depends on ¢ and H, we write I, g(P) = I(P),
I1; g (P) := II(P), I1I; y(P) := III(P), IV, yg(P) := IV(P): they
are ¢, H-families of operators defined in Definition 10.6. We then denote by
A; 1 (P) the family of operators given by

A i(P) = I g (P) + I, 5 (P) + ihI 11,y (P) + ik IV g (P).  (11.1)

We have shown (see Proposition 10.7) that for any given (¢, H), A; g (P)

coincides with % * Op,, (P (-, t, H))%/ (where the quantification is only in the
variables (s, 6, E, J)) modulo m in the LComp loc topology
of operators. o

We now define a modified operator JZ,,H(P) whose action on functions
vanishing on 0D is easier to understand.

Definition 11.3 We denote by lev,, f (P) the family of operators

Aon(P) =T, y(PY+ [T,y (P) +ihIT1, 5 (P)+ihIV,y(P), (11.2)

where the four operators involved are defined by their action on eg at the point
(x,y) = (—rsinu, r cosu) is given by

I 1 (P)(eg)(x, y)
ij(u—0)

2 ; A(r,u,~v2H, j,t, H)e 7 es(—rsinf,rcos0)dodj,

IT; 1 (P)(eg)(x, y)

B(r,u,~2H, j,t, H)e

" 2rh
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1T, 5 (P)(eg)(x, y)

1 ij(u—
= 53— [ CouV2H. jit. e Y5 e (—r sin 6, r cos 0)dAd),

IV, 5(P)(es)(x, )

2 ; D(r,u,~2H, j,t, H)e e hD,es(—rsin6, r cos0)dodj,

where A, B, C, D are defined (as functions of P) in Definition 10.6.

In other words, in the definition of A; g (P) we have replaced |£| by v2H
in the symbols. For us, A; z(P) is a very convenient operator to study the
Dirichlet boundary problem, since we have

I v (P) = A(r,u,~2H,hDy, t, H),
TI1, 5(P) = C(r,u, hw/2H,hD,. t, H)

(so that they do not involve any derivative w.r.t. ) and

[1; = B(r,u,~2H,hD,,t, H) o hD,,
IV, y(P)= D(@r,u,~2H,hD,,t, H) o hD,

which are only of degree 1 w.r.t. the variable r. We define the operators
Apap, (P) = Opya (A (P)), and A, p2p, (P) := Opy2 (A 1 (P)),

where the quantification only concerns the variables (¢, H). We have the
analogue of Corollary 10.9 stating that these operators are proper pseudodif-
ferential operators.

Corollary 11.4 Assume P satisfies Assumption 11.1. Then, the operators
L p2p,(P), 1, jap, (P), 111, j2p, (P), IV, j2p, (P), A, j2p,(P) and the oper-
ators 1, yop, (P), 11, jop (P), 111, 42p (P), IV, j2p (P), A, y2p, (P) are
semiclassical pseudodifferential operators of the form my(z,t, hD., h*>D,)
where my, satisfies estimates of the form:

sup  h'PlpY |8°‘8’38“8Hmh| < 400, forall a,p e N> u,veN.
h,z,E,t,H
In particular, these operators are bounded on L?(R? x R).

Now, we want to replace everywhere A, ;2 (P) by ./Zlv,’hz p,(P). This is
possible thanks to the fact that our semiclassical measures are supported by
the set { E> = 2H}; a precise statement is given in Lemma 11.5 below.
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Lemma 11.5 If uy, is a solution to the Schrodinger equation (1.1) satisfying
in addition the assumptions of Remark 2.4, then, for any P satisfying Assump-
tion 11.1, we have

(up, At,tht(P)uh)Lz(szR) — (unp, Az,h2D,(P)”h>L2(R2xR)

= Oc (W27 11725

Proof We write the decompositions (11.1) and (11.2) of the operators
A p2p, (P) and .Z, n2p, (P). Terms coming from I 11, ;2 (P), 777, n2p,(P),
IV, p2p, (P), IV 102D, (P) are of order h, and it suffices to treat the term
I p2p,(P) — ,th (P) (the term 11, j2p, (P) — IIT n2p, (P) 1s treated simi-

larly).
First, for E restricted to a compact set, we can divide A(r, u, E, j, t, H) —
A(r,u, V2H, j.t, H) by E? — 2 H thanks to the following Taylor formula:

A(ryu, E,j,t,H) — A(r,u,~2H, j, t, H)
=(E+~2H)™! / —A(r u,V2H+I(E—~2H), j,t, H)dl (E*—2H).

The function (E + ~2H)™" [} 24 (-, u, v2H + I(E — v2H), j, 1, H)dl,
restricted to a compact set in E, satisfies the estimate of Assumption 11.1.
We can apply Corollary 11.4 to see that, for any compactly supported x, the
operator

( t,h2D, (P) — chD (P)) x(= thRZ)
is of the form @y, (z, hD;, t, h*>D,) where dy, is of the form
an(z.§.1, H) = ap(z, &, 1, H)(E* = 2H)
and ay, is compactly supported in £, H and satisfies

sup  hPn2 (629 8/ 0}an| < +oo, forall @, peN? v eN.
h,z,E,t,H

We then apply (8.9) to conclude.

Second, since A is compactly supported in the variable H, for suf-
ficiently large E it is clear that we may divide A(r,u, E, j,t, H) —
A(r,u,~2H, j,t, H) by E> — 2H:

A(r,u, E, j,t,H) — A(r,u,~2H, j,t, H)

=(AG,u, E. jot, )= AG,u, 2H, o1, ) (B2 = 2H) ™ (E® = 2H).
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The conclusion of the lemma is obtained for large £ by an argument
similar to those developed in the proof of Proposition 8.4 (we now need
a dyadic decomposition only in the variable E, since A(r,u, E, j,t, H) —
A(r,u,~2H, j, t, H) is compactly supported in H but not in E). O

Appendix E: Commutators

The goal of this section is to calculate explicitly (in terms of P) the expression
of the commutator [A, At,hZ p,(P)], where A is the laplacian on R2. This
could, in principle, be done by brutal calculation using the expression of

the laplacian in polar coordinates (A, , = ar2 +1 - ar + r2 o 2) But this is
too cumbersome and we try a less frontal approach We want to use the fact
that [A, .A,,hz p,(P)] is known (from the exact Egorov theorem, Eq. (12.1)
below) and to see how the calculus is modified when we replace A, j2p, (P)
by Al‘,th, (P)

Recall from Lemma 3.1 and formula (2.10) that we have the exact formula
(without remainder term)

hA ih
[_’_ %*Oph(P)?/i| =%*Op, (E81P — %afp) %, (12.1)

where A is the Laplacian on R2.

When doing this commutator analysis, the time variables are completely
transparent and (¢, H) are frozen parameters. In particular, in the following,
Op,, denotes the quantization with respect to space variables only.

E.1 Formal calculation of [A, A; g (P)]

We use the expression of V in polar coordinates: V. = (9, r~19,) in the
orthonormal frame (e,, e¢,). We also use the formula A(fg) = fAg+2V f -
Vg + gAf. We obtain the following expression of [A, I; y (P)] applied to eg
at (x,y) = (—rsinu, rcosu):

ij(6—6y) 7 cos(0—u
[A,It,H<P)]eg<x,y)=<2nh)—‘/AWA(r u E, e’ e N dg

](H ij(0—6p) Erco%(f) u)

.
+zl(27rh)_1/8 AGr,u, E, J)E cos(6 — u)e ¢ dod;

ij(0—6p) Ercoq(e u)

iy
—I—%(Znh)_]/r‘zauA(r,u,E,j)je g dod;j (12.2)
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Note that the details of the calculations are actually not important, we only
need to know “what the calculations look like” at a formal level (in particular,
small errors of calculation are harmless).

Similarly, [A, I1; g (P)] has the expression

[A, 1L g (P)les(x, y)
(9 0) I COS u
_ (2nh)l/A,uB(r u, E, YE cos(0 —u)e T e N qodj

2 1(0 ij(0—0p) Ercos(& u)
é'

+%(2nh)1/8 B(r,u, E, j)(E cos( — u))’e dodj

1(9 ij(0—6p) Er cos(0—u)

)y
+;l(2nh)_1/ “280,B(r,u, E, j))jEcos(0 —u)e T e dodj

ij(O— 90) Ercos(9 i)

=(27rh)_1/A”,B(r u, E, ))Ecos(@ —u)e & ¢ dod;j

y
+;’<2nh>—l/ar3<r,u,E,j>

0 ij(6—6g) .Ercos(@—u
|:(Ecos(91))2+ihzzi);:| LG G B g g
.
+Zl(2nh)_1/r_28u3(r,u, E,j)j
11(9 90) E; co%(G Ercos(0—u)
Ecos(@ —u)e 7 ¢€ dodj + 0 (h?) (12.3)

Similar calculations can be done for [A, I1]; g(P)] and [A, IV; g(P)].
We do not need the explicit expressions, but need only to note that it gives a final
expression modulo O (h?) of [—ihA/2, A; u(P)] applied to eg at (x,y) =
(—rsinu, r cosu) in the form:

1 Ij(ll 0) Ercos(9 —6p) .
[—ihA /2, A a(P)]eg (x, y)_2 h/K(r u, E, je e dodj
1 ij(u—0) 9) Ercos(ﬁ—&o) .
+— [ L(r,u, E, j)Ecos(@ —0pg)e” z dodj
2mh
lh ij(u—0) Er cos(0—6()
+—— | M(r,u, E, jle 7 € h dOdj
2mh
ih ij(u— 6) Ercos(ﬁ—(?o)
+n N(r,u, E, j)Ecos(@ —6p)e 7 z dodj

dodj

1 9 ij(0—60p) . Ercos(@—u
+5 h/a B(r,u, E, J)|:(Ecos(91)) +ins l:|e] )y Erceso-u)

(Er)?

ij(0—6p) Ercos(G u)

+—/lh8 D(r,u, E, ])(Ecos(Gl)) e e dodj.
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Note that the last two lines may obviously be incorporated into the previous
terms; but we shall see later why it is convenient to keep them separate.

The functions K, L, M, N are partial differential operators applied to
A, B, C, D, and could in principle be expressed explicitly in terms of P, but
we actually do not need these expressions.

E.2 Identification

We know from (12.1) that

hA h
[—’T, > Oph(P)%i| — U* Op, (Ealp . %afp) %

h
= Ay (EE)]P - %812P) + o).

Using the identification Lemma 12.1 below, this leads directly to the iden-
tifications:

K(r,u, E, j)+ 8,B(r,u, E, j)(E cos(61))? = Aga, p
L(rv M! E, j) = BE8]P

cos@
M(r’ u7 E7 j)+arB(r’ u: Es j)ﬁ +87D(r7u7E7 j)(ECOS(Gl))z
r
1
= Creap — S Ag2p
1
N(rv u, E? .]) == DE31P - _BdIZP

2

where 0 = 01(r, E, j) denotes as before the solution in [—x/2, 7/2) of
sinf; = j/Er. On the right-hand sides, notation such as Agy, p, Bey, p etc.
means “the functions A, B etc. associated to £9; P by the formulas of Defin-
ition 10.6”.

To justify these identifications we are using the following:

Lemma 12.1 Let A and B be two smooth real-valued functions. Then the
values of

1 .. liw=0) ;Ercos®6))
— | A(r,u, E, jle 7 e h

dodj
2mh

1 . ij(u—0) . Ercos(@—0p) .
+5— | BUou E, jycos® —6o)e T el dodj (12.4)
T

forallr,u, 0y, E determine A and B uniquely.
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Proof Integrating (12.4) along "4y 6y € [0, 2], n an arbitrary integer)
yields the value

.Er cos(é’ 6p)

/A(r u, E,nh)e"=9¢

Er cos(0—6()

/ B(r,u, E, nh)cos(d — 6p)e" "Dl = —do. (12.5)

If we take n = n(h) a family of even integers growing like 1/ &, application
of the method of stationary phase yields that this is (up to O (h))

2" (2 h)*[sin'/? 0 A(r, u, E, hn(h)) cos(—nb; +Erh~" cos ) +7/4)
+iB(r,u, E, hn(h)) sin(—n6 + Erh = cos 6 + 7/4)] (12.6)

where 61 is the solution in [—x/2, 7 /2) of sinf; = h’}f(f). If A and B are

continuous and real-valued then (12.6) suffices to determine A and B. O

E.3 Formal calculation of [A, flt, o (P)]

We want to use the previous identities to find the formal expression of
[A, A; m(P)]. Remember that A; g (P) is the operator we want to use in all
our proofs, because it comes naturally into a “tangential” part and a “radial”
part of degree 1.

If we compare the formal calculations leading to the expressions of
[A, Ay m(P)] and [A, A; g(P)], we see that they are identical and thus
[—ihA /2, A; n(P)] applied to eg at (—r sinu, r cos u) has the form

Er 005(6 00)

ij(u— 9)
K(r,u,N2H, jle dodj

27h
1 iju  Er cos(0—6)
b—— [ LOu, V2H, YE cos(6 — o)~ e dodj

2mh
. Er cos(6—6)

h ij(u—
+2’—h M(ru, N2H, e T = dod)
7T

Er cos(0—6p)

/N(ru\/ L DEcos(® — e e dod

27{h
+Q@2rh)~! /arB(r,u,VZH, J)

cos b ij(0—6p) . Ercos(@—u)
><|:(Ecos(«91))2+ih 1] E g

dodj
(Er)? /

. Er cos(6—u)

ij(0—0p)
+(2nh)_1/ih8,D(r,u,«/2H,j)(Ecos(61))Zej el dOd]
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Note that ) = 61(r, E, j) and that the symbol in the last two lines still depends
on E (this is why we treat it separately). Everywhere else in the symbol, E

has been replaced by ~/2H. Note also that (£ cos(61))? = E? — i—;
From this and from the identifications of Sect. 5.2, we deduce the following
final formula.

Proposition 12.2 There exists a function R(r,u, E, ~2H, j) such that

[~ihA /2, A, j2p, (P)] = A, y2p, (E81 P) — %f@,m, @7 P) + O(h%)
+3,B(r, u, h/2D;, hDy) o (—h*A — 2h* D))
LihR(r, u, vV —h2A, h/2D,, hD,) o (—h2A — 2h2D,), (12.7)
where B is the function given from P by Definition 10.6.
Proof Indeed, the identifications of Sect. 5.2 yield
[=ihA /2, A,y p, (P)) = T, 4o p, (E1 P) + 11, 2y, (EB) P)
+ih (777,,,12& (E3\P) — 1/2Z,h2DT(afP))
+ih (IV, jop,(Ed1 P) — 1/211, 42 p, (3 P))
+3,B(r, u, h</2Dy;, hDy) o (—h>A — 2h*Dy)
LihR(r, u, V—h2A, h/2D,, hDy) o (—h2A — 2h%D;)  (12.8)

where the function R is defined by the identity

R(r,u, E,N2H, j)(E*> — 2H)
0,(r, E, j 0,(r,vV2H, j
= 9, B(r,u,~2H, j) [COS £, j) _ cosbilr J)]

(Er)? 2Hr?

Indeed, we can apply a simple division lemma (actually the Taylor integral
formula) to write

cosOi(r, E, j) cosOi(r,~2H, J)
(Er)? 2Hr?

= S(r,u, E, j,V2H)(E* — 2H),

and thus

R(r,u, E,~2H, j)=0,B(r,u,~2H, j)S(r,u, E, j,~V2H).
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